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W W 27 2 [ E D Fourier &8

. -1, —7<x<0 . N
Fof(x+27)=1(x) > & T(x)= » Xl Fourier ;&g -
1, O<x<nrx

[91 %+~ + 74 15%]

= 4 . 4 . 1. 1.
YA RNTY f(X)= —sinnx =—[sin X+=SIN3X+=SIN5xX +....
(%45 100= 3 sinnc=—[sinx+Jsindicr ]

2. (1) Find the Fourier series of the given function with period of 2.

f(0 0, iIf —7r<x<0
X) =
20f O<x<rx

(2) Is Fourier series differentiable term by term?  [91 73 %E& 10%]
*Afj%‘ﬁfikﬁ]
2

1 ¢ 1 # V4
=—| f(X)dx=—| dx=—
Zﬂ-[*” ) 27r-[0 6
=

n2

= lf” f (X) cos nxdx =£j” X2 cos nxdx = 2
YT T 0
T n+1 2 n

:F(_l) — -]

f(x )_— Z cosnx+2[ (- 1)”*1——(1 (=D)")]sin nx

n=1

3. Find the Fourier series of the following periodic function f (t).

2
o=t Ot o) — F ) [91 %S 10%)
3-1, I<t<?2

o0

[%%J%FE f(t)—— Z COSﬂﬂt+i

1,3,5 n35

4

4. Consider the following 27z -period square wave function.




1, O0<x
F0=4" """ f£(x)=05 at x=0 and x=+r.
0, —r<x<0

Let s(x)= Z a, cosnx+b, sinnx denote the Fourier series of f(x) and
n=0

N
Sy (x)=Zan cosnx+b sinnx beits N" - partial sum.
n=0
(1) Find a, and b,.
(2) Does sy, > f(x) as N—>o atafixed x, —z<x<z?

(3) Since s(x)= f(x) andg—fzo for O0<x <, itisobvious that
X

di(s(x)) = (-na,sinnx+nb, cosnx)=0 for 0<x< 7. Isthe statement
X n=0
correct? You need to explain your answer briefly. [89 ’F S 13% ]

1-(-1)"
nr

(1) f(x):0.5+zﬂsinnx, a,=05, a, =0, n#0, b =
n=1 nzx

(2) for—-m<x<m > s(x)— f(x)forevery point.

X) < : .
(3) dsd() = » —na, sinnx+nb, cosnx =0, the statement is incorrect.
X n=0

5. Let g be a periodic function defined by g(t)=t*> for 0<t<3 and
g(t+3)=g(t) forall t.
(1) Draw the graph of g for -6<t<6.

(2) Compute the Fourier series of g.
(3) Draw the amplitude spectrum of g for the three lowest-frequency components.

(91 7 %] &7k 20%)
[ HiE s

I
(1)




2nrt +Z -9 . 2nxt
= nr 3

- 9
2 t)=3 —
@) 90=3+Y ;oo

(3) g(t)=3+ i c, cos(na,t + 6)

n=1

coszx, 0<x<1
f(x+1), VxeR’

6. Find the phase angle form of the Fourier series of f (x) :{

[91 j%‘wﬁzsp 14%]

52

[OL {11! 4] 2091 (91 %[5 30%]
(4]

(1) Zvx=0 - f$0:£—£[1+i+—+....]

2

32

7’ 1 1 1
(2 }H fourier consine series [ [ﬂj TR T @%—1+3—4+5—4+7—4+

2. T(X)=x5,0<x<27 0 5 f(x+27)= f(X)7F f(x) V Fourier series > ™7 12
n=1 N
[89 Ry A7 AdE[ = 15%)

L) 3=

na N

3. f(x)=x*,—w<x<z - : (1) Fourier series (2) 2(2 ; ER GRS
n=1




Jux=01 l+i——

2?3

X= nﬁEJl+212+312

Fl1(0)-(a)

4. (1)Find the Fourier seriesof f(t), -z <t<rx.

@show 1-++1_1, _%
3 5 7 4
o0 4
(3)With the series derived in part (1), show that Zn_]:t: 90" (90 flip! FFF 10%]
n=1

[ 2% Pﬁi

['e]

(1) f(t):z (1)”*15|nnt

:l

(2) at t:%,series converges to %

T

11

-+
4 5 7
2

=, 2 Vs
D" tesinntdt, == S(=1)" e (=)™, —
—0™) 3 I

1.
3
©) jo”tzdt = i

n=1

5. (1) Find the Fourier series of the following periodic function
, <x<0
()= { o
sinx, 0<x<rx
(2) Using the derived result calculate
1 1 1
<> —+—+—+ <
1x3 3x5 5x7 1x3 3x5 SX7

[91 =5 -“H 209 [90 f11! [#22E! 20%]
(%]

1) f()_———[ COS2X +——— L COS4X+——— L COSBX +.. ]+lsmx
/s 4° -1 6° -1 2

(2) <1>




6. Represent the known function y=|x—3 for 2<x<4 by

(1) a Fourier series expansion.

(2) a Fourier sine series expansion and

(3) a Legendre polynomial expansion, respectively.

(4) Give a set of criteria and thereby judge which of the above three expansions is

the best and which is better. [88 ’F",J\j # 20%]
[ 2% FJZJL

(1) y——+— z cos Nzx

7T n=13,5

nxz
(2) y—n;‘,s( 559 T_ni) mT

(3) [UEEERIC, VIR 2 S B -

7. (1) Find a Fourier series of period 6 which in interval (1,7) represents a function
f (x) taking on the constant value +1 when 1<x<4 and constant value -1
when 4<x<7.

(2) Reducing the above Fourier series to the following form:

f(x)=A)_ Bsin (3 Y , what are the values of Aand B? [89 5% FEr#

nood
12%])
[%%Eﬂﬁ
(1) v f(t+1) 7 Fourier sine series [
- -4 ..n nZx -~ 4 n nzX
fo)= > einZeos 2 Y T cos Egin L2
n=135 N7 3 n=135 N7T

@A-2 . p-1
T n

o

g . 1l e i |3, for 0<x<1
8. P~ BT (%) 1 0< X <2W[HIP [V AL 1 (X) = {1, for 1<x<2
(1) }{ﬁ’ﬁ“ﬁ@?’& 0<x < 2B [E][* |1 ]— fEHA%L 4 I Fourier cosine series s
(2) FIPIQ). A - Rl 2t 5
(3) IR O < x <2 H[* 1]~ {WEH]EL 2 1 Fourier series %,
(89 Z~[FH 25%]




() 1=
V4

B) f(X)=2+g(x)=2+ Z—smnﬁx

n=1,35 7

9. Find the Fourier series expansion for f (t) and |f(t) with f(t)=Asin(et+g),

where A, @ and ¢ are all positive constants. [91 ﬁ%*?:ﬁ% 10%])
[%%Eﬂﬁ
(1) f(t) = Asin(wt + ¢) = Ap[sin wt coS w¢@ + COS wtesin @]
(2)

HOE== i ACiJS ng 1—(~1)"]-cos a)t+z —1) [1—(=1)"*]ssin ngesin net

X, —L<x<Z
10. Find Fourier series of f(x) = 2 23 , F(x+27)=1(x).

T T
T—X, —<X<—
2 2

[90 ¥ 4T 20%])

[ i

2
n=1

f (x) Eia R 2 u*ﬁ[gr 2V Fourier sine series > .. f(X) :Zism—sm nx
n‘z

X—4, 6<x<9 . . .
1. ) IF f(x)= , f(x)= f(x+6), find Fourier series of f(x).
x—10, 9<x <12
-8, 8<x<11 i . .
@If g(x)= {§—14, 111 (<14’ g(x) = g(x+6), find series expansion of

g(x) interms of an expression similar to Fourier series expansion. {’F",*‘\j *+
25%]
(%)

X

1) f(x)=h(x)+2= 2i;(_1)nﬂ i n:




(2) 9(x)= i:(—l)”“ sin ”3”‘ - ii(—l)”*l sin F(x=2)

n1 N7T n1 N7T 3

W [}
1. Expand f(x)= in a Fourier cosine series.

(91 flisk FErks 10%)

6zx 1 10xzx
——+—cos ; +.o]

2. Riemann zeta functions are defined as £ (z) = Zk‘z , Re(z) >1. By using

k=1
half-range Fourier cosine series of f(x)=x*, 0<x< 7. Calculate(2). Then
integrate twice to calculate ¢(4). [91 & 548 15%] [91 15 ~F72F 10%]

3. Find the half-range cosine expansion and the half-range sine expansion of the
function f(t)=t*, 0<t<1.Which has the problem with uniform convergence
(explain)? [89 & 517 17%]

[ 4]

1) @) ::1%+Z4r52_1)2 cosnzt - f(t) 5 > uniform convergence -
n=1 17T

S r2(-D)" 41— (=1)"]

2 fO=21I

o N7

FIGHLE o

35— Isinnzt - sine series 15 = 5@t A[JF | Gibbs
n°rz

4. Let f(x)=x for O<x<1.
(1) Expand f(x) in Fourier cosine series for period 2.
(2) Expand f(x) in Fourier sine series for period 2.
(3) Explain the relation of the solutions obtained form (1) and (2).
[91 7% 54 17%]




sin nzx

2 =2

n=1
(3) There is no relation of solutions obtained from (1) and (2) - é‘aﬁ%’ﬁ}ﬁﬂfﬁ% o
’F’J‘z-%ﬁ Fourier cosine series 3. Gibbs ZHl 44 » [¥@f i [ - Fourier sine series 7|

Gibbs 341 > Jdihs 16 -

0 2(_1)n+l
Nz

Ex+£, when 0<x<L
5.Given f(x)= L 2
—X+4, when —<x<L
L 2

(1) Find the half range Fourier expansion with odd periodic continuation of their
function.

(2) Draw figure of your obtained series, including several cycles.

(3) Does your obtained series really represent the given function at every point
between 0 and L inclusively, give comments (gé;iér::,»jﬁ—rjﬁj/). [91] '4\'7‘“%‘

1 12 nz Nz X

=1 Nz . )
1) f(x)= —C0S— +—+——=8In SIn——
0 1 ;[nﬂ 2 nr nxl 2 ] L

f(x)

F Y

(3) 7k f(x)sffi3g1.l % » Fourier series JS&¢Z([FFEeTl > i T5fA) R series [o&¢
ST HS T x = O RG] 007 x = LI2 gk ?U;(mi) 0<x<lL
B AT ) -

6. (1) Determine the coefficient in representation f(x) = Z A sinnx, O<x<r,
n=1




f(x)=1.1.

(2) Evaluate the value of the following series z ! 5
= (2n+1)

(87 fl1h2 20%]
(=5 T]

W =3 n4sin x

n=135 7T

@ X%

Z13sN

7. For a differentiable function y(x) defined on 0<x<1, what values do the
term-by-term differentiation at x = 0 of the
(1) Fourier series
(2) Fourier cosine series
(3) Fourier sine series
(4) Complex Fourier series of y(x) converge to x=0 respectively? [90 VF e
16%]

(1) Fourier series Z-fif%55 [51[ y(0) =y(1) » x =0 [ - ik ?Ui[y'(0)+ y' (D]

VO) % y(@) § i x =0 fekEfoo i —o  FRIES F YRELL L -
(2) Fourier cosine series %?f*‘flf%’ry’? it x=0 [¥&=E] 0
(3) Fourier sine series 33 fif% 7]
!5' y(0)=0 > % x=0 =& =] y'(0) - !5" y(0)#0 > 7 x =0 ¥ =] o iy —o0 >
P EL R

(4) complex Fourier series == Fourier series ﬁi{ﬁj o

1 0<x<l1
8. f(x)=<100, x=1 }, suppose that the Fourier sine and Fourier cosine series of
2, 1<x<2

f(x) converge respectively to s(x) and g(x) on interval 0<x< 2, without find the
series, find s(x) and g(x). [90 Y&y 5% 14%]
(324 ] SOOERAIN 4 0 Frific  gRB] 4 Pyt




9. Find the Fourier series of the following function f(x) :{

X, 0<x<1
0, 1<x<2|’
[91 é}«iﬁﬂﬁm%]

. 1,2 2 2 .
1 & :Ejo f(x)dx - a, =IO f(x)cosnzxdx - b, :jo f (X)sin nzxdx

W 575 Fourier Series
1. Find the complex Fourier series of f(x)=e* if —zr<x<xz, f(x+27)=f(X),
and obtain from it usual Fourier series. [91 ¢ 5 25%]

CXTIORICEDY G

) sinh zz+(1—in)e™ £% complex Fourier series
&~ z(l+n

1S ne(-1)" . : - : :
f(x)= —Z(i)zsmh zresin nx £ usual Fourier series
743 7(l+n%)

2. Giventhat f(x)= i ‘11 and f(x)= f(x+1), find the complex

Fourier series of f(x) and plot points (n,c,[) for n=0,£1,+2,........

(915 s L AIC 20%)

) 1 .1 1 1 .1 -
c =—sin=nz,n=0, f(X)==+ Y —sin=nree'?"*
Ie, nr 2 () 2 n;w nr 2

n=-1




1
Co = fi? f(x)dx = [41edx = ;
2 4

3. Afunction f(x) is defined in the range [ -7, 7] as follows:

f(x):{o for —7r<XSO}

1 for O<x<rx
Expand f(x) into a complex Fourier series. [91 FE‘J\F‘%%}* 10%])

[éf%ﬁj%ﬁ] f(x) :;+2[sin x+;sin 3x+ésin 5X +....] £ real Fourier series
T

4. Determine the complex exponential Fourier series coefficient c, for the periodic
function f(t)=¢'> 0<t<1-and which has the period T=1, and plot the complex

Fourier spectrum |c,| versus na,. (90 {i%[# 1 5%]

(% i

W Fourier i 57= Fourier fEs;
1 |x|<1
0, x|>1

@ ) j:de =7 [91 %+ + 15%]

X

L () Fef (9 ={

};V Fourier ## 7} = £ i 2

© SiN @ © SiN @*COS @
«coOsSwdw J' —_—

@

2. (1) Find the Fourier integral representation of the following function.
0, x<0

f(x)=41, O0<x<?2
0, x>2




sin 2x
X

(2) Use the result of (1) to show that j:
X

[91 K5 30%)
[5Gy

1) f(x):iri[cow)xsin2a)+sina)x—sina)xc052a)]da)
7% @

(2) at x = 0 Fourier ##i 5] i ﬂ;

1:3 wlsinZa}da) ’ o J'xisinZde:z
2 7% w 0 X 2

3. Letx(t) be a rectangular pluse defined by x(t), [t <% and x(t)=0, otherwise. The
corresponding Fourier transform is denoted as

X(jo), ie., x(jo)= [ x(t)exp(- jat)t

M X(jo) @ |4
()

(3) I:de 4) I:[x(jw)]Zdw [91 H'L'I?‘ﬁ’?‘? 20% )

(4
(4]

M) X(jo)=2sin?
10} 2

1 22 . @ ;
2) x(t)=—| —sin—e!”d
@ X 27[""*6{) 2 “

1 22 . w
3) x(t)=—| —sin—cos Xwtd
(3) x(t) Zﬁjma) , Cosxatd

4) x(t)= Zlﬂj“ X (jo)edw

. Find the Fourier integral, k>0.

(1) f(x)=e™ when x>0 and f(-x)= f(x)

(2) f(x)=e™ when x>0 and f(-x)=-f(x) (91 (I [F1F 20%]
(4]
k

—— Cos wxdx LA
o +K

OHORCIN




k

——sin wxdx F3Tif
o +K

@ ==

1+x, —1<x<0
5. Given the function shown as follows: f(x)=<—-(x-1), 0<x<1
0, otherwies
(1) Calculate the Fourier integral representation of the above function.

2
(2) Find | (=coso)y,
w

2
(3) Compute [ (zcoso)y . [90 75~ iy 15%]
(4]

[ 4]
2 J-»c (1-cos w)

@ fo="["""

@) E:J"”l_czsw o
2 0 10}

«C0S wX<dw

2
3) EZI (1—cosw) o
6 0 o'

a

1 for|x|<—, a>0
6. ¥ f(x)= =5
0, elsewhere

(1) 7+ f(x) [~ Fourier Transform F(u), F(u)= Ji f (X) exp(—2ziux)dx.

(2) Sketch I (u) =|F(u)[* versus frequency u. [91 3457 $2 20% )
(5]

(1) F(u)= ZFCOS 2 ruxdx = ——sin azu
0 zu

2) I(u):\F(u)\2 Lt Ginanu- 12%[1—00527rau] 1 (=u) =1 (u)
27°u

2.2
7o u

7 ﬂJ“J@jiﬁ%ﬁ%ﬁ}%ﬁajdem:%e-x ) x>0 (91 [ 4575 15%

0 1+

oyt g & T » COS wX ;
[2HiER] —e'=| ——dofFE
42 0 1+ @?




8. Use Fourier integral to demonstrate the following results and show the details of
your work.
0, x<0

on COS Xw + wsin Xwdw
0 1+’

X

e, x>0
[91:E W St 159%] [90 fIr# (= 15%]
[ 2% ];’*A‘“
1
0, x<0
COS X + @wSin Xwd @ T

[~z Dirichlet theorem 771 [ - o =17 x=0
+

e ™*

9. Prove j Md =%e‘xcosx if x>0. [91 (I (~2 10%]

(%)
a) sin Xw

(< Dirichlet TR 51 Rl :%e’xcosx x>0 0 HE e

10. “‘JDF{ ""“} \/Ee“’z"‘a ; F{ 21t2}:£e“’ » Hia:ﬁfjgrr, Shf
a a’+ a

(64t> —8)e ™" I {ei=t B feltfsyr o (88 7 /%57 17%)
(%% g F[(64t% —8)e ™" f rotee 1

11. Find the Fourier transform of the following function f (x).

x’ O
f(x):{e X <
e,

x>0

(9L 57k 5 10%]




&Y (=) =10 > F[f()]=2] e cosmxix=—;
0 o +1

12. Obtain the integration and the Fourier transform of a Gaussian function as
expressed below.

(1) f:oexp[—axz]dx (10%)  (2) j:exp[—axz]exp(_ikx)dx (10%)
CURRAIEN N CEN Ry S

’if"*&“
Feprd
o0

—k?
1) 1= e*dx= \/; ) J= j e ey = \/;e“a
- a - a

13. Find the Fourier transform of the following function. f (t) = 4e™" sin(2t)

(90 / ek 10%)
! : L 0+2)*
(% 4] Flae™ sin(20)] :?[\/felz(”” —\/fe 2
|

14. (1)Prove F[f(x)e™]=F(w—-ai), where f(w)=F[f(x)].
(2If g(x) isabsolutely integrable over —o< X <00, then F[g(x)]exist.
[86 B 20%]

(% 5]
(1) F[f(x)e*]= jm f (x)e'“*dx = F (w—ai)

(2) Fil, _E |9 (x)| dx 7 7 > AFeSaf i A 55 [ F[Q ()] 7% 7 » IF=£% Fourier transform

et 5 PR -

15. Find F[1], F[sinmt], F[cosmt]. (88F [Fuﬁ 10%])
(4]

F[l]:J':l-e’"”tdt=27z5(w)’ F[sin mt]——[27r§(a) m) —2z6(w+m)] - FJ%H B

F[cosmt] = zli[27z5(a) —-m)+270(w+m)]




16. Find the Fourier transform of the periodic function f(t) , of period T, and sketch f(t)
and the amplitude spectrum. f (t) = _I_Et, O<t<T
[90 ﬁ' Eféﬁ[*%it’ 12%]

[éfj%ﬁjéﬂﬁ] =V Fourier sine series [ f(t)_2+zmcos(na)ot+7z)
n=1
Ca
I

.
3

.
[

17. Find the “Fourier transform” of the following periodic function whose definition
0, —7<t<0 e
in one period is f(t)= : 90 U A ESA 25%
P ® {sin(t), O<t<r SR

(4]

F[f(t)]:25(a))+%[§(a)—1)—5(a)+1)]+ i

n= 246(

5 [5(@) n)+o(w+n)]

18. A periodic function whose definition in one period is
f(t) :Bsin%t+53in 3nt,—2<t<?2

(1) Find the Fourier series of f(t).
(2) Find the Fourier transform of f (t). [90 ’Fi*ﬁ‘?’fﬁ 15%])
(%)

1) f@®= 33in7;t+53in 3t

) F[f@®)]= 3:”[5(60—’2”) —5(a)+72[)]+5i”[5(a)—37r) —5(w+37)]




1 |x|<1
0, [x|>1

19. (1) Find the Fourier integral representation of the function f(x) :{

(2) By using result in (1) to evaluate J' sine 4

iz

(3) Verify your answer in (2) by integrating L around the contour as shown in
z
following figure and let r -0, R — 0. [91 &P I?‘q—ﬁlﬁ%‘-f 20%])
(% i)
1
1) f(x)=—
W f09=-—]

-0 @

= SiNw , 7 ieri
——e'”“dw % Fourier integral.

sma) T

@) |, = —do=2

SIHX

Ol

20. Find the Fourier transforms of the following functions:
(1) f(t)cosmt (2) f(t)cosm,tcosm,t [90@ Lféﬁ[*gﬁi 16%]
’ifﬂpﬁi

1) F[f(t)COSa)Ot]:;F(a)+a)0)+;F(a)—a)0)

(2) F[ f (t)cos? a)ot]:;F(a))+£1‘rF(a)+ 2a)0)+LllF(a)—2a)o)

21. Show the following Fourier transform theorems:

(1) convolution theorem F{f*g}=+2zF {f1F{g}
(2) shifting theorem: F{ f (x—a)} =e *F { f (x)}

(3) autocorrelation theorem: F[[~ f(z)f (z - x)d] =2z |[F{f}

(8875t 12%]




(2) fjt=x-a=e'". L f (t)se 1 edt = e 1%« F[ f (X)]

Ar

(3) fjr-x=t= Jor |FLIT| HiE

22. Find the convolution of a rectangular pulse f (t) and triangular pulse h(t)

f(t)=1 |t|<1 h(t)=t, 0<|t|<3
where ® | | , ®) | | o [87 AT 20%)
f(t)=2 |t{>1 |h(t)=0, otherwise

(=]

f(*h(t) = H(E+D-(t+1)° ——H(t De(t—1)2 += H(t 2)+(8— t—2t)—fH(t 4)s(8—12 +21)

23. Determine the Fourier transform of the following functions.
5e_3m

-3
@ e @ s [90 2] i 10%)

[=4iR]

3 _ [~ ot _
(1) Fl[e ]—Joe 2 cos wtdt 9 o

Baidt ,g-iot 5e|(3 w)(=2+3i)
@ fi3-020 [ Gt

Ji3-we0 . [ FE g oY
i ~t? -4t +13 i

24. Let z(t) = x(t)*y(t) = ji x(7)y(t—7)dr,

(1) Prove the area under z(t) is the product of the area under x(t) and y(t)

over the interval —oo<t <.
(2) Given an interpretation.

(2551 w=0 - [ 20d=[ xOdt] y®d -

25. Let x(t) < X(iw), y(t) © Y(iw), and z(t) <> Z(iw) denote Fourier transform




pairs, related by Z(iw):fw z(t)eldt, Z(t):ziro 2(jo)e de if
—0 JTY®

Z(jo)=x(jo)y(jw), express z(t) intermsof x(t) and y(t).
[89F[IL[|?:T‘7E§10%]

(= 5i#R] 20)=XO*Y (1) = [ x@y(t-)de

B Fourier transform & O.D.E

1. Find the particular solution of the differential equation y"+cy’+y=r(t), with
c>0 and r(t) givenas r(t):é(ﬂz—tz) if —7r<t<z and

rit+2z)=r(t).
[917% 4 7 20%])
- 1)n+1 (1—n?)sinnt —nccosnt

(=5 y Z

) (1-n®)? +c’n®

2

Find Fourier series solution of ((jj -lz- -T=-6(x-a), 0<x<1,
X

dT(0) dT(1)
Cdx dx
where ¢ is the Dirac delta function, ais a constantand O<a<1.

[90 & 54 20% ]

=0

J - ZCosa t
[ A] Z L oS

=1

. Find the steady-state solution y(t) of y”"+0.02y’'+25y=r(t), where

V/—-
t+—, if -7 <t<0
rt)=1 2 Jand r(t+27)=r(). [91 555 %# 10%)
/-
—t+5, ifO<t<nx

(25—-n?)cosnt +0.02nsin nt
(25-n%)* +(0.02n)°

as t—>oo, y=y Y[




4. Find the general solution of the differential equation y”+ @’y =r(t),
t+z, if —7<t<0
r(t) =

. ,and r(t+2z)=r(t), =123 [91 1) {*" 20%]
—t+7, if O<t<nrx

Jé A1 iy = ~cosnt .

n135n72'0) —n

5. Find a formal Fourier series solution of the endpoint value problem.
X"+4x=4t; x(0)=1, x(1)=0
[89 % **FL{ 10%]
4( l)n+l

— Nz ]esin nzt

b, —a<x<a
6. =l 55 WAy + 5y +6y = f(x) > 1 f(X)= {

(1) 28] sk 2 #i 55 (Fourier Integral) 5[ f(x)
(2) AT 5T R (91 S5 F1 20%]

0, x<—-a and x>a

1) f(x) = FY{F(w)] = 21 [ 2 6in pa-edo
T W

(2) fly'l=-0’y - Flyl=ioy » y=F[y]

b b b b 1 1
=u(x+a){=+—=[2e2 ]+ —[e 7 — 262G} - —u(x—a) +bu(x —a)d[- =2V 4 Zg D
y=u( ){6 2[ ] 3[ I 5 (x—a)+bu(x—a)[ > 3 ]

7. (1) What are the conditions under which a Fourier series representation for a given
function f(t) is possible?

2 3 t°<1
(2) Solve %+2%+y_f(t) if f(t)= {O 2oq [90 FlVEUER 15%]

v PR > Fourier series v i o
0, t<1
@)F IR ST > 1 y(t) = 3-3(t+2)e ™, —1<t<1l
“3(t+2)e P +3te P, 1<t




8. Solve the following first order differential equation by applying the Fourier
transform.
y'—2y=H(t)e™,—o<t<oo
where H(t) is the unit step function (Heaviside function). [89 ’F,ﬁ[%ﬁ[ﬁ%‘-f 10%])
1o2

1. Find the solution of the wave equation corresponding to the triangular initial
defection and initial velocity zero.
o%u o%u
—= Z.W, u,(x,0)=0, u(0,t)=0, u(/t)=0

%x O<x<1£

o [91 7~ —Fﬁlﬁ%m 20%]
—(K X), —£< X</

2 8k Nz cnrt nst
u= sin —cos Sin——
: nz_ll n’z? 2 4

2 2
2. Solve 8_2:6 , with u(x=0,t)=u(x=3,t)=0 forall t,and
o> ox?

u(x,t =0)=sin(l4zx), u,(x,0)= f(x). Derive a complete solution.

[91y 4\%15%]
2 = nst nz
if:% *A‘* — f(x sm—dxsm—sm—+cosl4 tesin14x
Shiuip Zl:nf (9sin=3 3 3 e

ou .o%

3. Slove E‘Sa_ 0<x<L, t>0 u(0,t)=u(L,t)=0, u(x,0) = L[L— cos@]
X

[917E+ r%ﬁ%%f 25%]

e =L =16 =™t . nzx
[*&%Eﬁ—ﬁ] u= — L asin 2

n=135 7% n(nz -4 L




2
4. Solve the nonhomogeneous heat equation shown below: %l: = %Hin(nx) :
X
Boundary conditions: u(0,t)=u(,t)=0 O<t<o
Initial condition: u(x,0) =sin(27zx) [89 [l 1544 15%]

£ £, = 1 _ g2 - . 2, .
[*%%EJ%FAT] Uu=-—[l-e"'Isinzx+e* 'esin 27X
T

2
5. Consider the Laplace’s equation in polar coordinates a_u+la_u+__uzz 0
or’ ror r*o6
Find a solution u(r,#) of Laplace’s equation inside aregion r<a, 0<fd<a
that satisfies the boundary conditions u(r,0) =u(r,a) =0,u(a,f8) =K.

[91 _T\_l\rt-f—’ 15%)

(% 4] u(ro)= 3 ﬂ(rf-sin”—”e
o

n=13,5

2 2
6. Solve the partial differential equation ZTZJF?W_Z =0 (0<x<a, O0<y<bh).
With the corresponding boundary conditions f (x,0)= f(x,b)=0 (0<x<a)
f(0,y)=0, f(a,y)=Aconstant (0<y<Db). [91 *F"[%i[ (7 15%]

*ﬁl . NzX . nwy

sinh *Sin
n=1,3,5 nz Sln nga b

[2%ies] f

4 2
7. Solve the partial differential equations: C%-F E% =0, for t>0; 0<x<L.
X

Inwhich v=v(x,t), C and E are constants, given that the initial and boundary

conditions are
ov(x,0)

at =

o°v(0,t)
2

At t=0: v(x,0)=v,,

At x=0: v(0,t)=0, =0

o%v(L,1)
X2

At x=L: v(L,t)=0, =0 [91 % % 25%]




. Consider the following boundary/initial value problem:
Equation u,=U,+U,
B.C. U=0 at x=0 U=0 at x=2
I.C. U=1f(x) when t=0
U, =9(x) when t=0

Here U, U,,and U, are partial derivatives of U . If the solution is expressed

XX !

as U= Z F.(X)G,(t) please find out the expression of G, (t).

n=1
(901 + 25%]
n?r? -1 ! n’z? -1
2

t+ce 2sin———t
2

. Suppose a laterally insulated long thin bar with length L and of constant cross
section and homogeneous material is oriented along x-axis. The temperature

u(x,t) of the bar satisfies the following 1-D heat equation: u(x,t) =c?u,(x,t)

Find the temperature of the bar for any time t >0 if the ends of the bar are kept
at different constant temperatures u(x,0)=U, and u(L,t)=U, and initially

u(x,0) = f(x). [90 1% Frk ~ = 10%] [90 1417 (= 25%]
[éfﬂ%%ﬁﬁ] T =w+(100-X)

10. E;;@jcgém\r/“p@]ﬂ%fﬁiﬂﬁ : kZ—j(l:H:?: » 0<x<1 t>0
BRI * u0) =0, U@Lt =U,, t>0
IR ux,0)= F(), 0<x<1 Hflik, r71 u, B9l
[91?’14\35%10%]

[éfiéﬁj%ﬁ] u :a)—zlrk(x2 — X) + UyX

2
11. Solve the following nonhomogeneous heat equation Z—l:—g—l: =e ™, 0<x<L,
X




u(0,t) =u(L,t) =0, u(x.0) = f(x) [91 Hl’ﬁ{j 7 20%)
[‘if:%%éﬁ] u=a(xt)+v(x)

12. ﬁ%iﬁﬁféun—uxxzo for 0<x<1, t>0 u(x,00=1 for 0<x<1

My oy=sinizx  for 0<x<1 Mon=May=o0
ot OX OX

Bl u(%,z)z? [89 %" L~ 25%]

o 1 8
A as t=2, X=—, u=1-—
( F&f] 2 3

ou %
13. Solve —+—=0, O<x<a, O<y<b.
x> oy?

u.(0,y)=0, u(a,y)=0, u(x,0)=0, u(x,b)=1 [90 == [#£54% 25% ]

[%J%EJ%F*T] u=A :iy

2
14. Slove the partial differential equation Z—l: = g_l; O<x<m t>0,IC.
X

u(x,0) = x, and B.C. %(O,t)zg—u(ﬂ,t):o. (9L fIr# (=~ 20%])
X X

" T = —4 _n?
[=HiEs] u="4+ ) ——e " cosnx
[ n=135 " 77

5. 24 %—0 (x>0,y>0), u(0,y)=0, (y>0), “(X’O):{

4, 0<x<2
S '

0, x>2

(89351 [k 20%)
8 ro1-cos2w
Jp— =

“Yesin wxd w
0]

16. Slove the boundary value problem using Fourier Transform in x.

ou o
EzaT(—OO<X<oot>0) u(x,0) = f(x), (-0 < x <)




(91 7F+ 4 15%X 90 F'J\%% 7%])
()
f; f(2)e % dz

ou oU
17. Slove Ez , U, (0,t)=0, U(x,0)=x if O0<x<1 andif x>1, U(xt)is

0°x
bounded where x>0, t>0. [91 I 41k] 20%)]

2 r wSiNw—1+C0Sw__,»
=— e

2
w

«C0S wXxd w

2
18. By using Fourier transform, slove aat_u = 2 +o(x)o(t),

u(x,0) =5(x), Iirp u(x,t)=0. [91 Y& #8544 20%]

2% O LT,
[ 27[\/7 272\/? ®)

19. Slove following partial differential equation by Fourier Transform.

2 2
0 l:;[)z(’t)zga lg()z('t), (-0 <X <00, t>0)
X

u(x,0) = e, %:o (—o0 < X < 0) [90 & ['1 75 15%]

U= 2e—5\x—3t\ n 2e—5\x+3t\

2
20. Slove PDE by Fourier transform é;—l:—z—ﬂu 0 (x>0,t>0),
X

u(x,0)=xe™, u,(0,t)=0 [90 3—@‘2‘}%’% 15%])

7(02171'[2

2 ocoS wXdw EHATS o

21. Consider the problem of determining the temperature distribution in a bar




extending from zero to infinity if the left end is kept at zero temperature and the
initial temperature in the cross-sectionat x is f(x), where

X, 0<x< . .
f(x)= {g > g . Slove the problem as the mathematical model is
T

2
a—_azg (x>0,t >0), aisconstant, t isthe time. [897 F' ‘IF“H 14%]
X2

I ( —sma);z)e o't osin wtd o

22. A semi-infinite thin bar x>0 whose surface is insulated has an initial
temperature equal to f (x). A temperature of zero is suddenly applied to the end
X = 0and maintained.
(1) Set up the boundary-value problem for the temperature u(x,t) at any point
Xattime t
(2) Slove (1). [90 [+ # 20%]

(%)’ _(z+x)?

[j’f:% J]i{‘r_&_‘ [e dat —e dat ]dz

fj f(z)r

2
23. Please solve the following partial differential equation ¥ = aa—z subject to the
X

initial and boundary conditions y(x,0)=y,, y(0,t)=0 and y(ew,t)=Y,.

w0 ) 1 P 1/2 ,
Note: | e*'cosAxdi==(=) e*'*
(Note: [, ~(y e

[91 3577k 10% X 90 A5 ~HL 20%]

24. Solve the partial differential equation by Fourier sin transformation. u—u,, =0
for 0<x<oo, t>0, u(0,t)=g(t), u(x,0)=0,and u(x,t) isbounded.
[89 fiﬂ*ﬁ‘-ﬂﬁ 20%]

2

e ‘“edr

T 1
(t _ z_)3/2




25. Please solve the following partial differential equation as u, =u, +u, Wwhere

0<t<o, 0<Xx<x, 0<y<oo initial condition u(x,y,0)=0, [u(x,y,t)|<M

(bounded) boundary condition u(0,y,t)=0, u(z,y,t)=0, u(x,0,t)=100.
[89 4%[%]@% 20%]

[1—e ™) ]sin wyd wsin nx

B ) EEeik (separation of variable)

. We wish to slove the Laplace’s equation using separation of variables

2 2
%+a—g =0 within 0<x<b and 0<y<a with boundary values given by
u(x=0,0<y<a)=u(x=b,0<y<a)=u(0<x<b,y=0)=0 and
u(0<x<bh,y=a)=1.Let u(x,y)=X(X)Y(y).

(1) Show that X"/ X =4 ,where A is constant.

(2) Derive the boundary conditions for X (0)and X (b).

(3) Discuss whether 2>0,4=0 or 4<0.

(4) Impose the boundary conditions for X to determine the possible values of

A
(91 i [3f]7 20%]

[éf%ﬁjé&ﬁ] U:ZaninnEX-sinhm;y, 7 u(x,a)=1,

n=1

= .. hra . nzX 2
1=") B_esinh Sin— H B =——W —JJ1—(-1)"
Z;, ; . . H B, 7[[ (-D"]

: \ S .0 ou 4 .
2. U0 Rl A T = AT (R 0<x <ATAIHIT - of:

HerrEru(x,t) - ER PR ELu(0,t) =u(4,1) =0 -
(1) BP0 separable o ™ FCTAREE X A1 LAY ] A
(2) I 1 P 7 2
(3) %’ILI'%DE\JJ‘FE?J t=0 Eﬂjﬁ@(ﬂ u(x,0) = —sin(zt) +sin(2zx) » F~u(x,t) o
[91f I%%’%‘ZO%]




f"—1f =0, (0)=0 o
@1, » P.D.E [i'idhs) g
T'—42T =0, f(4)=0

(2)P.D.E.ipjiftu = fT = z B, sin %(g t
n=1

(3)u =—1sin zxe "' +sin 277xe "

3. Consider the heat-conduction-like partial differential equation (PDE) for

2
au((;t(,t) :ta l(;()z(’t) with boundary conditions u(0,t) =0, u(L,t)=0,
X

initial condition u(x,0) = f(x).

(1) By assuming that the solution can be written as u(x,t) = X (X)T (t), show
that T(t) and X(x) mustsatisfy T'(t)+AtT =0 and X"(x)+AX =0,
where A4 =constant,and X (0)=0, X(L)=0.

(2) Show that to satisfy X (0)=0, X(L)=0, A must be positive and find the
solution X (t) and the eigenvalue A.

(3) Now that 4 is known, slove for T(t).

(4) What is the general solution to the P.D.E ? [91 "@4\%’%‘30%)

[%%Eﬂﬁ
OT'-AT =0

(Z)ﬁ ErFFHE X, (X) =c, sin n[z X

u(x,t):

,l(nl)zﬁ
(3)T=ke 2 ¢

2& . ngx o O ongx
(4)u_EZIO f(x)sdex-e ssin="—=
n=1

. Avvertical cross section of a long high wall 30cm thick has the shape of the
semi-infinite strip 0<x <30, y<0. Theface x=0 isheld at temperature zero,
while the face x=30 is insulated. Given temperature r(x,0) =25, find the
steady-state temperature within the wall. [91 % 4\}%{% 15%]

= 1 _
] uo 00 g 201
a (2n-Dz 60

5. Using the method of separating variables to solve the boundary-value problem of




2 2
the one dimensional wave equation Zt_u c? 2 > Wwith boundary conditions
X
u(0,t)=0 and u(L,t)=0 forallt, where u(x,t) is the deflection of string and

L is the length of the string. [91 F[Hﬁ*ﬂ 20%]

[éf:%)?f—’i 2] Hvu,(x,0)=g(x), g(x) :Z B sin

n=1

n

L 2, . hzX
B, = — X)sin ——dx .
cnrz LIO 9(x) L

“ AR RERGEY - FIGIEE 100°C R SR AR T R TR
2
u(/,t)=0%C - % u(x,t) - Hint : heat equation a 272:% ’
u,(0,t)=0, u(/,t)=0- [91 [+ + 25%)

[ ¥ FJHFE] 7 u=(x,0)=100= Z_;Aj-cosz

= g.[floo-cos 2n _17rxdx 400 ("t
{90 20

@2n-Yrx

ou_ _,ou

7. Aboundary value problem is shown as follow: e =a v (O<x<L, t>0)
X

u(0,t) =0, %(L,t):—Au(L,t) (t=0) (A>0), u(x.0)=f(x) (0<x<L).
(90 %[ 15%]

(2 4iE] V=0, f(x -3'B, sina—L”x

n=1

L R anx L
e |
_[Lsinzﬂdx L—isinZOzn
0 L 2 4o

n

8. Solve the following problem by the method of separation variables:
o°u . o’u o
8X2 ayZ atZ !
u(0,y,t)=0, u(a,y,t)=0, u(x,0,t)=0,

0<x<a, 0<y<bh, t>0,




ou T
u(x,b,t) =0, u(x,y,0)=1 = =1. [91)7&4\‘@% 20%]

t=0

. o & / n> . mzx . nry
A éﬁ* Fu(x,y,0)=1, 1= B .[— —sm—sm—

d )" (1]
mnsz

W [ fd g5 P.D.E.
1. Find the steady state temperature for a thin disk of radius R if the temperature on

the boundary is f(6)=cos’ 0, —r<f<rx. [91 j‘%[Yﬁ?‘ﬁU 20%]

[%%EJ%FAT] T= A0+A2r20052(9:;+

2 2
2. Find the function f(x,y) satisfying the Laplace equation V*f = gzi +% =0
for x*+y®=a, a>0 and the boundary condition f(x,y)=x> for x*+y*=a.
(91 ! |7L 20%)

[%J%EJ%FA[*] f = Arcos@+ Ar’cos30 = jar cos&’+ir3 cos 36

3. Let u(p,¥) denote the steady temperature in a long solid cylinder
a<p<bh, —ow<z<o when the temperature of the inner surface p=a isa
given function f(¢)=A+Bsing where A and B are constants; and temperature
of the outer surface p =b is zero. Then the governing equation can be written as

2
follows in a cylindrical coordinate. p° 0 u(2p,¢) +p8u(p ¢) il U(zp .4) =0
o p op o°¢

(91 1°%[+ 7 25%]

Please calculate u(p,¢) .

(28 ET u=(A+B,Inp)+(Ep+Fp7)sing




4. Consider the problem of vibrations in a circular membrane of radius a. Let u(r,t)
denote the vertical displacement of the membrane, and if the initial conditions are
circularly symmetric, then the mathematical formulation of the problem is as

ou ¢* o

follows; —=——(r—), t>0, r<a, u(a,t)=0, u(r,0)=f(r),
e ra( ) (a,t)= (r,0)=f(r)

Z—l:(r,O) =g(r). Slove u(r,t) interms of f(r), g(r), where c is a constant.

(91 (il pai ™ 7]

a
> ajo

(251 ur0=g0n=3 " B, =

n a a
n=1 Can J. rJ02
0

Find the solution of the following partial differential equation.

op_0%, lag i S
o o §8§ , 0<E<1, t20, ¢p=1-&% t=0, ¢= finite, £=0,

$=0, &=1. [914=%[{~~ 20%]
[T 1 a0 =1-6", 1-2°=38,30(a, ).

[ea-)3(@)de
RN CALE

. Slove the problem

62u _du

ax

u(0,t)=1, O<t
a—u:O,x:L O<t
OX

u(x,0)=2, 0<x<l1

if];’ Elu=w+1

, 0<x<]1 O<t

[917i™(" 10%]

2. A temperature distribution T(x,y) at steady state satisfies the Laplace equation




2 2
g 2 = 0. If the boundary conditions are given as
OX
T(x,0)=0, T(x,h)=f(x)
. Solve T(x,y) for B
w _c (%) {c £0
X

91 & ESHs 20%
T(0.y)=0, (91 % 20%]

0 - ﬂ-y ® — -
#I f (x)sin 2 L o xdxesinh 2n Lox
17zh 0 20 20

20

Eq(:io T :u+cx:32bnsin 2n_17rX+CX
10 Ry 20

3. By the method of separation of variables, find the solution u(x,y) of the

Poisson equation u,, +u, = cos(rzy), in the semi-infinite strip

0<x<ow, 0<y<1,suchthat u(0,y)=y, u,(x,0)=u,(x2)=0.
[91 f1ASH% 25%]

[f;:%gj;g*&‘] u :—73200572')/4‘60()(1 y)

[

4. Solve the following initial-boundaryOvalued problem of u(x,t).

a—uzg, O<x<1 t>0

ot oOx

u(0,t)=t, t>0 (89 11 iE]r 25%]
u@@t)=1 t>0

u(x,0)=x, 0<x<1

(2% ] u=o+t-(-DxfH




2 2
Y _9%Y (%2 (0<x<4, t>0)
ot OX

y(0,t) = y(4,t) =0 (t >0),

5. (1) Solve the boundary value problem
y(x,0)=0 (0<x<4),

%(X,0)=O (0<x<4)

(2) Discuss in detail the characteristics of eigen values and eigen functions of the
above partial differential equation. [91 I+ # 25%]

; — 1
R AT =u+—(64x—x"
(=51 y 108" )

0<x</, 0<y</ (90?‘,*3 FHE[ZS 15% )
T(0,y)=0, T(x,0)=0

T(x,0)=f(x), T(¢,y)=9(y)

[%*ﬁgjﬁﬁ] T(X, y):gi !

¢ & sinhnxz

nzy
l

¢ . nry . Nnzx .
sin dyesin sin
Jo 9)sin=Zdy-sin =

2. Solve the following partial differential equation.

Vau(x,y)=0, 0<x<a, 0<y<b

u(,y)=0, u(@y)=y
u(x,0)=0, u(x,b)=x

[89 %A+ 4 25%])

3. Solve the following boundary-value problem




(90 35 20%]

ou au .
1. Solve —=-—, u(x,0)=sinx. 9115 T 15%
ot (x,0) = (9135 F 0]

[éf:%%éﬁ] u=sin(x+t)

2. %Eﬁi Partial Equation %—ya—uzo o (91 HifA T 10%]

oy

=C, » Vg=u - # PDE jj#eu = f(ye")

3. Solve g—u+%u+2u:0, u(x,0) =sinx. [91 J"E[{]F4 15%]
X

[ 3¥ Ff—’i %Y u=e?sin(x-y)

4. Solve following PDE with boundary condition A(0,t) = A,

(§+%§)A(x,t) =ifsin(wt —kx)sA(x,t). Here xandtare variable, c, n, i, 5,

®, A, areconstants i=~/-1. (90 7 FfERs L - i 20%)
—ip

k——w
C

1 f(y) = Avexpl cos(% V)]

dx B dy . dz
Xe+yi-yz —X-yi+xz (x-Yy)zZ~

5. Solve the system

[88—1\_‘\Fu{—3 7%]

2 2 2
[ %4 X“+y =Cz
i X+y-z=C,




6. Solve (y+z)%+y%—(x—y):0 with condition y=1, z=1+x.
X

(9277 %L 20%]

X =(y+2) =-2(> )~ 2 1% PDE Vife
y

1. The vertical displacement u(x,t) of an infinitely long string is determines from
the initial-value problem :
2 2
(1) Find the D’ Alembert solution of u(x,t).
(2) If f(x)=sin(x),g(x)=1, find u(x,t).
[91 &1+ A 20% X 91 »5% A FHE[Z 20%]

_w<x <o, U(x,0)= f(X), a“(; 0) _

g(x).

[ % i F,;«
1 x+Ct
(Lu = E[f (x—Ct)+ f (x+Ct)]+2—CIX_Ct g(x)dx

(Qu=t +;[son(x—Ct) +sin(x+Ct)]

. . ou %
2. Consider a wave equation of u(x,t), —=— (-0o<x<o, 0<t),
ot°  ox
cos(x <X<
(), —m<x<m a_u( X,0)=0.
0, otherwise

Find and graph the waveform of u(x,t) at t=3.0. [91 ’F'ﬁ\j R[22 20% ]

if the initial conditions are given u(x,0) :{

;cos(x—l), —-r<X-t<rxz

;cos(x+1), —T<X+t<rx

0, elsewhere

3. Using the indicated transformations, solve the following equation.




U,=U, (V=Yy+X, z=y-X)

XX

(%5 i) u=fi(y+x)+ f(y-%)

4. Slove u, —4u, +3u, =0 by D’alembert’s method; that is, change independent

variables and reduce the equation into a simplified form(the normal form), and

then write down the general solution.
[91 \2%4\?%7&% 10%]
[%%Eﬁ?r] u=f(y+3x)+ f,(y+Xx)

5. Solve the partial differential equation 2u, —3u, +2u = 2x, where the initial

condition u(x,y)=x* fortheline 2y+x=0. [88 'F"Ifiljfzt’ﬁjﬂ 20%)

1y
[%%EJ%FAT] u=e 2 [i(2y+3x)2—;(2y+3x)+1]+x—1

2 2
6. For one-dimensional wave equation ng: :%, find u(x,t) of the string of
X

length 7. The initial velocity is zero, and the initial deflection is sin3x. Please

show that the solution is of form u= Z f(axt). State the physical meanings

for your solution. [90 ff 47zl 15%]
[%%Eﬁ?r] X+t=c = x-t=c,thu ;[/’ﬁﬁ RS o

2 2
7. g%t}lﬁ’ Laplacian equation V?u =%+%@@@@@@ﬁﬁ » Ep[
X=rcosé, y=rsiné - [90 fIr#+ 4 25%]
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