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[HiE 1]

Tow vector v, and v, in R* spanasubspace E,where v, =

a. Perform the Gram-Schmidt process to find an orthonormal basis w, and w, of

E.
. The relation between these two bases can be represented by the following

equation : M, =M U , where MV:[\Z\TZ], MW:[WlWZ]and U isa 2x2

upper triangular matrix. Based on the Gram-Schmidt process performed in part a.,
find U. [91 7&**&’@%’?)

[~ N

2 4
b. U= .
{0 10}

NI N~

[ 2]
Let T(i)zA)? be a linear transformation from R? to R? as a counterclockwise

rotation through the angle of 90° followed by an orthogonal projection on to a line

-1
L in R?, which is spanned by the vector L }

a. Find the matrix A.

b. If the two steps in part a. are swapped (ie., the orthogonal projection is performed
first and followed by the rotation), find the new matrix. [91 "&*"J@’FPI*?’?]




[#953)

Assume coordinate of any vector x with respect to a basis B is denoted as [)?L :

— |2 — |5
Consider the basis B, of R? consisting of vector, vlzL]and VZ:[J'
@ If [x] = 21 find X, .
B |1

— (17 . _
) If xzzM,fmd [Xz]sl'
— |0
(3) Consider another basis B, of R* consisting of vector, ulz{l},and

C

},find (%] - (92 %o
c, B

— 3 — -5¢, -3¢,
@ &)%) o[l )

[ 4]

Consider abasis B of R® consisting of the following vectors: \71 =

(1) Show that B is an orthonormal basis.




3
(2) If x=|5|, find its coordinates with respect to the basis B. [93 % ~%157])
f
.

(4]

(1) B isan orthonormal basis.

52
(2) the coordinates with respect to the basis B is 242 |,
-5

B[R

[‘E”’[‘Féﬁ 1]
Find the directional derivative of f at P in the direction of é,where

f=e'cosy, P(27,0), a=2i+3j. [fli+p7r]

a
4

2
V13

A A b [ V],

(71 2]

2 2
Given a function ¢(x, y) =k (X—2+Z—2—1J , find the directional derivative of ¢

2 2

along its boundary curve C :§+g—2 =1. [95 &+~ ’FiJIfl’?(m%)]

FI

iy 90 2K(Y-%)
[y o

(715 3]

Find the directional derivative of f (x,y)=x"-3x’y+x’y* at (2,1) along the




curve x=t>+1, y=t* inthe direction of increasing t. (754 ]
df; 48
N P(t:l) __E

(4] <
(1 4]
SR B F (X, Y, 2) = axy? +byz +cz°x 7}%#12 -1) mifl% LRI =

I Il |3 Bl (directional derivative) » £l fifi 17 64 » %FF a,b,c> Iﬁﬁ el 2 (91
ik 4 pr R ]
[x%ﬁi ] a=6, b=24, c=-8

m it

[HiE 1]
Given R=xi+y]+zk,find n. [90 742t Pi7)

(715 2]

A V(1T) = (e 3)r < [ R

[2# ];’FA’“ ( #):(n+3)r”

B NG 5T 2%
i

(756 1)

%ﬂ 2y F' ﬁgiy(vector function, parametric equation or parametric representation)
f< circular cylinder: x* +y* =a®, 0<z<2Z&fi(x*+y* =a®frix V)V Wik -2
R CZ e i TS|

[




(717 2)

For a temperature distribution T(x, y,z):x22+yz2 in a cone represented by the

positive vector as r =ucosvi-+usinvj+2uk , find z—T at position P(1,0,2) in the
n

outer normal direction n. [88 sy -+ ’FPIFI"T“ A )

L RIS 5

[HiE 1]
BEGZR6LT (5) = acos—i+asin— j+b>K, w=+/a?+b? fflizk x W 7 -
(2 w (0
a b

(= Jff] a’ +b? a’ +b?

[ 2)
— flizélx =3cost, y=sint, z=4t E'[J — sl o 2y fﬁ? (93 i+
ﬁ%"rﬁ?ﬁﬁﬁ AT ]

[%

t=0fjfve, e, /W flidkx i -

e =273k «
5 5




[fie 1]
ﬁ%?rﬂjk(x+ y)zdx—(x2+y2)dy Tk ESE A(LL), B(3,2), C(2,5) EuTFIRY

= RIS - [92 1 S

[FifE 2]

Let the vector field E_ZL;ryk the position vector r=xi+yj+zk, and the
X" +y +z

line paths C be on the plane x=0 and extend from the point (0,1,0) to the point

(0.—2.0). Are the line integrals jcf-dF and jcfxdF independent of path? Why?
Evaluate the line integrals. [91 'F"ﬁ\j ’FPIFV’T)

[ % ]jder_;z [ _Fxdr=-m2i

[FiRE 3]
RIS 2=2-(x"+y*) > zzo,jij;.[(xzjtyz)dA

1497
(4] dA==""
wuieR ([ oy A=
[#ifE 4]

*ﬁjﬁ—dxdydz » EFIV R a? <X+ Y2 <b?, 0<z< (X +y® ARl

X +yi+1z

N

(2v2-1)

FA‘* ” j —dxdydz =

b3_ 3
X +y?+7° ( a)

m fEAtER -~ BRTOL SR  EE




[HiE 1]
Use Green’s theorem to evaluate cﬁc(sx2+y)dx+(2x+ y*)dy, where C is the
circle x*+y*=a’. [93 "«L\*"«Tzﬁlﬁ‘?]

%] gSC(SXZ +y)dx+(2x+y*)dy = za’

[E4 2]
ﬂ*c'f) y2dx+4xydy - E[1C PPty = xz?ﬁhﬁky 2x Br{Ed n ds 3P o B A

o) ER PR RS - (91 1R diiat ]

64
L dx + 4xydy = —
(%5 §, yiderdxydy =

[ 711 3]
(1) Foracurve x=t*>+1, y=4t—3, z=2t>—6t, determine the unit tangent vector
at the point where t=2.

(2) Evaluate J.J.Y-ﬁd8=327r, where X =xi+yj+zk, n is the outward unit
S

normalto S,and S is the surface of the sphere (x—l)2 +(y+3)2 +2°=4.[93
A PTG (20%) ]
[ & Ff—’i %] (1) the unit tangent vector is %I +3 j+ é k, (2 ”Y-ﬁds =327
S

[ #75 4)

A vector field is V =vyi+xj+x*k , and the surface is described as

S:z=1-(x*+y?), 0<z, calculate the following flux integral | :I V -ndA , where
S

n is an outer unit normal vector on the surface. [95 5% -+ ’FPIFV'T’G,%E' (20%)]

g i %Y | = [[V-nda=2Z
(5G] |_jsv ndA =,




[ i s]
Evaluate @CE-dF,Where F=y%i+xyj+xzk and C:x®+y?=2ay, y=2z. (7

4 )

[t 1)

Calculate the work done by a force F = XZi—xy] from point (1,0) to (~1,0)

2

along a curve of x> +yT =1 inthe upper plane (i.e., y>0). [91 7+ #4(15%)]

10
3

[‘ii“j%‘gj%??] W=
[ 2]
Compute the line integral _fc?(r)-df,where F(r)=y’i-x*]j C isastraight-line
segment from (0,0) to (1.2). [91 f[1He (== ~ #1F[(10%)]

[ %%




Evaluate '[Cf-dF,where F=xi+6j+yxk and C isshown below. [91 f[VEL{*

ey (= 4= 3
(% 5] jCF.o|r=—E

[#11 5)
Evaluate fi;c zdx + xdy + ydz , where C is the trace of the cylinder x* +y? =1 in
the plane y+z=3. [91 %’g,%&%”ﬁq‘(%%)]

[Z%Eﬁéﬁ] qgc zdx + xdy + ydz =27

F =(3x*—6yz)i+(2y+3xz) j+(1+4xyz’ )k, evaluate line integral LE-dF

along the straight lines from (0,0,0) to (0,0,1), thento (0,1,1), and thento (1,11).
[91 141 #51#(15%) ]

(4] [g-dr=—6 - [F.dr=-3

(71 7)

Let F=a«2xy+ayx*+a.(z—1). Evaluate the line integral J((:;Z))f .d? alonga

parabola y =x? onthe xy plane. [91 H[p[ig\g?:(m%)]

[ i 8l
Evaluate the integral jfﬁ-d?, F =2xyi+(x* —2*)j-3x2’k, A(0,0,0), B(213)

by performing the integral along
(1) line segment from A to C(2,1,0) to B.
(2) straight line from A to B. [91 ﬁﬁ?‘#ﬁ%[ﬂﬁl%ﬁﬁi’(w%)]




E.d7 = - 19
1], F-di=-50 (Z)IABF.dg__?

Qe
Let F=-i+xyzj—y’k,andlet C begivenby x=t, y=[t], z=1; t: -1>1.
Please find jCE-sz? (91 55 1105£1(8%) ]

ey [ = 4= 4
(%% A) jCF~dr=—§

[ S %TLI%‘;EJJ/ Ao 5

[HiE 1]

Let fz(yzexﬂ—4x)(§1x+(xzexyz+z)élZ forall x, y and z.
(1) Verify that F is conservative.

(2) Find a potential function for F. [91 f‘,ﬂ?’#ﬁ%}(w%)]

(4] (7 it g [ VE=F o F R Qp=e" -2X +yz+c K

QJ’r’\j»ﬁ:

(711 2]
Find the work done by F =x%i—2yzj+zk in moving an object along the straight
line from (111) to (4,4,4). [91*%[({*T (15%)])

(%4 ) w:—%? A FIE AL o w=[Fodr# [dg

[ 777 3)

Evaluate the integral | :jc [(6xy2 - ys)dx+(6x2y—3xy2)dy] from point (,0) to

point (3,2) along line segment. [91 1% {~~ (8%)]




g4
Consider the force field F =y’i+2(xy+z)j+2yk.

(1) Determine the potential function.

(2) Evaluate j((:l’zl')z) F. [9L il #5H5(20%) ]

(2 4ies] p=xy'+2yz+c - j((z’z‘z)f-drzls

111)

P S

FRTE - JHF(xy,2)=yi+z]+xk - jlfiﬁghﬁé'\c W = ¢ F-dr =2
EERIIERC (2t Edx+y =2 X +y?+22 =2(x+y (iﬁg%”ﬁl Cpy
il > BUF W)

(i) [ Fodr=2J27

Pk 6
Evaluate J'f-dﬁ,where F =2zysin(xy)i+ zxsin(xy)]+(2ez—cos(xy))R,and R

is the position vector along the curve Cfrom (11,2) to (1,-16). [90 J%[ﬂf%
(10%)]

[%%E@’Fﬁ‘r] .|'ﬁ-dﬁ:—4cosl+2(e6 —ez)

T 7
Eet C be a path on the paraboloid x*+y*—z =0 from the initial point (1,0,1) to

the terminal point (0,1,1); otherwise, C is arbitrary.

X + xdy + zdz
X2 +y°

(1) What is the value of the line integral 1 = jc L along the path C?

Is it independent of path?




(2) Why? (Prove your answer in(1).) [89 'F (N4 1 (19%) ]

[2His] ) _YdX+Xdy+ZdZ [tan y#}(ou) @#iE e, 1=2
3 J___‘A T |—r‘," ’ =
[ c X 4y? X o fi* 2

p
I

Xy p YL S S ~ "
|:J‘J‘S 7dAai,EI HISEE’Z:XZ‘FyZ,ﬁJ‘TE?F: 5T %J[S,iJ/4£x2+y2 SgJ’?‘}BN -[90

1178 (25%)]

’FW g 2

v =yi—z]+yzk, find the surface integral I:Hs\?ﬁdA for s: x=

- BB =[xy, 2] o~ RO LS ¢ r=[ucosv,usinv,u® ] >

0<u<4 > —g<v<r o Fﬁjiﬁ]if_}ﬁﬁhplgfjmﬁiﬂ PR 2 (91 FIE BT (10%)]
[ =i FA‘“] flux 1=1287

i 4

Integrate the surface integral J.J.ﬁﬁdA, where F = [ey,o, zex} , N: units normal

vectorof S, S: r=[u,2u,v], -1<u<1, 0<v<3. [91 [[T¥+1R](20%)]




[%%Eﬂﬁ] y=2x>-1<x<1>0<z<3 {2 xz Pl ﬁdA:‘VVZ__‘ dxdz -
- )

$=2x—y - V¢:(ZT—])dxdz ) ”Sﬁ-ﬁdA:S(ez—e’z) o

Pk S
Evaluate the surface integral ﬁf-ﬁdA,where f:(y3,x3,23).8urface S:

x> +4y* =1, x>0, y=0, 0<z<h. [91 "~ F]|(15%)])

[ F.ndA=2lh
s 64

Calculate the flux of water through the parabolic cylinder S: y = x?,
0<x<2,0<z<3,if the velocity vector is F = yi+2]+xzk , speed being
measured in m*/sec. [90 ¥ (== (10%)]

(4] [[.F-nda=12

Fﬁ 7
Evaluate ”s zds, with S the part of the plane x+y+z =06 lying above the
rectangle 0<x<3,0<y<2. [91 J"E[H¥{(20%)]

(%] [[ 2ds=2143

e

I

B T (xy,z)=y o BERIREETE - T3 i(smooth surface) z=x -
0<x<2 - 0<y<3 FVEAiAR ] (surface integral) - [90 54%[ZRLT (15%)] [91 *F",
R (5%)]

917

[é/g%%@?ﬁr] | = +§sinh‘14




i 9
I
Find the area of the following surface z=x*+y?, 0<z<10.[89 E*}J\iﬁiﬁﬁ(ﬂ%)]

[%ﬂﬁﬁ]A:%Pﬁ—q

1§ 10
Evaluateﬂﬂﬁds,where A=18zi-12j+3yk and S is that part of the plane
S

2x+3y+6z =12 where is located in the first quadrant. [89 [ #54#(15%) ]

(4] j] A-ndS = 24

File 11

If E=xi+y]j Calculate the surface integral I F-(ndA) over the part of the surface

z=4-x"—y? thatisabovethe (X,Y) plane. [91 %17 $22E(15%)]

(%4 s] [[,F-ndA=167

W T Green’s 2E

Pk 1
=13 L F =(y—sin(x)e" )i+(cos2y—x)] -
1) :F IFBE  C A -

(2) A= I (Green) o o (1) 1 A ' FHETF T2 5 G, Azl < [90 1R %Y
(15%)1

[%i{ﬂ?ﬂ(ﬂmq:%QHZ—l(aﬁgﬁdF:—ﬂ—3—%ﬁn2




F? 5 2
Verify Green’s theorem by F =3yi—2xy] along circle(x—3)* +(y—2)° =16. [89
sy 4 4 (15%) ]

ifjé‘)lfi ] <j§ 3ydx — 2xydy = _”{ 2xy)—a—ay(3y)}dxdy:—1127r

i 3
Evaluate the integral ﬁ: x®dx + xy’dy. Where C: C,+C, asindicated in Fig 1.
[89 & A3~ (15%)]

[ =i

ELE
(1) Evaluate fﬁ: (xy+ yz)dx+ x*dy where C is the boundary of the region

bounded by y=x and y=x*.
(2) Verify your answer by Green’s theorem. [91 & F' I%&‘x —"(15%) ]

[ s (1) C, 1y = x?>C,:y=x>C=C,+C, pjj(xy+y2)dx+x2dy=—%

(2) cﬁc(xy+ yz)dx+x2dy— —” { xy+y )dxdy} iy st

K

Evaluate the line integral §3y2dx —x?dy along the curve C, which is the union of
C,,C,,and C,. These curves are describedby C;: y=0, x from0Oto2; C,:
x=2, y from0to4; C,: y=x* xfrom2to0,and verify Green’s theorem. [90

fi 1 (20%)]
(4]

on C,: y=0>x=0->x=2" L y’dx —x*dy =0




=25 y=0-4> J‘CQyZdX—XZdy:—lG

Dy=x" s dy=2xdx > X=2—>Xx= O’I y2dx — xdy_g

12

[_(y?dx—xdy)=- =

P 6

(1) State Green’s theorem.

1
(2) Prove that A= > §C (xdy — ydx).

(3) Prove that A= —§C tdx = §xdy :

(4) Use(2)or(3)to calculate the area of —-+ z—z =1. [90 %[ FTH (10%)]
a’

[2# FA‘“ (1)<.|5 fdx + gdy = ” (a—g—%jdxdy (2)%<.f>c(xdy—ysx):

©) <ﬁc xdy = A (4) A= rab

’Fﬁ 7

I

Please find the area of the region bounded by the x -axis and one arch of the cycloid
(84559 given by: x=a(t—sint) and y=a(l—cost). [91 [i]I L (15%)]

[%%%F‘{]on C,: x=a(t—sint) > y=a(l-cost) dy=asintdt - IC xdy = 3za’

on C, : x=0—>27a > y=0> dy=0 > jc xdy =0 > A=3ra’

Fikg 8
F =x%yi—xy?] find
(1)(}5Cf-dF, ¢ is the contour from the originto (1,1) to (2,0) and then back to the

origin.

(2)jjS (VxF)-ds.




(3)Verify Stokes’ theorem. [90 jaiy® %Eek %ﬁz A (13%) ]

aeﬂpﬁﬁ J(Qon C, - y=x> dr:('ﬂ)dx  F=xX-x"] J

Cy
, LY =—X+2 dF:(T—])dx s F

C,y=0>x=2->x=0>dr=dxi - F=0 -

——. 4
(2)jjs(vxF)-no|A=g

1 9

Let #(x, :tan’ll be a scalar field and Ex, — i+ X 5 a
olry)=tan 4] (1Y)

vector field defined in (x,y) plane.
(1) Evaluate the directional derivative of ¢ at the point (L1) in the direction

h’ ?
f f
(2) Evaluate Vx(Vg).
(3) Evaluate the line integrals qscf-dF over the two different closed curves C, and

C, asindicated in the following figures. [90 'F"[*‘\fg—;&)[%&(m%)]

(% i ] (1)d¢ =0 (2)VxVg=VxF (3)95 F-dr=0 95 F.-dr=2r

n

ik 10

Assume the vector F = (—yT+ x])/(x2 + y2) , evaluate the contour integral
4>C F -ds =? Where the contour C is along

(DAunitcircle x*+y® =1.

(2)Aunitcircle (x—2)° +y? =1.

(3)Anellipse 5x* +6y° =14
(4)Make a comment on your answer in (1), (2) and (3). [90 fl = #54#%(20%) ]

(% #if11)C : x2+y2=1> q}Cf-szz )C:(x=2)" +y*=1> gSCﬁ.szo




(3)C : 5x2+6y?>=14 > gﬁcf.szzﬂ @H@=E) (0,0)%C[*|» F & C |
TS HEC - 5 tant y’rg‘-uz;z ) l9(2) i (0,0)&C9 > F i C P EB R

HEEC - By (=l

1
= 2X - 2y -

Consider the vector, F(t)= ex + e
® x> +y? " x> +y° ’

(1) If F isa force field, is this force conservative? If yes, please find the
corresponding potential function.

(2) Find ggcf-dF,C is any closed path not passing through (0,0). [90 FlVE(4E!
(20%)]
[2% JﬁFE] Vi g > fIEVe=F

op  2X
x Kty
op _ 2y
oy Ky

NI EYIES h(y)=g(x)=c ¢:In(x2+y2)+cﬁﬁ’(0,0)fiﬁﬁzﬂﬁll§£ic 9> I F

) ¢:In(x2+y2)+h(y)

) ¢:In(x2+y2)+g(x)

e[RRI S H(0,0) ke  FIIF PRSI [ T 53 R 3

5 (0.0) et - § F-dr=0 EQ’(O,O)T}CP@Cf-dF:O

w1 12

Find ggcf-dF for any closed curve ¢ not passing through point (0,0)

X2 +y

= ( y 2+XZJT+( ;Xz-zyji. (91 %14 + (25%)]
X2 +y

(4] 98 E-dr=-2r




il 13

Let F(xy)= ! i+ ! ~ ] be avector function and let ¢(x,y) be a scalar
(x+y)"  (x+Y)

function such that Vg=F .

(1) Find ¢(x,y).1s F(x,y) aconservative field on the entire (x,y) plane
excluding the origin?

(2) Evaluate the integral Lf-d? along a line segment C: x—y =1 starting from
point (0,-1) to point (1,0).

(3) For this particular problem, does the closed loop integral cﬁcﬁ-dF along any

closed curve C enclosing origin equal zero or not? [91 F",*ﬁ%}[ﬁ%‘a(w%)]

[=¥ “f E1Q)gp=— y+c@l§§'\x+y:0f§~ %ﬁﬁﬁ%: BET@EHF Elﬂﬁ fa'&ﬁ

HiETIIRSC U E 7 B F o C T L 8 - HTRIfIEIRRC [ B R F
i C R

. - 1 1 11 I& JIJ
(2)jCF-dr=oo Note Lt—zdti—? =-2 > ATEEE B2 Rt =0 > A

-1

)P F-draifie ¥ FF - R

i 14
(1) What kind of vector is called conservative.

(2) Explain thatis F is a conservative vector field, then its line integral is
independent of oath.

(3) By (2), explain that the circulation of F is zero. [91 :l&%_“HﬁYﬁJ(lS%)]

[%%fi{? (1)’§[VXF 0> Hrq“¢ ¢(XyZ) ’ IFZHJFJV F » F F H‘E&li@&RfJ




F}%'&FF F T IR EL A

@ F a3 [ F-dF = g(0) - p() 7153 =2 2 | OB 0 0

(3)<j>cf-dF:o

’Ef’fﬁﬁ 15
Evaluate ii;c M

x> +y?

where C:x* +y* =1. [90 &~ (15%)]

Fikd 16

— y3dx + xy’dy
(x2 + y2)2

the Green’s theorem to calculate the integration, why? [90 f[VE(+ # (15%) ]

,where C istheellipse 4x*+y® =4.Can we apply

Calculate j

—y3dx + xy dy

Y fh’“
[ ]'[ (x+y)2

w17

A force field is described by F=-—2 i+ — X _j.

(¢ +y?) (Xz_l_yz)J
(1) Express F in circular cylindrical coordinate.

(2) Is F aconservative force field?

(3) Calculate the work done by F in encircling the unit circle (centering at the
origin) once counterclockwise. [91 'F }Eﬁ*)fi‘—}%%(w%))
ér I’éa éz
= 1- 110 o0 0 =
BURAN)F == QVxF==|— — —[=0% 7 ¢f{1#H Vg=F >4 (0,0
(2 HHANDF ="e0 QVxF="l— — — 4 Ve=F -1 (0,0)
0 1 0




IR ] S E0,0) 0 F T R 4 (0,0) T IR 9 0 F

EXdul TSR (3)gSCE-dF=27z

18 18
X = y

Consider a vector field F =———i+—>— ] definedin (x,y) plane. Let C
X +y* Xy

denote a closed circle of radius 1 centered at the origin, D be the region bounded by
C,and n the unit vector normal to the circle.
(1) Evaluate V-F.

(2) Evaluate the line integral cﬁcf-ﬁds along the closed circle C.

(3) Does the Divergence Theorem CJSC F-nds= @Dv-fdA hold true in this case? Is

not, please give the reason why the theorem does not apply here.

ety %] (1)V-F=0 (2on ¢ - nds=rdé qSFndS—Zﬂ

(3)<_[>Cﬁ-ﬁds¢”5(v-f)dA e PR BIR0,0) firt R T b

ke 19
Let the vector field F(x,y,z)= ﬂ
X +y’+2°

and the line paths C be on the plane x =0 and extend from the point (0,-2,0).

, the position vector r=xi+Yyj+zk,

Avre the line integrals Lf-d? and jcfxdF independent of path? Why?

Evaluate the line integrals. [91 'F"H\j 7 (18%) ]

(i) i C i b4 2 i [ Fdr = o JiCi ™ 43 [ Frdr=—n > A3

fifje s «%J j Fxdr=—In2i &5 fifeeig @ 2 E}% SiRE Jiﬁj R Y

AT

i 20




Evaluate the following integrals §C éﬂds where, w=3x’y-y®+y?, c:
n

25x° +y? =25. [87 5%+ 7 (20%)]

iy £ OW
[ 4ig ] @C%ds,:lo;z

i 21
(1) Find the gradient V¢ of the function ¢=Inr, r=x*+y? ,ifinthe xy
plane

C, = [(x y)((x—z)2 +y? :1J, D, = [(x y)((x—z)2 +y? <1J
C,= [(x y)((x2 +y? =1)J, D, = l(x y)(x2 +y? <1J
C, [(x y)((x—l)2 +y? :1J, D, = [(x yj(x—l)2 +y? <1J

n=the outward unit normal vector on C, withrespectto D,, r=xi+y] find

the positively-oriented contour integral.
r -
) <j>q o -nds
r -
3 -nds
®) <ﬁcz 27r?

@ g, 27;2 -nds [87 7i +(20%)]

[%%EJ%FAT] L g=Inr > Vqﬁ:VInr:in:
r

@, 5 L hds=0 @,

2
127l

P

F
~-nds =
s 27

- ‘nds =1 (4)96C

B GAUSS % ¢!

Fike 1

Let D be the hemisphere bounded by x*+y? +(z-1)* =9, 1<z <4, and the

plane z =1, find the flux over this hemisphere when F = xi+yj+(z-1)k [90 fi%l




i (15%)]

[Qf@g@ﬁ] HDE-ﬁdA: 547

F4 ]2
I
Please verify the Gauss theorem for the volume shown on the figure for the vector

V=Xex+ yey+2ze,. [89 (i (15%)]

(4] gﬁﬁsv.ﬁdAzé dpv-noa= ([ (v-v)v

IR 3
Evaluate L F-dS, where vector F(x,y)=xy’i+x*yj+yk and S is the surface

of the cylinder x* +y>=2, -1<z<2,and x*+y*><2 when z=%2. [89 &F*~
Z AR[5(15%) ]

(% 5] Lf-ﬁds =8z

i 4
Verify divergence theorem for the vector field F(X,y,z)=axx+ay2x+a.Xyz overa
cube bounded by x=0, x=1,y=0, y=1,z=0 and z=1.

(1) Compute V-F(x,y,2).

(2) Perform the volume integral.
(3) Perform the surface integral. [91 f[ 1] [#]7'(15%)]

(5] (OV-F =10y @[]V -Fav-7

@[ Ftn= ][ +]f #Jf +][ +][ 2I] Fon - ffF-un=2

ik

Let Z be the closed surface consisting of the surface zl of the cone




22 =x*+y® for 0<x”+y?<1 andtheflatcap D consisting of the disk

x* +y? <1, z=1,asshown in the following figure. Illustrate Gauss’s Divergence
Theorem by separately computing both sides of the equation for a vector field

F(x y,2)=x4, +Ya, +24,. [90 TR R (10%))

U 4] [fy, Fas ([ Fpa=[[[-Fav=r

P18 6

Shown that a region T with surface S has the volume
1
V = HS zdxdy = §”S zdxdy + xdydz + ydzdx. [91 f[r=+ 4 (10%)]

’i,fﬂ PJZi

% :E.”s zdxdy + xdydz + ydzdx Z%IIS(XT+ yj+ zR)-ﬁdA:%.mSV -(XT+ yj+ zR)dv

Lo

R T
1)Evaluate xa, +ya, +3za )-dA over S: x*+y?+z2=4 and
( s X y y z y

(2)Verify the divergence theorem with (1). Here x, y, z are Cartesian coordinates

a, and &, areunitvectorsalong x, y and zaxes, respectively. [91 %

e

[‘ifj%%%'ﬁf] (1)IIS(XT+ y]+3zR)-dA 160

160 (2)”(XI+yj+3Zk) dA= Tﬂ"

I s

s
I

Let T(x,y,z)=x*+y?+z” represent temperature and let the flow of heat be given
by the vector field F =—VT . Find the flux of heat out of the sphere

X +y?+2°=4.[91 'F"ﬁ‘\l'“‘j (10%) )

[ % Fﬁ] HSE-ﬁdA:—GM




’Fﬁ 59

I

Find the (1) volume and (2) centroid of the region R bounded by the parabolic
cylinder z=4-x* andthe planes x=0, y=6, z=0 assuming the density to be
a constant. The region R is shown in the Figure as follow. [91 j“—%i[fé%%(ﬁ%)]

ik 10
(1) Prove that for any closed, the surface integral ngS nds is equal to zero vector of

surface.

(2) A cone with surface function z° = 2(x2 + yz) in 0<z<2v2 isshown below.

Evaluate S = HS nds=? S, : the wall surface of the cone. [91 f[VEL+ 4 (10%)]

(8 y] (1) ¢pnds=0 (2)S =-4rk

FE 10
l%spg_ FAFFIFIGSG R ERE AT L Budsh > 345
; 0 F&gﬂ‘is’ﬁ
g&ﬁs—sﬁ =14 W&gﬁ:s | (F ]~ #iE,Gauss Theorem)
;
27 VL%HSJ‘

Eﬁ ST H %Ji‘ » ZUE S Bﬁir}ﬂg&r’

dA=0 (2)F ’FL%!F}S[ FIle FL&ﬁn”r - f @elE s S

[
i

x> +y*+2? =€’ [I|[7 S"=E S At [ U kit R
.

A R

r . g e X F -
@SF~ndA=47r (Q)FRUETE S A ERAI 2 1 EJ[J@SF.ndAﬂz




Pk 12
(1) Evaluate ”S(7XT—ZR)-ﬁdA over the sphere S: x>+y?+z2=4 by

integration directly, where n is the outer unit normal vector of S .
(2) Repeat (1) by using the divergence theorem. [90 J%7~ ?#7&%\%(20%)]

(%] (O [[,(7xi-z2k)-ndA=64x

(2)[]5(7x7—zk)-ﬁdA=j”(?—l)dv=6v=6%mf =64x

FE 13
Find I = ﬁs [3y22dxdy +e”dydz — yexdxdz] over the circular cylinder S:

x*+y? <1, |z]<2 including top, bottom and cylinder. [90 f| =¥+ 7 (10%)]

[‘if:%%éﬁ] A F=e'i-ye*j+3y’zk » V-F=3y? > | =3x

1 14
F =x*ax+x?yay + x’za, Verify the divergence theorem when the region is bounded

by acylinder x*+y?=16 andtheplanesat z=0 and z=2. [87 % TR
(20%)]

(2#igs] [ FondA=5127 - [[ F-ndA=1287 - [[ F-ndA=0 -

¢, F-ndA=6407 = [[[ V- Fdv =+

115
P R

1 [a(Rhh) a(Rhh)  a(Fhh)
hh,h, ou, ou, ou,

i

ol
f

V-F

- - 1 -
B L = = . ,
[ 5% i F‘] V-F vIcmo . F -ndA




fpF-nda= j [ Fond A+” F- ndA+” F.ndA+[[ F- ndA+” F- ndA+ﬂ F -ndA

= Au,Au,Au, {

thh3 o(F hlh3)+a(F3hlh2)
ou, ou,

= lim -~ F -ndA=

1 [o(Fhhy) S(FMh)  A(FMh)
VS0 AV h.h,h,

ou, ou, ou,

Fikd 16
Let v=rzé +36,+rz%é,, evaluate the surface integral L A-nda, including the top,
bottom, and side, for a cylinder 0<r<3 > 0<z<6. [89 ¥ 5#%(17%)]

[2# i.{Fg] ”v ndA = j I JRO 2z +2zr)rdrd@dz = 9727

B 17
(1) =11 AREIPELY S iRV = -y*T+ 2] EPIFHLE T s o ghf
PRI IR S A
@)wﬁwanzz T SO OSxS1 - 05y 05 esatp
LS F ES- FAIFFEr(harmonic function) ” F da=0 - o1 I A
(20%)]
[2¥ JZéFE] (1)V-v=0 - BT S

dx _dy
-y

2 2 2

(2)V2F—2F+2y|§+?3 ~=-2-2+4=0 - F isaharmonic function -
X z

[ S-dn= [f, vF -fda = ][] v-vFd = [[[v*Fav = [[[odv 0 5

dri/v > v dx=

W Stoke "% Zf

GCE




Verify Stoke’s theorem for the vector field F(x,y,z)=a.x+a,x+a.2xy using the
hemisphere x° +y*+12° =4, z<0.
(1) Compute VxF(X,Y,2).

(2) Perform the line integral.
(3) Perform the surface integral. [90 |1} [#]7'(15%)]

[%%Eﬁ%‘f] ()VxF =2xi-2yj+k (2)
— 0 i 5
<ﬁCF-dr:_[zﬁ(—4cos(95|n¢9+4cos )0 =-4z
—\ = 27 02 212 C0S 20
(3)jIS(VXF)ndA:I0 JO ﬁrdrd9—4ﬂ':—4ﬂ'
F? 5 2
Verify Stoke’s theorem for  =(2x—y)i—yz’j—y?*zk where S is the upper half

surface of the sphere x* +y® +z? =1, C isits boundary. [91 [ E¥#454%(10%) ]

_|.02”(—2 sin@cos @ + sin® e)dg _ ﬂﬁgr

w1 3
Given V =4yi +xj +2zK , find I(VxV)-(ﬁdA) over the hemisphere
X*+y?+22=16, z>0. [91 &7 P2E(15%) )

2z

] js(vXV)-ﬁdAzcﬁcﬁ-dF :jo (-64sin” 0+16 cos® 0)d0 =4

Pk 4
Verify the Stoke’s theorem for the case where the vector field v = xzf, and where S

is the surface z =4—y?, cut off by the planes x=0, z=0 and y=x.[90 j&~Ff
F1(10%)]




on C,:2z=0>x=2->x=0>y=2>dr=dxi > v=0 > _[C v-dr=

[[(vxv)-nda=4=] v-dr

A 5

R RO B R T (6 y) BB 2 f=—y o f =X e

oG 0 A(0,0) ~ B(0,1) ~ C(L1) ~ D(L0) -
(1) iﬁmﬁlﬁf A—->B—->C» ﬁﬁj?di:ﬂgl,ﬁ .
() ¥ A>D - C ST T-dr o -

(3) FEAZC » A y =X C FIRHET[Tedr i

A~B - C - DPRY

(4) PR [ T-d i A B> C — Dt HHIIYI0H) i > 200y

Stoke’s H2F1 - [91 J?‘r‘\%’%(ZO%)]

(%] (1on AB - x=0 y=0->y=1" dx= 0ff-dr=0

on BC» x=0—->1>y=1>dy=0" J'?-dF:—l

(2)on AD » x=0—1>y=0>dy=0 > ﬁ-d?:o

on DC > x=1>y=0—->1> dx=0 > _ﬁ-szl

- - 1
= x2 ’ = ’ . - —
(3)on AC > y=x">» x=0->1 Lf dr 3




@ T-dr=—[[(vxT)-kdA=-

ELE
F[]| Stoke theorem » ™~ %j[J56 55 | —43 y?dx +z*dy + x*dz » C £33 (1,0,0) -

(0,1,0) » (0,0,1) .= #17% - [91 Y 345 (20%)]

’F’f H7

Given F = xyT+(x2 + y)] +xy’zk and C isaclosed curve prescribed in the figure

as coarse curve shown below. Calculate the line integral @Cf-dF and C. Hint: Use

Stoke’s Theorem. [90 fl VEUES#7%(20%) ]

- 1 1396
5 \—&—‘ _ 4 26 =2 _
i <j§ dr .f [8y+ y+2dey T

1 8

Let ?(x, Y, z) be a vector field and a be an arbitrary unit vector. It can be shown

that a- (Vx )_ lim —Cﬁ F-dr wheretheloop C enclosing the area AA is

AA—0

perpendicular to a. From this, explain the physical meaning of VxF in terms of its
magnitude and direction. [87 f[i[f I%%(lo%)]

(%% 5] VxF 2§00 Pl - (Vx F)n_nmi F-dr » 4 VxF 7

AA—0 AA

n [y - E e R b

i 9
RS S SRR B ¢ V-dR=2 Hi




V =-r?cosde +r’e,+rsinde. - C=C,UC, UC,UC, UC,[[fI[IS =S, US,

. - » - 1 1 1., ..
C WA VU + §,45% =320 § HT 2V S+ S, 48 BT+ C, 15 F 12

5 25 < [T - [89 154+ 4 (15%)]

(%] § V-dR —47z+§:_—:1;0—47z

I 10
Giventhat F =x°4, —xz4, — y*4,, calculate the circulation of F around the
(closed) path shown in the following figure. [88 'F",ﬁ[?u?ﬁéﬁ}i(m%)]

(%] JI1‘5'4(fo)~ﬁdA:”zdxdy:% , gﬁcf.dh—%

#1111

Let S be the part of the cylinder z=1-x* for 0<x<1, —-1<y<2 verify

stoke’s theorem if F = xyi + yz] + xzk . [89 IRl (12%))
(%

[[.(vxF)-nda=[" ['(-2xy—x)axdy ==3 - = [ (VxF ) -nda= F dr

W] B A

GCE

Find the unit vector that is orthogonal to both

u=i-4j+kand v=2i+3]. [91 1B (15%)]

—3i+ 2] +11k ) £h A
( )




Use Gram-Schmidt process to find three orthonomal vectors from
V,=L717]-v,=[0727]Vv,=[1816] [91 TRl (10%))
(% 4]

-1010], u;=—=[010-1], {u,,u,,u,}isan

o
A

o
A

orthonormal set

i 3
(1) Give avector a= & +26,+38, ,where &, €, and &, arethe 3 unit vectors

along the x-, y-, and z-axis. Find the equation for a plane normal to this vector and
passing the origin of the coordinate system.
(2) Find the equation for the plane normal to this vector and passing the point (0,1,0).
[91 qu\'ﬁh’%‘(m%)]
[%%EJEFAT] (1) x+2y+3z=0 (2)x+2y+3z=2

p

I

A parallelogram has two incident sides extending from (0,1,-2) to (1,2,2) and
from(0,1,—2) to (1 4,1) Find the area of this parallelogram. [90 [ iEIFE#5(10%)]

[ 5 Hig ] = S A = 85

Find the point (x, Y, z) on the given plane x—y + 2z =4, that is closest to the point
A(2,0,-1), and the shortest distance. [90 FIVEL{~~ (10%)]
8 21 4

Ce il p(2-21) @e-%

fes

I

Through (-1,2,3) perpendicular to both the lines x=-1+3t, y=2, z=3-t
and x=-1-t, y=2+3t, z=3+t. [90 " E[FIE1~(10%)]

[%%EJEFAT] x=3t-1> y=-2t+2 > z=9t+3




12,1) > (-1,1,3) > (-2,-2,-2) V7 1 - [90 J"E[EUF(10%) ]
i8] 11x-12y +5z = -8

M— [T 1 A R
x2_y-5_z-1

R CIEERSUD

L :

3 2
L - x—4=y—5:

IR 9

I

Find the distance between the two straight lines: (X, y, z)=(3+t,1-2t,2+2t) and
(X, y,2)=(7+t,1-2t,—3+2t), where t isaparameter. [ 90 }&*E/#5(10%) ]

(% #ig ] d =37

1 10

Let aand b be nonzero vectors, prove that the vector ¢ = ‘5‘5+‘5‘5 bisects the

angle between a and b. [90 VA PRI (15%)

[%ﬁﬁgﬁla:ﬂ

FE 11
Find an unit projection vector u of line x=2t+1, y=3, z=-t+2 on the plane
3X+y-2z+6=0 [89 [+ +(20%)]

‘—4]+R)




AR 12
Ciiven Point A(1,0,2), B(4,5,0), C(0,-3,5), D(-2,0,7),and E(0,-1,7) inthe
space, please find:
(1) The normal unit vector of plane CDE.
(2) The equation, which is the perpendicular bisector of line AB.
(3) The coordinate of piercing point M , where the line AB intersects the plane
CDE. [91 /& “F5(15%)]
(% 4]
22 65 60

I
(1)n=§(|+21—2k) (2) 3x+5y — 2z =18 EL ATl (3)F(-E 1 Ejt A

AR 13

E\ssume that there are two lines whose parametric descriptions are, respectively,
(L-2,1%+(2,4,5) and (2,4,4)r +(2,0,4). Will these two lines intersect? Explain.

(If your answer is TES, find the point of intersection.) [91 ﬁ' E[3{]74(10%) ]
[xﬂpfif] L=L,¢ ﬂ\%{‘ *%{"jﬁﬂx 3>y=2>2=6

AR 14

(Fl) The points A(L,-2,1), B(0,1,6) and C(-3,4,-2), form a triangle. Find the
angle between the line AB and the line from A to the midpoint of the line
BC.

(2) Find the equation of a plane passing through (~6,1,1) and perpendicular to

2i+4]+k. [91 % ESH5(10%) ]

x 55

[éf%ﬁj%ﬁ] (1)@ =cos™ ( =

le (2)-2x+4y+z =17 5

P 1

An unknown vector x satisfies the relations: x-b=/,and xxb=c.Tryto

express x intermsof A3, b,and c. [91 & ~F2£(10%)]




i 2
I
J‘J{Fuﬁ%ﬁfﬂf&%ﬁ & Ritta~b-cd D“I%’ﬁ’:’[’?[ﬁﬂﬂEElfJ[J“IE'[JﬁE'EIUEE% ; Lﬁ*{;uf%{ﬁ@‘w@
73 WIkRL -
a=(0,22)>b=(556)c=(021)>d=(3321) [91 (1 {2 ~ [~ (10%)]

AR 3
(F)ne corner of a rectangular parallelepiped is at (—1,2,2) and three incident sides
extend from this pointto (0,1,1),(-4,6,8), and (-3, -2, 4). Find the volume of this
parallelepiped. [90 F",ﬁ[?_?&&jé(m%)]

[éf%ﬁjéﬁ] V =18

4
Simplify 5x(5x6)+5x(6x5)+6x(5x5). (91 [l szE](5%) ]

[ = YA 5x(5xc)+5x(6x§)+6x(é b):o

Pk 6
(1) If the vector F,G,H are linear independentin R® space and the V alsoa

vector in R® space, then please prove




v = R
V=t— — H Where [ ] is the triple vector product.

[ ]

(2) Ifthe vector F=(1, 2, 3), G=(2, 4, 2), H=(2,1 3) and V =(11, 13, 16),

Please findthe V=aF + 8G+yH, a=? f=? y=? Byusingthe (1)

results. [90 ji%iI?‘:TﬁE%(ZO%))

LHF]GT[YAG]]H Qa=1>p=2>y=3>

V=F+2G+3H

F4 57
I
Find the volume of a tetrahedron(D“l]?'lflé‘E}) bounded by coordinate surfaces (x =0,

y =0, z=0)and the plane x+%+%:1. (90 flip F1H (15%) ]
[

BHYHEETV =1

phe

I

For a given basis in a three-dimensional space g, =[1,-1 2], g, =[0,1,1],
f,=[-1-2,1]

(1) Find the coordinate of the vector h =[3,3,6] in this basis.

(2) Let us introduce a set of reciprocal base vectors g*,g%,g° sothat g, .g' =1,

i=1,2,3, g/ =0, i# j.Find the reciprocal base vectors g*,g%,g°.
(3) Find the coordinate of the vector h =3,3,6] in the reciprocal basis. [87 55+
7+(20%)]
(4]
La=2>b=3>c=-1

(2)g1=%(37—]+R) ) gz=%(—37+3]+3k) » g

(3)&212 ’ ﬂ:g ) 7/:_3 5 h:12g1+992_3g3




(1) Prove Cauchy-Schwarz inequality ‘f-@‘s”f””@”,where F and G are

vectors.
(2) Use Cauchy-Schwarz inequality to verify Hf+§” < Hﬁ”+”§” (88 7%
(10%)]

(4]

(1)[F-G|=|[F|[6]-cos o] <|F|-|5| 7 @[F +0 <(|F+ é\)zﬁﬂﬁ +G|<|F|+[]|

W&

o

I

Find the volume of the solid bounded below the paraboloid z=4-x*-y® and
above by the plane z=4-2x. [91 & *“#5##%(5%) ]

YTV =2
(2] )

i 2
i\funnel, as shown in the figure, whose angle at the outlet is 60° and whose outlet
has a cross-sectional area of 0.5 cm?, contains water. At time t =0 the outlet is

opened and the water flows out. Determine the time when the funnel will be empty,
assuming that the initial height of water is h(0)=10 cm. The velocity with witch a

liquid issues from an orifice is v = 0.6(2gh)’2. [89 [|1kKsHH(25%) ]

[%%Eﬁf&r] when empty, h=0, t=99.6

’F’ﬁ H3

The position vector in a cylindrical coordinates (R,8,Z) is given by r=Ré,+Z8, .

Show what the velocity and Newton’s 2™ Law of motion, V = % and

-
— r : o : N
F= m?j?, for a particle of mass m can be written in component from in cylindrical

coordinates as (V,,V,,V, )=(R,R6,Z) and




(Fa FyuFy )= |m(R—RE?) m(RE + 2RO mZ |. [89 I #(20%)]

m[(F’é—Réz),(RmzRé),‘z]

i 4
A bead moves on a disk toward the edge, the position vector being F(t) =t’b where

-

b denotes a unit vector in radial direction, rotating together with the disk with
constant angular speed @ in the counter clock wise sense. Find the acceleration of

the bead. You have to use vector differential calculus to derive your result. No score if
you directly employ a mechanic formula. [87 & “~#54#(20%) ]

(2 5i] v=2te +t'wes, a= (2-t*w? )es + 4twe,

#1i s

Find the stream line of the vector field F =—y®i+2]j+k through the point (2,0,4).
[OL il ~ Y&y LT (10%) ]

[%%Eﬂﬁ] 3 %ﬁ(Z,OA) vc,=4>¢c,=-8"> 2x+%y3:4 » y—27=-8 stream

line £5 Al L

Pk 6
The path of motion is given by a vector function r(t)=ti—t*]. Find the

corresponding tangential and normal acceleration. [91 & * -+ 4 (15%) ]

[Qf%ﬁfjﬁ] €t =

1 7 N = 4t - - _ 1 _ _
W('_ZU) A= o (i-2t)  an == o 4= 2

7

Ahelix is described by r(t)=ax2cos (%) +ay2sin (%) +ast.

(1)Write dr(t)=A(t)dt. Determine the vector A(t).




(2)Find a unit tangent vector to the curve at (2,0,0).
(3)Find the length of the curve from (2,0,0) to (0,2, 7). [90 f[1! 5EjF4(15%)]
(% 4]

— . t=- t- - t .t -
DA=-sin—i+cos—j+k » x=2cos— > y=2sin— > z=t (2Qe= +k
(1) 51+005 ] 50 y=2sin- @e-—(i+K)

(3)s=+2z

FE s
Find the total length of four-cusped hypocycloid r(t)=acos’ti+asin®tj. [90 ¥Eff]

EH5(10%) ]
[ xﬂpﬁi ] s=6a

F4 59

I

Lets be the path s(t) = (2t,t2 , Int), defined for t > 0. Find the area length of s
between the points (2,1,0) and (4,4,In2). [90 J§*~ AE%[25(10%)]
[x%ﬁlﬂfi ] s=3+In2

ik 10
- @”Tgﬁ”x y T g FF‘ |£! (position vector) F(t) fLf'

F(t)=p(t)i+p'(t) ]~ t= 0t 21 plt) V47755 p7(t) + 2p°(t) = 0 ;
p(0)=1- p'(0)=0 -

(1) g '[LIL‘@T‘%HJ“\ x-y I E'[’[/ }:{[E*JE‘*L%%[

(2) ?LF“@”T%T B[R RS ey AR Ei%ﬁ [90 7 E[F1E (15%) ]
[%%Eﬂﬁ]

W)x=p(t) » y=p/(t) > y?+x* =1ELETRIGH e A

Q| v (316j ' R b %,i%\ﬂz%j

P 1L




H SRR AT = 2(L+ c080) o TR ISR RS L TR 2 s
= 2 [91 % AE¥FI(10%) ]
[xﬂpﬁi ] A=67 > Elh&st—l6

AR 12

ff a particle is attracted toward the origin by a force whose magnitude is proportional
to the distance r of the particle from the origin, how much work is done when the
particle is moved from the point (0, 1) to the point (1, 2) along the path y =1+ x?,
assuming a coefficient of friction x between the particle and the path? [91 /F i

A E(20%)]

(4] wzz+§ﬂ

#113
RPN s ) F R T (t)=¢e'(cos2t)i+e'(sin2t) j+e'k

(1)%' Ji= (arc length) S . [F=- EH,%&L;V%;*E{T?C(JJI:O,\\[,E%J%%#Di“?ﬁ%?ﬁ
pF [ I fE ALY *FEFU °
() Trt=n/4 > ﬁ%#}gm&q

a Flir’lf‘»:"Jl’IE[JEL{f ]E [ﬂ;t[ﬂj Eln

c.‘é;ﬁy;azgq’@(binormal)é’ d.fiik K [90 flie+ 4 (20%) ]

i+le+sin 2In(—
6

ik 14

- -y . - = - 2 3 T = = ' -
Given the position vector r:t|+tzj+%k , Where i, j, k are rectangular unit

vectors.




aT} g _dr

(1) Find the curvature k, where k= r
S

(2) Find the unit vector B, where B=TxN and N:%%—T [91 & *#5H%(25%) ]
s

[ %Y s _ 1 2ot +K
2 f’r](l)k—(1+2t) (2)B= 2t2[2t| 2t]+Kk]

1 15

For the circular helix curve r(t)=x(t)i+y(t)j+z(t)k

r(t)=acosti+asintj+btk » t>0, find

(1)are length s, and in terms of s the (2)unit tangent vector e
(3)unit normal vector e, (4)unit binormal vector e

(5)curvature k and torsion =
[ 4]
(1)s=+a’+b’t

~ a . s - a S = b
(2)er=- sin I+ cos +

J
Ja?+b?  Ja?+b?  Jai+b? Ja?+b? a2 +b?
(3)en —Cos—— ;]
Ja’+b? Ja’+b?

k

i—sin

(4)éb:£bsm\/7 bcos\/i jﬁ

a’b

Byr—_ 42
O (a2+b2)3

Fikd 16
A position vector P(t) isgiven, P(t)=[cost+tsint]i+[sint—tcost]j+t*k, t >

0 determine the normal component of the acceleration, the curvature, and the unit
normal vector. [91 47 2~ (20%)]




%] e, isthe unit normal vector, a. is normal component of acceleration

w17

Evaluate the area of a sphere using

(D) A(s)= [ dA=[[]r, xr,|dudvand

(5)= ] 1+(%] (ny] dudy . (91 FEYHSE(30%)]

A1 (1) A= Arr® (2) A=4nr?

i 18

There is a new museum on Taoyuan city. The surface of the dome on the new museum

is given by r(u, v)=20sinu-cosvi+20sinu-sinvj+20cosuk where OSUS%,

0<v<2r and r isin meters. Find the surface area of the dome. [91 7 —Fﬁlﬁ%}*w

(15%)]
[x%ﬁlﬂfi ] A=400x

B 19

The area element of a surface r is dA:‘N‘dudv,where N is the normal vector of

the surface. Find the area of a torus surface

V) =(a+bcosv)cosui+(a+bcosv)sinuj+bsinvk. [91 FEZfjH$#%5(15%) ]

I 20
(1) Evaluate the line integral I((:';) sin xy(ydx + xdy).

(2) Evaluate the double integral J'J' f(x, y)dxdy , where f(x, y):cos(x2 + yz), R:
R




Z x>0.[89 AR (20%)]

(1)j sin xy (ydx +xdy) = 2 (Z)HCOS (x*+y )dxdy—

”Zydxdy [87 1 F [ PrRU(15%)

X+2ydxdy = %(e—l)

g 22

Find ” X2 +y )dxdy_%
+y*)oxd

(90 fiHeY74(15%) ]

e ) (s

B 23
Find the flux of F =xi+y]+zk across the part of the sphere x> +y? +z? =4
lying between the planes z=1 and z=2. [91 J°%[{* (20%)] [89 ’F[f_lﬁf—ﬁ%

(10%)]
(%] | =87

?54 ¥ 24
I

Find the surface area of the portion of the sphere x* + y> +z° =a? that is above the
xy-plane and within the cylinder x* + y> =b® where0< b < a. [91 55X AHE]

5°(15%)]

[%4iEs] A=2ra’ {1—
a

R




L

For a temperature distribution T(x, Y, z) =x?z+yz?, in a cone represented by the

position vector as r =ucosvi+usinvj+2uk , find (;—T at position P(1,0,2) inthe
n

outer normal direction n. [88 55+ # (20%)]

“UAIEREE F(X,y,2)=axy® +byz +cz’x* E[!ﬁlz 1)@_2 R4 UERIE
ﬂJ[F,J;Eiglﬁdirectional derivative) - I {fi % 64 > %F} a b c_ [ﬁﬁglﬁ}ju HIlEL 2
(91 flitli 4 4 (9%)]

[xjéépﬁi ] a=46 > b=124 > c =48

i 3
Eet the electric potential (i.e. the voltage) be given by V(x,y,z)=3x’y—xz. Ifa
positive charge is placed at P(1,1,—1), in what direction will the charge begin to
move? (Note: It is known, from electric field theory, that such a charge will begin to
move in the direction of maximum rate of voltage drop.) [91 Z%[£5#%(25%) ]

(%433 —VV = —(70+3] -K) AT by

£ 4
f’he temperature distribution in a homogeneous spherical solid filling the closed
region x*+y®+z°<1 andtimetisgivenby u= (22 - z)e‘”. Let n be the unit
outer normal on the boundary of the sphere. Find the point at which du/on is
minimum. [91 5%+ % (15%) ]

(% 4is]

ou - 1 .
— V] e —-e™ ’a’iéﬁﬁ?cose— Az =
on L 8 ' i

1
4

A7 EE
Pk S
Given a analytic function f(z)=F,(x,y)+iF,(x,y), where z=x+iy and i=+/-1.




If the real part F,(x,y) and the imaginary part F,(x,y) of f(z) serve asthe
components of avector F,i.e. F=Fi+F,] where i and | denote the unit
vector in x— and y— direction respectively. Then, is the vector F a conservative
one? Why? [91 5%+ 4 (10%) ]
(%] ok _oF ok R

~1 5 F isnota conservative
oy OX oy

€4 56

i

We would like to evaluate the directional derivative of a scalar field
V(X,y,z)=xy+x+z+1 atthe origin.

(1) At first let us find the derivative along the direction (1, 1, 1). Choose a nearby

point Ar =(At,At,At).

a. Find AV, the increment of VV from the originto Ar.

b. Determine the derivative lim ﬂ
‘Ar‘ao Ar
(2)Consider the derivative along any direction in the xy —plane. We should now use

Ar = (Ax,Ay,0) . Which direction will give the maximum derivative? [91 f[i]! 37

AV 2

(1) AV =20t - fimoy =2 @ ay=0 - a7 = Axi wﬁigxr%:—mﬁ
r

oo AT 43

‘}\

F4 57

1

Determine the maximum and minimum rate of change of the function ¢(x, Y, z) = Xyz
at the point (1,1,1,). [91 &} FE5(15%) ]

[%%EJ%FAT] maximum rate of change |V¢| = /3 > minimum rate of change




Construct the tangential plane passing through an arbitrary point P(xo, Yo zo) on an

2 2

ellipsoidal surface given by X—2+§+Z—2_1 [91 /& ~972E(10%) ]
a C

[ 54 =] QEJ—‘; g°y+—z—1tn I R
a

Ff 59
(1) Suppose [x, Y, z] =xi+yj+zk denotesa vector function, where x,y,z are

Cartesian coordinates. If we have a function f(x,y,z)=2x> +3y® +z?, find its
directional derivative at the point P:(2,1,3) in the direction of the vector
v =i-2k, and then explain the mathematic meaning of the above result.
(2) Using the gradient of f(x,y,z)=2x*+3y?+z” to find the divergence of grad f.
(91 HiI-kFEiE5(15%) ]
(% iy
df 4
@) dsl. 5f ik

BB R MRS RS @) V-VE =12

Fi 10
The temperature at a point (x,y) on a flat surface is given by

T(x,y)=100-2x? — y?. Find the path a heat-seeking robot will take, starting at
(3,4), as it moves in the direction in which the temperature increases most rapidly. [1

HIE 7 (15%) ]

Fikd 11

DP = o 1oy 2 S A (x,y) ‘[/Fi%ﬁﬁtﬁ z(x, y)=1500—6x° — 4y (H
b0 AR LS ] Frﬂ“fﬁf pr-fd g ARy (-10,-10) >

(1) o R B [ > I ek 2

()% mWFﬁFﬂH?%mmf MR- 2 p 2 Ny =R 2

A .[x/x +a dx=§[x\/x +a’ +a Iog(x+ X +a2) o [91 Z=E[FTH (12%) ]

[&¥iws]

[




(1) vz :i(ai—zi) AR

V13

(2) s=10|10 /100+i+iln 10+ /100+i +iln200 EL R
200 200 200 10

B 12

Consider the following mathematical expression

X%y +6x? sindz=c (c is a costant)
z

It describes a surface in the 3-dimensional space. Why is that
(1) The gradient of the function is a vector?
(2) The gradient is normal to the surface?

Consider f(x, y,z):w/x3y+6xzsin1;z.....................(b)
z

(3) What is the directional derivative g—f of this functionatx=1>y=2>z=3 and
S

in the direction 1 +2] +3k.

(4) What is the differential increment df of this functionat x=1> y=2 > z=3, for
Ax=10" > Ay=2x10"° and Az=3x107°?
(5) Can you calculate the same differential increment df in (4) for the surface
described in EQ. 1? [90 Hl%\'%’%‘(ﬁ%)]
[ =i
(1) VI fi- [fljﬁ}
(2) Vi SRRk [Fljﬁ}

df 1
(3) Ee :ﬁ(Z\/E-FG\/g)

(4) df = (2\/§+6\/§)x10’3

df 1 ,
5) 40 =ﬁ(2\/§+6ﬁ)-\/ﬁ-1o

# 13

I

Find the directional derivative of f(x,y)=x*-3x®y+x?y? at (2,1) along the
curve x=t>+1 , y=t* inthe direction of increasing t. [89 5%+ # (15%)]




i 14

F g=gluy)  u=u(ky.2)  v=vlxy, )i Vo=

8¢v

ov

Vu+ V oo

[ 3 ] V¢—%Vu—z—¢VV OfFiFE > 1 g=¢(u) ~ HIVe=¢'(u)Vu

Pk 15

The directional derivative of a function ¢(x,y) at (x,,y,) in the direction of a unit

d¢

-z = +hu,,y,+hu,)—o(X,,
vector au, =aU, +a,u, isdefined by i :Lin3¢(xo w Yo - Y) $(%: o)
aw

Express this quantity in terms of a. and Vg(x,, Y, ). Show your derivative. [90 1

0]

V=§i+%]+§ﬁ s r=xi+yj+zk r—\/x2+y2+zzzm cpvr=L
r

V-r=3>Vxr=0>Vr=ii+]j+kk -

D Vr=3VxT=0> Vr=ii+]]+kk » VI 5] 816 i
;

N R o A EVpIE!




a
oy 0z

%] A-(VB)=(A-V)B ’EHIR.v:a%+azi+a3

Prove Vx(ﬁx E) - (E-V)

Show Vx(Vxv)=V(V-v)-(V-V)v. [88 {7 PIR(5%) ]

[=Higs] v x(Vx\?) = grad (divV)—VZV




J—

F isa continuous 3-Dimensional vector field whose component have continuous
first and second partial derivatives, and ¢ is a scalar function in xyz plane with

continuous first and second partial derivatives.

(1) Prove v-(ﬁxﬁ)zo.

(2) Prove Vx(Vg)=0. [90 —F"[a%i'(m%))
Jxﬂf’ FA‘“

(1) V(VxF)=0 (2) Vx(Vg)=

R s
Let vector F(x,y,z):(x7+y]+zR) and r:(x2+y2+zz)V2.Find
()Vir), r=0
@) Vx(r'r) [90 &2 HE|5(20%)]

Pk 6
Let a beaconstant vector, r=xi+Yyj+zk, V be gradient operator, x be cross

product, and - be dot product. Evaluate the followings:

(3)?-[(?-?)5} (@) V-(axr)




(5ax %F)) [90 71~ (20%)]

(2) ﬁx(rzé)zzFxé » le:m
(3) V-(r*a)=2r-a

(4) V-(axr)=0

(5) ax(VxF):O v o Vxr=0

’??’[f 57
Let A and f be vector and scalar fields, respectively.
(1) Prove V-VxA=0.

(2) Express V-(fﬁ) intermsof f, A, Vfand V-A.

(3) Suppose A=a.2xy+ayx*+a,z.Findan fsuchthat A=Vf. [91 il ppj*

(15%)]
(4]

(1) V-(VxA)=0 - for A=aii+a:j+ask

(2 V-(fA)=Vi-A+f(V-A)

(3) Vf=A > i f :x2y+%zz+c

e
I
Find the condition that minimizes the surface area A of a thin can (with base radius r
and height h) of fixed volume V. [91 & 3k rFI:T‘(lO%)]
2

£ 7] NS I V ’
["}Afj%)szirﬁ] B AZG”[E)




’Fﬁ 5 9

I

Find the closest point on the plane Ax+By+Cz+ D =0 to the point (xo, Yo zo) in
space. Formulate this problem as a constrained minimization problem. [90 f] lp (e
(15%)]

[Q%E@ﬁ] L BT (X% Yo, Zo V@ﬂ*" (xy,2
A(AX, + By, +Cz,+ D) Cy—y _B(AxO+By0+CzO+D)
A’ +B*+C’ ’ A’ +B*+C?
B(Ax, + By, +Cz,+ D)
A’ +B*+C?

b

X=X, —

I1=17,—

?f’f@ 10

I

Find the minimum of the function f(x,y,z)=2xy + 6yz +8xz, subject to the
constraint xyz =12000. [89 ’F [ NELT (15%) )

:%:%:t L X=3t> y=4t 7=t 8 xyz=12000 -
12t*=12000 > t=10 > x=30 » y=40 - z=10 LuAf{fisL* > f =7200 L5 |

fi

X
3

Fikd 11
(UFind Vf, f=e"", Kk isa constant vector.
()If k=(12,4), find Vx( f\7) , where v isan unit constant vector and vxk=0.

(87 Hipl| %’%‘(10%)]
(=% R] (1) v =te*'k (2) Vx(fv)=0

o 12
3
v:—(xT+y]+zR)(x2+y2+22)75,find f for Vf=v.[86 ’F",*‘\%i%i(lS%)]

1
[%%Eﬁ{ﬁ] f'(r): 12 ’ f(r)=%+C ’ f=(X2+y2+zz)_5+c




g 13
f@?ﬁ FFEGE | RLSWESTY %55 (sufficient differentiability) » =2 v 55 H[JE@%!@EHEF
%Elfi$ﬁ£%§?[Fljé%ﬁ[§l?’ s grad - div = curl puts > G T 6

(1)div(f v)=f divv+v-grad f -
(curl (f v)=f curlv+grad f xv - [91 71 % PrRU(10%) )

(=% (1) Vo(fv)=v-VE+fV.v (2) curl(fv)=f curl v+Vfxv

?ﬂﬁﬁ 14

|

S L a VR S  TRR R ETRRE R EA [89 LAY
¥Fi(15%))

[%%%ﬁ)@@ﬁﬁ«%%V=MQi}

NE]

Pk 15

If v= v(a-F) . where a isa constant vector and r is the radius vector evaluate
V.v and Vxv. [91 «F"[Em&frfur@(zo%)]

[%%Eﬁ’ﬁ] Vv=v -
Fikd 16

RIS +y? =10 XP—xy+y?P—z2=1F PHEEF R B [90 % A
(20%)1

[%#i%] (x,y,2)=(10,0) » (0,10) > (-1,0,0) > (0,-1,0)

il 17




Find the point (x,y,z) atwhich the function f(x,y,z)=z, subject to the constrains
2

X+y+z=1 and 2_3 =3, is maximized. Evaluate the maximum of f(x,y,z). [91

Xy
HVRPI2E (20%) ]

(2] il

17 413 2 1
I=—+— > X=————+/13
9 9 9 9

17 4f
9"

L Pt
Pk 1
[Eif= A x=rcos@ » y=rsing » z=1z » i

@h,.h,.h, (2)&:, 80, &

=1

(2) er=cosdi+sin@] > es =—sindi+cosdj > e, =Kk

s

SRR X = psin@cosg » y = psindcosg » z=pcosh o TR

(L)h, > h, > h, (2)e, > s > &y
(% ﬁi%‘r]

(1) h,=1> h,==singi+cosgj > h,=psind

(2) e, =— > ey =C0SOCOSPi+Cc0sASINGj—sinOk > e; =—singi+cos¢@] >

i 3
TSR AR F A Aer+ Ao+ Ases » BEY bACTRI R e T

(1)V-A (2)VxA (3) VB (4)V°B
[%%Eﬂﬁ]




1 oA

0
( HAH) rsin@ o¢

rsin@ 06

< 10/,
(1) V-A:r—za(r A )+

er rey rsindey
1 0 O 0

r’sind|or 90 o4

A TA, rsindA,

(2) VxA=

(3) VB= BB, B e
hor ™ hoo  hog

2
(4) V’B= 12 0 (rza—BjJr 21_ 0 (GBS.n9j+_2 _12 8_?
or or) resingd o0\ o6 resin“é og¢

i 4
AR A= AR+ A+ A8 > BITTEIE - F

(1)V-A (2)VxA (3) VB (4)V*B

2) Vx = = =
@) r@ré’é’@z

A TA A

(3) v=85 185, . Bg,
or r oo 0z

18( 88] 1628 828

4) V’B== —
“) ror or) r 692 o

Pk S
Compute Hsf-ﬁda, where f(x, Y, z) =X + 2yj°+422I2 and s is the surface of the

cylinder x*+y®><4>0<z<2. [89 F,f[ B (12%) )

[fg@g@%‘r] J'LE -ndA =80r




frie

I

Determine the surface integral of function f =x°z over the entire surface of the
circular cylinder of height h which stands on the circle x* + y> =9 as shown in the

following figure. [89 & ““£5##(20%) ]

[ % ;Fﬁ] ﬂ fdA——ﬁhZ

F? 7
Find ”L 5x°dv, Risthe cylinderof 0<z<h, x*+y?><4. [89 sy~ AR
(14%)]

iiaap [[]. 5x*dv="207h

e 8
Evaluate '[Lf .ndo, where F =xi+2y]j+3zk and s is lateral surface of the
cylinder x*+y*=9, 0<z<1. [91f[/FL{~Z (10%)]

(%] H F-ndA=27x

’F’f H9

Let f =rze: +3es +rz%e,, find the surface integral L n- fdA including bottom, top

and side foracylinder 0<r<3, 0<z<6. [89 ¢ “5#(17%)]

(% i) [ T-ndA=9727




