9y = W « s St

.If A is real matrix and 4" 4=0, find 4. [90 W@ﬁ&%m%]

pa=le ], B=[p] @M
(1) tr(4B)=1r(BA)

() tr(4)=0r{U™, 4U) 190 fle+  10% » 90 7ok 20%)

.Let 4 bea 2x3 matrix such that multiplication by A4 transforms
X, =[473]" onto [13]", X,=[11,0]" onto [1,4]",and X, =[1oo]’ onto
[1L1]*. Determine what multiplication by A transforms onto [1,6,3]". [91 ﬁ ER]
7410%)

3
0

-3
. The complete solution to Ax = { 3 } is x= [

0 .
}+c{2}, ceR. Find 4.[91 =

k[}%&«}« 10%]
: . A O .
. Consider a square matrix of the form M = r gl where 4 is pxp and B

is g xgq . Verify the following statements.

(1) If A issingular,sois M .

(2)If M isnonsingular,soare A and B.

(3)If 4 and B areinvertible, M~ is given by the formula:

-1
m= A 0
-B'P A" B

Note: Do not use statement (3) to verify statements (1) and (2). [90 FFpers
30%]

Xo

- R ) FER g, o )RR LR R SA B 0 £ el L}AL} A
4, -[89 7% FL—H 10%])

7[R BEYS WVERE Y B e £
(1) TP 3x 3[VEAEH -
(2) RIS - (91 pliske s+ 20%])

8.In R’, P={x,y,z)x+3y-22=0}, (X,7,2) =T(x,y,z).

(1) T isareflection of R’ about P,find T.
(2) T 1isaprojection of P along the hne perpendicularto P, find T.[87 7 F‘

er 10%]




12 11 -32
9.(1)Given B=|-5 9 30 |, write B asasum of a symmetric and a
32 —-18 15

skew-symmetric matrix.
(2) Prove that B" and B is symmetric.

10. [RL21E]
A, B, C are nxn real matricesand 4", B™' exist, then
(1) A'=4" if A is symmetric.

(2) det (4B)=(det 4)detB).
(3) (4B)" =B"4™" . [Note: (o) = ((o)_l)r]
(4) AC=0 implies C=0.

(5) Similarity matrices A=B"'4B and A have the same eigenvalues and
eigenvectors. [90 & A+ 4 10%])

1L.(1) 1514~ B ~ C = [R5 AC = BC i7\, il 4 = B
@) ¥, A B 7 SBsymmetrcy I - [ ) 'ﬁ?ﬁzrﬁ AB #5355
ol :  (4B) =B"A" = A"B" . 4B t‘*ﬁr TR L BR( # E
L AB SR
(3) Tkl A== B L -2 (orthogonal )¥ifi » [I]| 4B i_?ﬂf’ EL T A 2
FIRRRIIY & %,y » BURCRL - =~ ) - (90 1 5 15%)

12. For an unknown 3x3 matrix A, the mapping relationship as follows:
AB.2,1Y =(6,54), 4(6,54) =(9.8,7), whatis 4(9,8,7) ? [89 5% A

13.Let L: R’ — R® be a linear transformation for which L(1,0,0)=(2,~1),
£(0,1,0)=(3,1), L(0,01)=(~1,2). Find L(-3,4,2). [89 PR 5%

14. (1) %#I‘(xl,yl)%%ﬂxo,yo)&ﬁiﬁﬁy = mng,j/iEQ‘E%%ﬁ’ = [j} = B{iﬂ » B
1 0

2) /i, A0, v ) ETFEE JV K v C o [86 |1
S S I B M EECH O
I*ijﬁﬁ(jilo%]

4
e o3 9 1|, . i A0
15. gt f )= 0 6 T LT iy EI B 20%])
2




16. Find the determinant of the matrix 91 AN 5%)])

17. LB ] R RS 253 0 FEHHIR) TR 05T 0 4 T 2 0)
If 4 and B aretwo nxn matrices.
(1)det A" =(det4)’
) (4+B)'=4"+B"
(3) det(4 + B)=det A +det B
(4) (4B) = A"B"
(5) det(4BC) =det A" det B" detC" [91 FlIlE¥F 10%]

18. Which of the following is a root of the function f(z) listed below?
(Ho @x/3 @B)yr/2 Dr

-2 0
0
£(£)=det 3

0
0
4
2
2_

1

2

2 2
0 cost
[91}"[*‘\?51:’7&%5%]
1 0

-1
19. Evaluate the given determinant ol [91 Z=F[£5 10%]

-1

0
1
1
2 3 6

=(B-a)(r-a)(d-a)(s-a)(y=B)(d-p)(c-B)(d-7)(c=7)(s-0)
(91 ¢RIfE 15% ~ 91 J°%[ i 10%)




-1 4
21. (1) Please find A* with A:{O 3]

(2) Please show the following determinant

#0 where q, #a, #a,....#2a, ,#a,#0.

[91 (IR 20% ]

22. A polynomial p(t) of degree n—1 is defined as

n—1

plt)=c, +ct+ct’ +...+c, """, where ¢,,¢,,c,,...c,, are n real numbers.
Given n arbitrary real numbers y,, y,,...,», and n distinct real numbers
X, X,,..., X, . Show that there exists one and only one polynomial p(¢) of degree

n—1 suchthat p(x,)=y, plx,)=y,,.... p(x,)=y,. [90 [IT=¥F* 10%)

-1 2
0o -2
23. Find the eigenvalues of A= - [90 FI = ESH 15% ]

1
24. Show that det[ ’Zf

ﬂzdet(ln +CB)=det (7, +BC). [91 I°%[FH 15%]

n

O 4
25. Given the following 2nx2n partitioned matrix M = {A 0} .When A4 isan

nxn nonsingular matrix, and O isthe nxn zero matrix.

I O
(1) Perform a sequence of row operations on M such that EM = {O A} ,

where [ isthe nxn identity matrix. Whatis E?
(2) Obtain det(M) in terms of det(4). [88 _’Jz\*%fﬁ 15%]

-5 4 1 7
e k9 3 2 =5 o
26. ﬂ*mﬂﬁ_z 0 1 1 > (89 J"R[F1 10%]

1 14 0 3

27. NFESL ? (= BRI =3[l (determinant) > F55s a, B,y AU EL 2 )?




a-b b—c c—a
b—c c—a a-b=aa+ b+

c—a a-b b-c

(88 77575 15%]

28. T | (det A)FURESY ( j (det A) 7 x =09 ) :

dx
a—-b 3x 4 2
26 7 5
det A=
1 10

4

2

13 4sinx+9
3 3

(88 1+ 7+ 10%)

r t
w|, det4A=5.Find
z

29. A=|u
X
t r

S
() det(-44)  (2)det(4™) (3)det(4?) (4)det((3A’1)T) (S)detl w u v
z Xy

[87 @\&%g' 12%]

30. (1) Assume A4 =(—A), prove that det(4)=0 when the order of A4 is odd.
(2) Assume A= A", prove det(4)==+1. [87 ’F[ﬁ["FZCT‘% 15%]
31. Determine the general solution:

X=X, X, —x, =—2
—2x,+3x, —x; +2x, =5
4x, —2x, +2x;, —3x,=6

[89 5%+ 4 15%]

e

FESR A AX = b Ve




(3) WX, =(1234,5) 154X = (2,18,-42) .V~ i » Gkt 7
AX =(2,18,-42) VipjiE - [89 A+ 4 15%]

33.Solve x+2y+3z=9, 4x+7y+6z=24, 2x+7y+12z=40 by the use of
Gauss elimination. [ 89 ﬁ,ﬁl*ﬁ«ﬁ 20%]

5 2 3

1 1|>B=|3 RS Ax = B i (solution) -
2 1 b

RO Vi ? (90 HIEEL - 13%]

1
34. Hilfi A=|2
1

w+2w, +3w, =3 X, +2x,+3x, =4
35, R D 2w+ Swy +Twy =T 0 12X, +5x,+7x,=9 >
3w, +8w, +10y, =11  |3x, +8x, +10x; =13

Y +2y,+3y;=5 z,+2z,+3z, =1
29,45y, 47y, =12 > 2z, 452,47z, =3 o[f‘ﬂ\[’“‘j 8%]
3y, +8y, +10y, =18 |3z, +8z, +10z, =5

1 3 8 -3 5
36.Let A=|2 4 11| and B=| 1 5|.Compute A 'B without computing
1 25 3 4

A7 (89 [l 10%]

1 4 3 X, 12
37.Let A=|-1 -2 0|, x=|x,|, b=|-12| and Ax=b.
2 2 3 X, 8

(1) Find the inverse of A4 (thatis A7").
(2) Solve for the solution of x. [90 f| I’FL?‘L?Q' 10%]

1
38. Find the inverse of A=|-2 . [91 =8 15%]
0

39. Under what condition b,,b,,b; is the following system solvable? Find all
solutions.
X, +2x,—2x; =),
2x, +5x, —4x, =b,
4x, +9x, —8x, =b,

[90 % e 10% ]




40. Using the Cramer’s rule, solve the following equations.

X—-y+2z=-5
—x+3z=0
2x+y=1
[90 ;—i‘:ﬁ[?ﬁ&&; 10%]
41. For a linear system of n equations in the same number of unknowns x, ..., x

n*

a, X, + a,x, +...+a,x, =b,

Ay X, +apX, +....+a, x, =b,

a,x, +a,x,+...+a,x, =b,

nn“"n

Use Cramer’s rule to analyze the existence and uniqueness of its solutions. [91 £E2

51 15%]

42. Ff 0 F) A, BELLI
(1) (4B)' = Ba"

@) (4" =(4") 1901+ + 10%)

43. Assume that the stated inverses exist, prove
(1) (4'+B")' =4(4+B)'B
(2) (I+A4B)" 4= A(I+BA)" [86 TRl 8%])

44. Let A be a nonsingular nxn matrix with a nonzero cofactor 4, at (n,n)
entry and set det(4) / A, . Show that if we subtract ¢ from (n,n) entry of 4,
then the resulting matrix will be singular. [91 ;%—i:[?_?&&; 10%]

1 2 4
45.For A=|-1 0 3 |, find the determinant and inverse of 4. [91 F&J\"Q}ﬂlﬁ
31 =2
10%]

46. A is nxn matrix
(1) pprove that A is invertible if and only if adj(A) is invertible.

(2) det(adjd)=(det )™ [88 55 I (FENE 15%]




47. Find the inverse matrix of A, where A=

15%]

I -2 1
48. fA=|-1 3 2| i o [91 55 ¥R 10%]
2 =27

4 -1
49. (1) Find the inverse of A={ 5 3]

5 4
(2) Find eigenvalues and eigenvectors of B = L 2} (91 YA 20%])

0

1
50. Find A", where A= 12 1 [91 AT REEE 15%])
0

1/0

1
51.Find A", where A= 2 . [90 ’F[ﬁlfﬁ%w 20%]
3

52. Solve the following system of linear algebraic equations:

6x, —2x, +2x; +4x, =16
12x, —8x, + 6x; +10x, =26
3x, —13x, +9x, +3x, =19
—6x, +4x, +x;, —18x, =-34

[90 1277 (= 20%]

53. AP=B > if A" S FpfR P

(91 {i%IF7E 10%]

54. Determine the number of independent solutions for a homogeneous linear system
without actually solving the problem.
(1) k+k,+k; =0, k,=3k,+k,+k,—k;=0, =2k —k,—k,=0.




2) ky+k, =0, kj+k, =2k, =0, k+k,—k;+k,=0.
[91 FIrEFESH 15%]

. Solve the following system by Gauss elimination

3w—6x—-y—-z=0
w—=2x+5y-3z=0
2w—4x+3y—z=3

[90 [l ELES 10%]

. Solve the following system by Gauss elimination

4x—-8y+3z=16
-x+2y-5z=-21
3x-6y+z=17

[90 ﬁgﬂ%ﬁ[*%‘?@ 10%]
. Given a matrix equation Ax =b, where 4 is mxn coefficient matrix, and b
is a vector of m dimension. Please explain under what condition(s), the matrix

is called: (1)over-determined, (2)determined, and (3)under determined. [89 J§*
L= 5%]

. Find the inverse of A, if it exists

1 2 -3
A=|1 =2 1
5 -2 -3

[89 X Ili 5%)
ARV I AT+ A) =T+ A4) 4 (89 it A 10%)

. Solve by Gauss elimination method

3x+y+z=8

- Xx+y—2z=-5
2x+2y+2z=12
—-2x4+2y—-3z=-7

(88713 15%])

. A system of linear algebraic equation can be expressed as Ax=b. Where A4 isa
3x3 matrixand b is 3x1 vector.




Determine of what fixed values of o and £ (if any) the system possesses the
following:

(1) A unique solution.

(2) A one-parameter solution.

(3) A two-parameter solution.

(4)No solution. [87 &S 15%]

62. Ut AR

ay+z=>b
ax+bz =1
ax+ay+2z=2

NIRRT BYra B b VL 2
(Dpes— e (2)F - 2R ()F)~ =Reie ()20 [87 714 1 15%]

63. Using the augment matrix and elimination method to find the inverse of
4 7

1
A=|2 5 8|, A'=2?
3 6 10
(Note: there are no score for using other methods) [91 ’F[%_[“FE??E\% 10%]

64. Amatrix B has column vectors b, b,, by, b,, where b =[1,0-1,0],
bl =[11,0,2], B =[0,3,1,-2], b =[0,1-1,-6].

(1) Determine whether these vectors in R* are linearly independent or linearly
dependent.
(2) What is the rank of matrix B, why? [91 &+ % 15%]

65. > SI[FIEIRL AU 2
v =(2-1,0)" > v, =(-111)" > v, =(1,-2-3)" > v, =(4,16) - [91 Y i
10%)

66. Which of the following vectors in R* are linear combinations of v, = [1,2,1,0],
v, = [4,1,—2,3], v, = [1,2,6,—5], v, = [— 2,3,—1,2], explain your answer.
(1HB.620] @[10.00] G3)[.6-25] @[0001] [91 ZF[FEH 16%])

1 2 I 2 -1 =2 -1 =2
67.Let A= , B= , C= , D= .
1 3 2 4 -3 -5 0 -2

(1) Are A, B, C, D linearly dependent?




(2) Find the dimension and a basis for the space spanned by 4, B, C, D. [87 &
Y 4%])

. Show the three vectors u = (1,—2,0)T, V= (0,1,4)T and w= (0,—1,—3)T are

linearly independent and express p = (— 1,2,3)T as linear combination of u, v
and w. [90 ﬁ,‘ﬁ%ﬁ[{%‘ﬂt’ 12%]

. Prove that if set B 1is a basis of linear space V', then B is minimal-generating

and maximum-independent in the following sense.

(1)If A isaproper subset of B (thatis Ac B, A# B)then A4 isnot
generating.

2)If BcCcV and B isaproper subset of C,then C isnot linearly

independent. [f] lfg?cfiﬁ'&} 10%]

. Find the value of & so that the vectors [3—k -1 0], [-1 2-k -1],and
[0 -1 3- k]T span a two-dimensional space. [90 & ~%EvE| 7% )

.(1) Assume T is a linear transformation in 3-tuple real vectors and
T(a,,a,,a,)=(a, — xa, — a,, ya, + Sa,,~2a, + 4a, + za,) . If the null space of T

is {(a,a,a) |a is any real number}, find x,y and z.

1 0
of {M,,M,,M,} is the set of all 2 by 2 symmetric matrices. [90 ’F", 4\?‘#7%
10%]

. 1 0 1 0 0 1
(2) Given M, = 0 , M, = i and M, = [ o , show that the span

1 0 1
. (1) Show that the vectors {1}, <1¢, {0} form a basis for the vector space R’.
0 1 1

(2) Use the basis given in part (1) to construct an orthonormal basis for the same

vector space R’ with the Gram-Schmidt orthonormalization process. [ 88 /&
J\E*J@f 20%]

. Show that the set W of polynomials in P, such that P(l) =0 1sa subspace of
P,

(1) Make a conjecture about the dimension of W .

(2) Confirm your conjecture by finding a basis for W . [91 £¥eYF 10%]

. Determine whether or not the following are subspaces of R’
(1) {()cl,)cz,)c3)|x1 + X, = 1}
(2) {(x1=x27x3 )|x1 =X, = x3}

3) {(x17x27x3 ]xs =X +x2}




4) {(xl’x2’x3Xx3 :xlz +x22}

[89 & *AarT 8%]

75.Let U be the subspace of R’ spanned by the vectors (3,—1,2) and (1,0,4),and

let 7 be the subspace of R’ spanned by the vectors (4,~1,6) and (1,-1,-6).
Show that U =V . [86 j%[%ﬁ%@% 10%]

.Let K be the subset of all skew-symmetric matrices in M ,(R),and G be the
subset of all orthogonal matrices in MM(R).Judge if K and G are subspaces

of M 3X3(R) and for each subset judged to be subspace, find a basis for it. Justify
your answers. [ 87 ’Fﬁ\?:f/ﬁ&; 20%]

. (1) Find a basis for the subspace W, of vectors [a,b,c,d]T with a+c+d=0.
(2) Find a basis for the subspace W, of vectors [a,b,c,d ]T with a+b=0 and
c=2d.
(3) What is the dimension of the intersection? [91 ;%:EI?:?% 18%])

. Let the subspace V' be generated by v, = (1,3,2,—1), v, = (0,—1,2,1),
vy = (2,7,2,—3). And the subspace W be generated by w, = (1,4,3,0),
w, =(1,5,0,-3), w, =(1,0,5,4). Find a basis for ¥ W . [89 IR 15%]

.Let W be asubspace of R" andlet W* be the orthogonal complement of ¥ .
Show that W* is a subspace of R". [89 Y7 10%)]

. Show that if ¥, and ¥, are subspace of R".We define S* be the set of all

vectors we R" suchthat x-w=0 forall weS. Let
§={1.3.1.-11.[2.6.0.}.[3.9.10.} |. Find an orthogonal basis for S*. [91 fi%[if]
F10%]

H

.Let S be the subspace of R* containing all vectors with
X +X,+X;+X,=0 and X, +X,-X,-X,=0.Find a basis for the space

S*(S*= containing all vectors orthogonal to S). [91 ’F NN 10%])

. SUIR EB[p BV > A FRE TR A I (AR o A R
(91 fIHBT 4%)])

SR ) e EEs R

(1) e, e, xe*
2) (1L0,-2,4), (0,2,-3,1), (3,1,2,-1) [90 FiEI=2 10%]

84. Determine whether the vectors, v, = (1,1,—2,—2)t , VY, = (2,—3,0,2)t ,




Vv, = (— 2,0,2,2) and v, = (3,—3,—2,2)’ , are linearly dependent or linearly

independent in  R*. Show that the three vectors are linearly independent.[ 88 [
+ 7 10%]

85. Which are linearly independent set in ¢[0,1]?

(1) [cos 7z, sin zx]

) {xaxz}

(3) [Le +e™ e e ]
“4) [e*,e"“,ez’“] (92 & =" 8%]

86. True or false with explanation.
If u,u,,u; in R’ are linearly independent, then the vectors w, =u, +u,,

w, =u, +u,, W, =u,+u, arealso linearly independent. [91 {F~* %% 5%]

1
87.Let S be the subspace of R’ spanned by a vector x=| —1|.
1

(1) Find a basis for S, where S* is the orthogonal complement of S .
(2) Give a geometrical description of S*. [88 % *‘\?E?'Q "3%])

1 -3 2 -4 8
-9 6 -12 24

-2 6 -5 11 -18]|
1 -3 6 -16 16

(1) Find a basis for the row space of 4.
(2) Find a basis for the column space of 4.
(3) Find a basis for the null space of 4.

(4) Find a basis for ker(4). [91 I"E[FIg4{™ 15%]

&9. Let the 4x5 matrix be defined as

I -2 3 0 O

3 -7 9 -2 -3
A:1 3 3 4 9 :[al 4 43 4 as]

1 1 3 7 10

(1) Compute the rank of the matrix A . Hint: Compute the reduced row echelon
form the matrix A.

(2) We can use the column vectors of the matrix A4 to form a basis for the
column space of the matrix A . The set of all column vectors is denoted as the
set S, where S = {al,az,a3,a4,a5}. Findaset V' < .S, where V' contains




several vectors from the set S . This subset can form a basis for the column
space of the matrix A . Hint: The selection can be deduced from the reduced
row echelon form of the matrix 4.

(3) Compute the dimension of the nullity of the matrix 4. [90 % *"FZCT‘%' 15%]

0 -2
0 -2
2 0
0 2

90. Givena 4x4 matrix 7 as T =

(1) Let S be the consisting of all vectors x e R* such that 7x =0. Show that

S is a subspace of R*.
(2) Find the dimension and a basis for the set S discussed in (1).
(3) Find the transformation matrix P that diagonalizes 7T .
(4) Find a general solution for the system of differential equations:

ax _
dt

X

Hint: Set PY = X . Derive the ordinary differential equation for Y and solve it.
[91 'F",{%M 20%])

91. The null space of a matrix A4 consists of all vectors such that A4x =0. The row
space of a matrix consists of all combinations of the row vectors. Let

1 01
A=
1 2 3
(1) Find a basis for the null space of 4 and verify that it is orthogonal to the row
space.

(2) Given x = [2,3,—1]T , split it into a row space component x, and a null space
component x,. [90 ’F NS 9% ]

1 0 1
1
-1
1 -1 -1
Also find a basis of all ’s for which A4x = b has feasible solutions, and all
solutions. [91 ’F[ﬁl”ﬁ?&*}* 10%]

. Please find a basis of all x’s that satisfy Ax=0.

93. Prove that a square matrix A is invertible if and only if its columns (or rows) are
linearly independent. [91 ’F ﬁl?qﬂ&é} 12%]

94. Prove that rank(AB)< min{rank(A4),rank(B)}. [90 fl1 454 25%]

95.Let 4 bean mxn matrix, show that if and only if 4 has linearly independent




column vectors, then N(4)={0}. [88 Fﬁ[?&?ﬁ%& 10%]

96. Az[a..]mxn s m#n o Gafk
(1) 8, A 28 S0 > B A 2~ 2o e R
(2) # 4 EM ilﬁmﬂ‘ D Pl A R > T A i o (85 B AR 16% ]

97.Let V be a finite-dimensional vector space over a field F.Let f= {x1 E -,xn} ,

be an ordered basis for V. Let O be nxn invertible matrix with entries from

F . Define X' —ZQ

l]l

for 1< j<n,andset B'={x],---,x/}. Prove that /'

is a basis for V. [87 F[“‘\“FE?’?E\% 10%]

98. Determine the rank of the following matrix. Show the steps of how you arrive at
1 0

2
the answer. A = (91 fli—#5s 5%]

99.(1) Let 4 bea 6x5 matrix, if the dimension of nullespace of A4 1is 2, then
what isrank 4.
(2)If B isa 3x5 matrix, then does Bx =0 have nontrivial solutions? How
many? Explain. [90 &= #5475 10% ]

1 3
. A=]0 0 3 |.Find rank(4), nullity(4). [89 {& "+ 10%]
1 3

5-x
E rank(4)=2 > [l x BN 2 A=| 4 (86 (%[5 15%]

1 0 3
. A=|0 1 1| Findbasesfor csp(4), rsp(4), N(4). [88 55 Ft 15%]
1 5 8

1 -1 27x] [4
el 21 =3 x| =| =20 AJAx=b -
4 -1 1 |x| |6

(1) i
(2) TR AV WiEr(rank) 2 %5 (nullity)




(3) AV RRER
(4) BT b L RS A S - [+ 15%])

104. True or false with explanation.
(1) 4 matrix 4 hasavector (1,2,3) inrow space and a vector (—3,L,1) in
null space.

3+i 2-i .
(2) A:{Z l' ; } is Hermitian. [92 "’«L\‘k%ﬁ% 5%]
+1 —1

. (1) After three experiments, we obtain (1,2), (4,2) and (9,4) points. To fit all
these three points to one line y =ax+5b in the least mean square error sense,

find optional @ and b.
(2) Generalize the above problem for 50 experiments (x1 W ), (xz, yz), cees

(x50=y50)- (89 ’?}J\?LT{" 10%]

S O 58 % PR R O ﬁ L& IRy l%% 7Bl
4k =3

Tk =5
11k =8

T FOg 1T UEEL S D 2 (90 [Tk 10%]

LT xEy Jf%ﬁﬁ?ﬁﬁ%? 0 y=Ax"+B o F=IHIxE y - E R
(%.5,) 2 i=1ew,n o SN PR ] T 42 (least square erron) L A%

l

B ? [90 HATWF 16%]

. Fit a straight line equation to the following experimental data by using least
squares:

0.0 0.1 0.2 0.3
f(x) 0.9 1.9 2.8 4.2

(90 VR 15%]

. Find an equation of the least-squares line for the data: P,(L1), P,(2,3), P(3.4),
P,(4,3) and P(5,6). [89 T 10%)

. Given a series of points (x,,3,), (x,,,), ..., (x,,»,), we want to find a straight
line y=ax+b that best approximates the data points. This is usually called the
Least Square line. Please show the formulation and find the solutions of a and

b. [91 fliT-E5HE 10%]

0,— <7 <0

.Let g(x)=k, +k, sin(x)+ k, sin(2x), in which
7—x0<x<rx

.Define £/ ):{

ky, k, and k, are constants. Find the values of k,, k, and k£,, so that




" (f(x)-g(x)/dx is minimized. [91 ZE[E5H% 10%]

112, 5 SRR BN T o Ere iR A

P () W il (m)
100 1.0
200 2.0
300 35
400 5.0
500 6.5

600 9.0
700 10.5
800 13.5

R TG P =

(1) sfifra.b -
@>ﬁwhﬁﬁ‘ TEAE R ) 2 (88 {RIFTH 25%]

bw

13.Let S=Span|(l 3 1 1/, 1 1 1Y.(-1 5 2 2)| beasubspace of
R*,andlet b=(4 -1 5 1).

(1) Find an orthonormal basis for S .
(2) Use your answer in (1) to find the projection p of b onto S.

-1

Given A=

2

1
3 5
1
1 2

Use your answer in (2) to solve the least squares problem Ax=5b.[91 & ~%erst
15%])

114. Consider the vector space C[-1,1] with the inner product

(£.8)=] 1 (x)g(x)dx

(1) Write down the Cauchy-Schwarz inequality (with respect to this particular
inner product).

(2) Consider the subspace W = span{l,x,x2 } Find an orthonormal basis for
w.

(3) Find the orthogonal projection of x’ onto the subspace W . [90 & &%
14%]

1
115. Find the projection of the vector v=| 0 | onto the subspace
-2




010
S =S8pan<| -1 1
1|1

[92 @‘J\"F:‘q*;" 8%]

116. ﬁ%f}ﬁ‘z']j‘ A 1 (least square) 0 TRITEETN TR 5 EETY best fit parabola
y=a+bx+cex’ s (1-1), (-1,2), (-2,2), (-3,3), (4.-5)-[87 & ~F 14%]

117. Students have recorded the temperature and resistance measurements as shown in
the given table. Careful observation suggests a linear relationship with R
denoting resistance and 7 representing temperature. Find the constants a and
b in the following equation to predict R for any given 7. R=aTl +b

T,°C R,ohms
20.5 765
32.7 826
51.0 873
73.2 942
95.7 1032

Note that in the constants a and b should be chosen in such a way that the sum of
the mean squares prediction errors is minimized. [88 [/ S 15%]

-2 2 =3
. Find the eigenvalues and eigenvectors of the matrix 4A=| 2 1 -6/|. [90
-1 -2 0
FIER (=2 10% - 91 RS E54 20% ]

.Let 4 bea 2x2 real and diaonalizable matrix; i.e., 4€ R**.If A4 hasa
complex egenvalue o+ jw with its corresponding eigenvector V, + jV,, where

o,weR,and V,.,V, € R*, show that
(1) The matrix A has the other complex eigenvalue o — jw with a
corresponding eigenvector V, — jV,.

wi o, .
; ie., there exists a
-w o

(2) The matrix A is similar to the real matrix B = [

real 2x2 matrix 7 suchthat T7'AT = B. [89 % 4% 20% ]

. Find: (1) the characteristic equation, (2) the eigenvalues, and (3) the bases for the
5 6 2

eigenspaces of the given matrix 4. A=|0 -1 —-8| [91 &7 =¥ 20%])
1 0 -2

121, 4 A KD Ax4 VU BTN - 2 SR A ORI B B B 5T 8




A=2,0=(12,00) ¥ 4, =2+i,e, = (31+,20,6) » H[[1i=+/~1 7 Ax V fifi -
Hilrx=(81-1.2i6) - [91 {1RIF7 20%]

122. Suppose the Matrix 4 has eigenvalues 0, 1, 2 with eigenvectors V,, V;, V.
Solve the following equation for X .
(1) AX =V,
(2) AX =V,+V, [91 ’F",‘k?}’?* 15%]

123. (1) Find all eienvalues and a basis for the corresponding eigenspace for the
matrix

(2) Use your answer to compute 4'™B where B=[228]. [91 | TR
10%]

124, PSR IRy 2 8 kAT L DR b

VR 2 l@?j R o IR T TR R A

1-k
= o,

ﬂ*k:O.SEﬁ ngﬂ‘ﬁ;éiﬁﬂwﬂ *fjﬁg"”?y /RN E s B = ZOEﬁ 4
ElF

B ﬂjgam;r VEATE] - [90 7 F' ﬁ %]
. Llé@piﬁ[ﬁﬁ]A;Vﬁ[ﬁy’}i,%ﬁﬁfj[’@wiﬂ: [’lﬁaﬁfﬁ%’ﬁmﬁi e e, :

73 02 a
A=|-115 1.0 b| > é=1{13-1}> & ={,-13}
177 1.8 ¢

(1) %ﬂ* A A [ E iR a,b.e 7
2) ]:T L[lﬁ{gﬂvﬂ F’?ﬁ:j’r‘ré Vﬁéﬂ;ﬂilbﬂ ?
(3) LTI R B A, B & 2 (89 fliskt 4 20%]

126. Matrix 4= , find eigenvalues and eigenvectors. [91 1Y 10% ]

127. Find eigenvalues and eigenvectors of A4 :




[91 :I%[iﬁ%?c? 10%]
128. Find eigenvalues and eigenvectors of A :
1 -4
A=
1 1
[90 &I+ 7&?5? 10%]
129. Find matrix 4 whose eigenvalues are 1, 2, 3 and eigenvectors are (2,2,1)’ ,
(1,6,2), (3,11) respectively. [90 JE %Y 10%]

130. There exist two values of A delivering the nontrivial solutions in the linear
system:

(A-1x—4y=0, —2x+(1-3)y=0
Find the corresponding nontrivial solutions. [92 % *”F‘jq"@' 8% ]

131. Find eigenvalues and eigenvectors of A :

1 0 0
A=|-8 4 -6
8 1 9

[92 ﬁz‘*?q{f 6%
132, 4l 4 Elfjb“.l"éj fifi(eigen Value)i:?’ﬁj fi’zﬁmﬁi :

5 -3 -2
A=| 8 -5 -4
-4 3 3

[90 iﬁﬁﬁﬁh’%ﬁ 10%]

133, S48 BT B B ¢

(91 717~ 10%]




2 0 -2
134 A= 0 4 0 |fS&E)0H - o
-2 0 5

(1) = i o] o
(2) = {2 Rl B R e (91 B A+ 15%)

135. Find eigenvectors and eigenvalues of A4 :

[87 & (= 15%]

136. Solve the generalized eigenvalue problem Ax = ABx where

LT S X,
= , = , X =
k, 4k +k, 12 X,

(88 74 7+ 10%)

137. Which one(s) of the following statements are true?(Z /| fE [y » ﬁﬁ?ﬁ?ﬂﬂ[ﬁwj 77)

(1) An nxn matrices A has a basis of eigenvectors for R" if and only if
A has n distinct eigenvalues.

(2) If the eigenvalues of A4 matrix are A, then the eigenvalues of A~ are
1/2, .

(3) The rank of a matrix A is equal to the rank of its transpose A~'.

(4) The rank ofan mxn matrix A 1is 0 if and only if all elements of A4 are
Zero.

(5) n vectors x,,x,,---,x, are linearly dependent if the rank of the matrix with

orw vectors Xx,,x,,---,x, 1s greater than n.

(6) A homogeneous linear system Ax =0 has non-trivial solutions if and only
if the rank of the nxn matrix 4 is n.

(7) For a square matrix A4, the inverse of 4 exists if and only if detA4 #0.

(8) The inverse of an orthogonal matrix is orthogonal.

(9) The sum of two orthogonal matrices is orthogonal.

(10)The eigenvalues of both orthogonal matrices and unitary matrices have
absolute value 1. [88 4 “E5# 20% ]

(1) find eigenvalues and eigenvectors;




(2) solve Ax=alx+[l 0 -2]', a may beany real. [86 ’F"ﬁ\j + 25%])

139, s BRIkl g -

[91 {1+ 4 25%)

140. A,BeR™ > S Ll iFIEJ%JI'%E?“%A:(1+SB)‘I(]—SB) L IR B
F%J[«T’ » Al Ax=A,x > Bx=2A,x o [89 1R 25%])

141. Let the eigenvalues of the following matrix be A4,,4,,4,,4,, find
() A +4,+4,+4,.
(2) 11//{’2 + //{’I/I} + 11/14 + /12/13 + /12/14 + /13/14 :
) AbA + A4+ LA, + Ak,

(89 7[5 10%]

142. Let a=[ay..a,]; p=[p..B,] Define 4=a-p.

(1) What is the rank of matrix A ? (Explain or prove your answer as well.)
(2) Fine all eigenvalues of matrix 4. [90 f[1]! I”F—j‘cﬁ% 10%])

143. Assume that A= )

(1) find the eigenvalues and the eigenvectors of 4.
(2) Could the matrix 4 be diagonalizable? Explain. [91 ﬁ,jﬂ{ﬁ)[?* 20%]

144. Find the eigenvalue of matrix A defined below:

—1-2i —-1-i 2+42i
A=| —4i -1 4 where i=+/-1
—1-3i —-1-i 2+3i

For each real eigenvalue, find the corresponding eigenvector[91 ’F NPT 20%])




145. (1) A i FREHIR (adjoint matrix) &7 1% adj(4) - £ 5757 il & 5
3 1]

5

48 3
adj(a) > T (adi(4)) > HasEl4 T 4

473

47 3

1 4
a%@ﬁ%ﬂﬂ&ﬁ%@%lﬂm’%%%W%%WEQW%{Jﬂ{J’

a b
c d

s i e (Al f == {

0 } ] ﬁ%ﬁﬁﬂa,b,c,dﬁ'Qﬂ/ [ BB 2
(91 fliefe+ + 6%)

146. 7 det(4) :

L IFG T - (89 IRIFTE 15%]

148. Find the eigenvalues of the following matrix

2
2
1
1
[88 J% [ 15%]

149. Solve the following problems.
Let A= (al.j) be an nxn matrix such that for each i=1,...,n we have

Zay =0. Show that 0 is an eigenvalue of A. [88 F[ 1/ B 8% ]

J=l




150. Find the determinant:
a,

a, 4

a a . 1+a

n n n

[87 I hBsts 15%]

M |4

2) |4"4

(3) eigenvalues A

(4) how many linearly independent eigenvectors. [88 &% 4=~ 16% ]

152. Find the eigenvalues of A, where

2 3 2 1
-2 -3 0 0
-2 -2 -4 0
-2 -2 -2 =5

[89 i*%ﬂ 10%]

A=
153.Let 4 bea 2x2 matrix and let P(1)=A*+bA+c be the characteristic
polynomial of 4. Show that b=—tr(4), c=det(4). [92 & ~F$7 10%]
o AT VR BRI S - (90 fl A 20%]

155. Diagonalizes 4,

5
A4=|3
6

[90 4~ f%f 15%]




50 O
156. One matrix A=({1 0 3
0 0 -2

(1) Please show whether A has inverse. If so, please find it. If not, please
explain it.
(2) Please show whether A4 is diagonalizable, if so, find the matrix P that

diagonalizes 4 and the diagonal matrix D such D= P'AP.Ifnot,
please explain it. [91 & ~NE(™ 16%])

157. If amatrix A4 has eigenvalues 1,0 and the corresponding eigenvectors are
(1,0,0Y, (LL1), (1,0,1), respectively. Find (1) 4; (2) 4. [90 7 RS 15%]

158. Consider the following two matrices,

1 0
1 0| and Y =
0 2

(1) Determine the invert ability of X and Y. Give the reasons.
(2) Determine the diagonalization ability of X and Y. Give the reasons. [91

I E[E¥7 20%]
159. The matrix D below is not diagonalizable when & =?

o 3 2
D=0 -10 -8
0 12 10

(91 71 Fk 5%)

o in @
160. 74 A KL (Matrix) _| %Y smE
—sin®@ cosd

cosn@ sinnd

S A" =
—sinn@ cosnd

} ST - (91 RS 20%]

161. Diagonalize 4.

5 -4 4
A=[12 11 12
4 -4 5

(91 fIrF 4 A 15%]




10 -3 5
162. A= 0 1 0|, find eigenvalues, cigenvectors and 4. [91 FEFH$
-15 9 10

20% ]

73 02 =37
163. Diagonalize 4=|—-11.5 1.0 5.5 |. [91 & 5 25%]
177 1.8 -93

164. Diagonalizes A .

1
-2
0 2 0

[89 1| F11§ 20%]

(1) Diagonalizes 4.
(2) Find eigenvalues of f(A4)=34°+447 +54> —64" —71. [89 ’F"ﬂ\ [~
20%]

1 2 »
166. A:[3 2},compute A7 . [88 PRI 15%]

3 =2
167. Assume that A:{4 3}.

(1) Find the eigenvalues of 4.
(2) Find the eigenvectors of 4.

(3) Let A" be the inverse of 4. By using the results of (1) and (2), find
(). Lo1 7 ks 30%)

-3 1 0
168. Please diagonalize the matrix A= 0 -3 1. [89 H@{?Eﬁﬁ% 10%]
-4 0 O

0 1
169. Az[ ) 0},ﬁnd e [90 %St 10% ]




1 4
. Solve the equation X> —5X +37 ={2 5] [91 A5 AHE[2815%])

) } find B. [90 I=%[F 1f{= 20%]

3
. Let Bzz{

. There are two major cities in a country: cities 4 and B. In any given year
40% of city A population will move to city B . Similarly, 20% of
city B residents will move to city A4 . The remaining people stay in their place.
What is the expected distribution of population in the two cities after a long
period of time? [90 [ %Y 10%])

. Arecursive formula is given as r,,, =4r, —t , t , =2r +t with the initial

n

values, 7, =100 and ¢, =10. Determine lim:—” =7 [88 1St 8%]

. X,,=xX,,+6x, x,=x,=1,find x,. [87 ;a—;[%:@' 10%]

3 -1
: ﬂ*ﬂﬁ”ﬂﬂﬁ?‘xz+4)(+f1=0dfﬁjé’A{ | 3}[90@]2@[*%‘?@ 15%]

53
) jE'[A=[3 5} » 1fesind o [88 fIZET 20%]

0
If p(x)=x"—4x" +6x* —x—3 and A:[l ; },please

(1) find eigenvectors of A4
(2) diagonalize 4 and
(3) evaluate p(4) [87 ’F‘H\l’“‘j 15%]

0 -2
) A:[1 3},fmd e’. [88?‘@[[’“‘3 10%]

4 3
2 — A I 0
.Solve X~ —-4X +41 L 6}' [86 Y "QJIHBA)]
. Define exponential matrix e’ ofa nxn matrix A:

i

n=0 I’Z'

where A° =1 isa nxn identity matrix. Evaluate e” for a given matrix




A:B ﬂ (91 FIVELPZE 20%]

2 O 2 3
. Given a matrix A= and e’ =1+ A+—+"—+..., evaluate the
0 2 20 3

0]
1

determinant of e”, where [ ={ 090 I°E[pF 15%]

5 —4 4]
. X'=AX,where A=[12 —11 12| and X =[x, x, x].

4 -4 5
(1) determine the rank(4).

(2) Find the eigenvalues and eigenvecters of matrix A4
(3) Write the general solution of the system X'=AX. [91 ’F [Hﬂ*‘\?ﬁﬁ}* 12%])

4 2
S Gid Ll R e SR
X X X

205 L AT B - (91 IR 10%)
. Solve the simultaneous differential equations:
i(t)=x—y+e', y(t)=2x-2y+sin(2¢)e”
(o1 & pikss 15%]
. Consider the mass-spring system in which y, and y, measure displacements
of masses m, and m,, respectively, from equilibrium positions. The spring

constants are k, =5 and k, =6 asshown, and we choose m, =m, =1.

Assume no damping and no external driving forces.
The motion is governed by:

yl": _(kl +k2)y1 +k,y,, y;’ =+k,, —k,»,

(1) Find the eigenvalue of the system in Figure.
(2) Find the eigenvector of he system in Figure.
(3) Find the general solution of the system in Figure.




System in
equilibrium

[90 %*gﬂlﬁ 30%]
186. x!'=-3x,+2(x,—x,), xJ=-2(x,-x).

k
If a solution x is assumed of the form, x = [kl }ew’ = ke"" , solve the ODE. [91
2

b 25%)

2 1 6
.Solve X'=[0 2 5|X.[90 Hli’?ﬁ?ﬁ%’ 15%])
0O 0 2

. Find the general solution of following equations:

{yl' =—»+y,
Vy==N =),

[91 H[Mﬁ%*ﬁtﬁls%]

5 8
-6 -9

.Solve x'=Ax+b, A:{

}, bZZ[j. [91 A%+ 7 20%])
.Solve x'=x-2y, y'=5x—y, y(0)=2, x(O)zl. [91 j%I"Q‘fL[l'F‘L 12%]

-3 1 -b
.Solve y'=AY +g, A:[l 3}, g={2}€_2t- [91 55845 20%]

.Solve 4x"=-2x+y, 3y"=2x-2y. [89 -+ 4+ 15%]

.Solve y/ =4y, +3y, -8, ¥, =2y,—y,+2e . [91 [IFF+E 20%]




1 0 1
194, A=0 3 2| y'=Ay > p(0)=(2-L1) - 4 BAf 4 B Bl > iy -
0 0 2
[89 [l + # 20%]

195. Solve x"+3x+y=sin’t, y"+2y+2x=cos’r. [88 FFI 15%]

W==-3y+2(y,-»)
Yy = —2()22 _yl)

where y, and y, are functions of ¢. The initial conditions are y, (0) =1,

»(0)=2, y(0)=-2V6, y,(0)=+6.

(1) If equations of (a) are expressed as Y" =AY . Whatarethe ¥ and 4?

(2) Determine the eigenvalues and eigenvectors of A .

(B) If Y =Xe" is the solutions of (a), find X .
(4) Find the solution of (a). [87 ’F"[*%(j 20%])

196. Given { ...(a)

197. Solve

X' =—4x+y+z, x(0)=9;
y=x+5x-z, y(O):7;
Z'=y-3z, z(0)=0.

(91 ik 10%]

198. Given a forced-vibration system described by

X, +2x,—x, =asinQt
X, +2x, —x; =bsin Q¢

(1) If we assign a=0, b=1,and Q=2 in equations (a), and the initial
conditions are x,(0)=x,(0)=0 and x (0)=1%,(0)=0, find the solutions of
equations (a).

(2) If the forcing frequency € is assigned as Q= NE) , what is the relation

between a and b in order that the solutions of equations (a) with zero
initial conditions are bounded for all times? [91 ’F} AT 30% ]

0 1

L dX
199, =522 =
A dt {—16 0

o V2] L .
}X , X(o)z[” C FRE X < (91 FET 10%])
200. ™ F{IEE5T A AT AT ETHIN X' = AX + GO0

X =2x+x,—2x;, -2
x, =3x, —2x, +5¢”
Xy =3x,+x, —3x, +9¢




(1) TR 4 pv eigenvalues

(2) TR A4 piY eigenvectors

() G- HP o P'APERI'] AP eigenvalues £~ B} SR VB
SECEFIE - R P YR AR P e

(4) I'/@biidin Z = P7X R (RS LA SRR sp) e o (91 R[50 25% ]

201. Jf= [ ODE y" —4y"~8y'~10y —cost » ¥R = fil— Bﬁ“@lﬂj A .
(91 %1505 12%]

1 0
202. Let amatrix A=|0 —11, find
0 1
(1) AIO
(2) A’ 24" +24°+ 4> -34+51 [90 ﬁ Fhf_J 20%]

0o 2 =2
203.Given 4=|0 1 0 |,calculate: (1) 4™, and (2) e” [91@[%4 10%]
1 -1 3

-2 -1

(1) What is the characteristic equation of A4 ?
(2) Compute 4'”. [90 F[Eﬁ‘g%ﬁ% 12%])

205. =1~ FiH A V123 F Ve~ By
At =ad® + A+l > E1 A FE3x 33 -
(90 it 4 25%)

0.03 0.85

n—>0

097 0.15
206. A:[ } find lim 4" . [91,]*[%7&\%20%]

207. Let A be the following matrix, compute A'”.

0 01
A=0 0 1
I 11

[90 & “AH% 25%]




208. L'ﬁl%ﬁ[ﬁﬁ]AJ/ﬁ[ﬁj}ﬁf%ﬁ@@ :

-, = ’ _ 1 ~ AI7, Ve
SV =g(—A2+2A+51) ’ ﬁ%ﬂ%'&%ﬁ[ﬁﬁ]AHﬂ/ m'gra ~ b 2 [89 1+
+ 15%])
.Let 4 bean nxn diagonalizable matrix with characteristic equation
A+a A +..+a =01+a,
Prove that
A" +a, A" +.+aAd+ad=0,
[91 :I“”Fj[%?i 10% > 89 & S 17%]
-1 1 1
.Let A4=| 2 -2 -3|,and a=sin(l), find sin(AZOOI)z? [91 :I%[?E??E{\E}
-2 2 3
20%])
20 . . . 1 -3 s
.Compute A~ where A isthe matrix givenas A= _— [O1 IR

10%]

1
, please find 4°. [90 ’?‘/4\}%&% 10%]

1 .,
_ A:[o J,ﬁnd e’ [91 Rt 10%]

2 6
If A= [1 3} , find the matrix function e?’ where ¢ is a scalar variable. [91 *
R[5 15%]

. Use the matrix exponential to solve the following initial value problems:




(1) 4=

(2) A= 192 % Fr 20%]

. Use the Laplace transform to solve y, and y, from the non-homogeneous
ST . SO I T UV I I SV
linear differential equation systen = + e ', with their

' 1 31| » 2
b)
initial conditions given by y,(0)=,(0)=0. [89 ?%*‘\?lﬁ%‘}% 8%

. Solve the following differential equations:
If Y(t)= [yl (1), (2)...», (t)] is known, where y, arethe n linearly

independent solutions to the homogeneous linear system: y'(¢)=A4(¢)y(t),

where A4 (t) iIsan nxn time-varying matrix, find the general solution to the
forced linear system y'(¢)=A(¢)y(¢t)+g(¢). [89 1%4\?%7&% 15%]

2 1
218. A:L 2},ﬁnd AP 190 %[ F1# 20%]

219. FETf(A)=4>-44 —4+41 > A:B _01} > [90 Z% B 10%])

2 -3
220. Find e?, 4= 5 5}. [88 /&5 10%]

,find e?. [85 (i (10%)]

222. M| Cayley-Hamilton %2/ » 5 47" < [86 FI1ZE 10%)

223. Let A=




Find e* by using the formula L[ e | =(s7—4)" . [87 # 5l 15%]

. A:E ‘ll}ﬁnd: (1)e", (2)sinA. [91 fffe¥t 15% )

1 2
. Consider a matrix 4 = [3 0} .

(1) Find the eigenvalues.
(2) Calculate A* — 4> —44* — 4. [91 ’F"Iﬁ[}gﬁﬁjﬂ 20%])

0 -1 -1
CE R [A] =3 -1 2] FR
7 6 5
(1) [ 4] V7% (rank) ;
) K [4] E@ﬁﬁiﬁ!ﬂ?ﬁ (Jordan canonical form ) e
CF = 1 R R R (89 1°R[4 4 30%]

. Find general solution of the equation

(T4

y

Y_| 6 4 7

dt Y
2 1 2

where yz(yl,yz,y3)r. [90 ([ + 4 15%]

1 1 1
. Given the matrix A= 2 1 -1}, find
-3 2 4

(1) the determinant of (AT )_1 ;

(2) the eigenvalues and corresponding eigenvectors of 4.

(3) Solve the system % = Ay where y isacolumn vector. [91 [ {*~
22%]

If A is asquare matrix, prove that sin® 4+cos®> 4=1. [91 :[%["Fiﬂi&; 20%])

. Find the fundamental matrix e? for the system.

1
X'=AX,where A=|1
0




[88 7«&\4\%{% 15%]
. Solve the following system.
x'=3x—-y-1, y'=x+y+4e.

(91 %A AE[EE 14%])

.Solve x" +2x,—x, =0, x," +4x +6x, =0. [86 [l + F 20%]

.Let 4 bea 2x2 matrix definedby 4= {a

b
] . Find necessary and
c d

sufficient conditions for A4 to be diagonalizable. [ 88 % 4\%*15 " 5%])

. Using matrix method to solve the differential equation.

2 -1 0 0
X=|1 4 0|X+| -4
0 1 1 —4¢'

[87 ?&\*%ﬁi' 10%]

T4 1
.Solve X = . 2})(. [87 ’F",fi[f“‘j 15%]

.o =10 0
. Sol X = X + . 87 1°F[F1 20%
olve 25 _10} L} [87] [F“f J 0]

2 =31
. A=|7 0 2 ’}{ﬁ’A [~ % Jordan form o [ 88 (=AY 20% ]
12 4 3

.Let A be the following matrix, compute 4% .

2 1 1
A=1 2 1
I 1 2

[90 &~ 25%]

.Let A bean nxn matrix.
(1) Suppose that 4> + 4> =24 21 =0. Show that A is invertible, and
find A"
(2)Let A’ =0 (the zero matrix ) , while 4#0.Whatis (7- A)_l ? (Hint :




Consider a combination of 7, 4 and 4°.) [89 ¥4 10%]

240. Suppose A isan nxn matrix from the field of complex number.
(1) Show that 4 is of rank 1 if and only if A4 =xy’, where x and y arenon

zero nx1 column vectors.
(2) Show thatif A4 is of rank 1, then there exist a scalar £ such that

A* = pA.
(3) Show that if A4 isofrank 1andthe £ in (2)# -1, then there exists a

scalar o such that (/, +A)7l =1, —ad. [87 & e¥E] 6%]

241. Determine lim A", if exist.
m—0

2 -05 -1 1 0 -1
(1) A=/1 05 -1| () B=|-2 2 0
1 -05 0 2 -1 -1

(90 7 Férk - g 10%]

1 0 O
242. B=|9 -8 9.
6 -6 7

(1) Find eigenvalues of B.
(2) Find a matrix C, D and a real constant a that satisfy the following equation:

B"=C+Da",n>1, n isinteger. [90 @‘J\’F{Tﬂ' 10% ]

243. A square matrix A is called idempotent if A* = A .
(1)Is I—A idempotent?

2) (1 —2161)_l =1-24, true or false. [91 fjj*~%¥7* 8%]

244. (1) Let A bean nxn real matrixand e e R,a#0. If I—aA isnilpotent
matrix, show that A4 is invertable.

(2)Let A bean nxn real matrix and A4*> = A4, show that
(A+1) =1+(2" =1)4,Vk e N. [91 [T 10%]

11 1
245. Compute e? for A=|-1 -1 —1|. [91 F5A%¥F 10%]
11 1




. Compute the ranks of A4 ,A%, AP and A%, where A=

+ 74 15%]

-5 3 1
. A=|—4 2 1|, find e . Hint: 1=-1, -1, -1 [88 J"R[5p]7# 15%]
—4 3 0

. Suppose that A* =44 . Show that the eigenvalues of A4 is either 0 or 4. [88 ¢ P I
Sl Gl 12%]

T
If veR" and I, isthe identity matrix, H =1, —2%, show that —1 isan
vy

eigenvalue of H . [88 ,IJF[F% FE??IS%H TR 10%]

250. (1) Show that (A - 4)2 (A—-2)=0 is the characteristic equation for both the

matrices

(2) Compute A* —6A4+8] and B> —6B+8I.
(3) Show that the matrix A has two linearly independent eigenvectors
corresponding to A =4, but that the matrix B does not have two linearly

independent eigenvectors corresponding to A = 4. Also explain the results.
(86 ﬂ\{ru{% 18%]

5
4 find e, [87 fVRLFEHE 20%]
2

1 11
=|1 1 1/, find minimal polynomial. [91 ﬁ,jﬁl%ﬁfa 10% ]
1 11

253. Show that the eigenvalues of A4 arerealif «,f and y are real numbers.




[91 J°%[ 1 20%]

2 1 1
254. (1) Foramatrix A=|1 2 1, find the eigenvalues and eigenspace.
1 1 2

(2) Is it possible to find all the eigenvectors in (1) to be orthogonal ? Please
explain. [90 & (™ 15%])

2 -1 0
255. =K =|-1 2 -—1]-
0o -1 2
(1) BEF K VR R Ship Rl - 5] Brip BV T4 [ MR R R 1 1
it -
(2) YR B Y SIS o R e
3) X i_?‘ EL - i (orthogonal matrlx) ? %Tﬂj%q_—‘f\ U RSN
191 A4 A 30%)

7 4 -4
256. Considera 3x3 matrix A= 4 -8 -1].
4 -1 -8

(1) Find the eigenvalues and correspond eigenvectors of matrix A .
(2) Find an orthogonal matrix P and a diagonal matrix D such that

P'AP=D. [90 y&F7H 20%]

257. Show the following conditions are equivalent for an nxn matrix P.

(1) P isinvertibleand P~' = P", where P’ is transpose of P.
(2) The rows of P are orthonormal.
(3) The columns of P are orthonormal. [ 88 }%77 ¥ 20% ]

258. Find a unitary matrix P such that P* AP is a diagonal matrix, where

3 241
A=
By

[90 %[ 15%]

210
259. A=1 2 0.
0 0 3
(1) Find a matrix P such that P"'4P =D is diagonal.

(2) Find a matrix B such that BB’ = 4.
(4) Find a matrix C suchthat C* = 4. [89 7 ’—Fﬁig}?* 15%])




260. Determine whether the statement is true or false explain why or given an
example that proves your answer.
(1) There exist skew-symmetric orthogonal 3x3 matrices.
(2)Let 4,B,C be nxn matrices, Thenif 4#0, AB=AC general
implies B=C. [91 7 Fﬁ'ﬁ%ﬁa 20%]

. Prove that eigenvectors of a symmetric matrix corresponding to different
eigenvalues are orthogonal. Give an example. [91 &% ~<F]] 15%]

.Let 4 bean nxn real matrix. Suppose A4 is skew-symmetric; i.e.,

A" =-4.

(1) Show that the diagonal elements of A4 are all zero.

(2) Show thatdet 4 =0 if » is odd.

(3) Show that if A4 has an eigenvalue, the eigenvalue must be zero. (You can
get partial credits by assuming n =3.)

(4) Show that [+ A4 is nonsingular (invertible )where I isthe nxn identity
matrix. (You can get partial credits by assuming n=3.)[91 ’F 1 NET35%])

263. A linear transformation which maps a vector x to another vector y may be
represented by y = Ax, where both x and y are nx1 real matrices and A4

isan nxn real matrix.
(1) What property does the matrix 4 must have for the (Euclidean) norms of

x and y tobeequal,i.e., |x|| = ||y|| . Why? Give a geometrical

interpretation on the linear transformation.
(2) What common property do the eigenvalues of the matrix 4 have in order

for x| = |12

(3) What property may the eigenvector matrix of the matrix A4 have in order
for x| = ]2

(4) If the matrices 4,x and y arecomplex instead of real and if
||x|| = || V|| ,then what are 4, the eigenvalues of A4, and the eigenvector

matrix of 4? [91 ’F"ﬁ\j 7 15%])

cosaa sina 0
264. HIIR LAY @ R(a)=|-sina cosa 0] F5F:
0 0 1

cos¢g sing O
265. Given B=|—-sing cos¢ O0].
0 0 1

(1)Is B singular or nonsingular when ¢ =22.5"?
) If ¢=120",find B™'. [92 LA 6%])




12 -1/2 -1/2 -1/2
-1/2 12 -1/2 -1/2
-1/2 =12 12 -1/2|
-1/2 =12 -1/2 1)2

266. Given A=

\l0
(1) Please calculate (A )

(2) Please calculate 4. [92 % 4\?&?@' 5%]

267. Suppose 4 and B are both nxn real symmetric matrices, and x;, x,, ...,
x, eigenvectors of the equation (A - ﬂB)x =0, corresponding, respectively to
the distinct eigenvalues 4,, 4,,..., 4, k<n.

(1) Show that x;Ax; =0 and x;Bx, =0, i# .
(2) Show that x,, x,,..., x, are linearly independent. [ 89 ’F'}“‘\T;%\‘) 125%])

. Ture or false. No explanation is required.

(1) Every invertible square matrix can be diagonalized.

(2) Every diagonalizable square matrix can be inverted.

(3) Let A be mxn, x nx1 and b mx1.If the columns of A are linearly
independent, then the system Ax =5/ has exactly one solution for everyb .

(4) Let A be asquare matrix. If B is formed from A by an elementary row
operation, then B and A have the same eigenvalues.

(5) Suppose the only eigenvectors of a 3x3 matrix A are a multiples of
x=[1, O,O]T ,then A is not invertible.

(6) A square matrix and its transpose have the same eigenvalues.

(7) A real symmetric square matrix 4 can be factored into 4=0" D0, in
which @ is orthogonal and D is diagonal.

(8) The eigenvectors associated with different eigenvalues are linearly
independent. [90 ’F B 16%])

. Consider the matrix A=|-1 2 4.
2 0

(1) Find the eigenvalues of 4.
(2) Find three mutually orthogonal eigenvectors of 4 .
(3) Show that the matrix A is diagonalizable. [89 & “E5#& 25% ]

270. Find an orthogonal matrix to diagonalizable A4 .
V2

0
0

1 0
A= 0 2
0

NG




(91 3417 #5H% 15%]
271. Find an orthogonal matrix to diagonalizable A4 .
50 0 0
0 0 -1 0
A=
0 -1 0 O
0 0 0 O
(90 %1477k 20% ]
272. Find an orthogonal matrix P to diagonalizable A4 .

5 =2 0
A=|-2 6 =2
0o -2 7

(90 7% + 4 20%]

273.Find A7',B7":

1 0 0

1 0 0
A=]0 ing |, B=[0 ] _/
cos¢ sing //E A

0 —-sing cos¢ 1 1
> Va Ve
(91 {1 FE% 10%]

274. V] A K510 S

cos@d -—sin@d O
A=|sin@ cosd O
0 0 1

(91 £ 7 10%]

2

11
275. Use an orthogonal transformation to diagonalize the matrix[A] = 11
I 1

ie., [Q] = [P]f1 [A][P] is a diagonal matrix, in which [P] is an orthogonal
matrix. Write down the matrices[Q] and [P]. [91 ’F[%_[E\%W 20%]

276. With an appropriate value of « the complex matrix.




» -
NN
-1+ 3 2i
S5 5 Jis
1—i 2 -2i

V10 V10 Vo]

is unitary. (1) Whatis «? (2)Find 47';(3) x= [1 0 i]T , ¥ = Ax, compute
the Euclidean norm of y . [87 ’F S 16% ]

277.LetA and B be nxn orthogonal matrices, A" and B’ are the transpose
matrices for 4 and B, respectively. “det 4 is the determinate of matrix 4.
Prove:

(1) A" and A" are orthogonal.
(2) AB is also orthogonal. [ 88 5‘/*%‘!{? 15%])

5 3 y
278. A:L 5} . Tﬁqﬂj%’ﬁﬂi Vil g 0 fH ¢ Ap=1 -[86 I+ 4 15%])
279.Let A be nxn normal matrix, prove tr(A*A) Z|/”t| [87 4\%&&10%]

280. A bea 4x4 orthogonal matrix, x=[1 2 2 4]’,y=[11—11]’,ﬁnd angle
between Ax and Ay.

281. (1) Give the definitions of Hermitian matrix and Normal matrix.
(2) Which of the following matrices are Hermitian? Normal?

1 . 1
_l —
|2 %
1 1.
22
3 1+i 1

0 -2+ D=|1-i 1 3
-1 2+i 0 —i 3 1

[92 % ﬂT\J\Fuf 12%]

2 2 2
282. A=| 2 5 4 |,find a unitary matrix S to diagonalize 4. [91 j& ez
-2 -4 5
6%]




. Find out what type of the conic section of following quadratic form represents
and transform into principle axis 4x,x, +3x; =1. [91 & Fﬁ'&%?[ﬁ& 15%]

. Find out what type of the conic section of following quadratic form represents
and transform into principle axis 13x” —10xy +13y* = 288.[91 [lIT-5H5 10% ]

FIB e g hzdEifgases = 2 Sl 7x® — 8% —82% +8xy —8xz—2yz+9 =01
VB AR R S AR 2 PSR S PR e
Fj Bip & D - (90 fliTpaTE 20%]

"L’* U X% +7y* + 722 +10xy — 24 yz = 20 iz = g7l (principal axis ) »

o *%Ffllplt (e 2~ e = RS RAIRREEL T 2 (91 SR
F20%]

. Consider the conic section 2x” —4xy — y> —4x —8y = —14. Use orthogonal

diagonalization and completing the squares to find the equation of the curve
when it is rotated and translates into standard position. [91 # PZI:J Tt 10%])

. Find out what type of conic section (or pair straight line) is represented by the
given quadratic form. Transform it to principal axes. Expressx’ = [x1 xz] n

terms of the new coordinate vectory” =[y,  »,], x +6xx, +9x; =10. [90

TS 10%]

S A 5x% +8xy +5y% +4dxz +4yz +2z% =100 fEifpisY
ax +by? vez® =d VY avbre=? [91 {1 6%]

. 0 =3x" +3x; +4x7 +2x,x,
(1) 5 [HEPEHIH A > I D=x Ax - D’E“’“ IR
(2) B QFZH AL RS O = y Dy = [90 R[5 15%)]

. Plot out the curve 17x} —30x,x, +17x; =32. [90 7 F _I%E%ZOA)]

. ﬁ*@%ﬁ%%ﬁh;ﬁﬁﬁi?ﬂ%ﬁ%ﬁ +8xy+7y? =225 - [89 141 F T 25%)

(1) Find an orthogonal matrix P that diagonalizes 4.
(2) Find 4.
(3) Transform the quadratic surface f =-2xy+ 2z% into its standard form. [89




TR 197 25% ]

. The ellipse is represented as 9u” —8uv +3v*> =11 transform into principle axis.
[89 & £S5 10%])

. Transform into principal axis f = 2x7 +2x5 +2x3 +2x,X, +2x,%; +2X,%;. [89
L4 7 20%])

. f=5x" —4xy+5y* =21, plot out the curve. [90 7 I 20%]

. Find the orthogonal matrix that will reduce the quadratic form
4()c12 +X) X+ X, ) —2(x +x,)(x; —x;) to alinear combination of square

terms only. [ 88 "@4\%3 11%]

. Give the quadratic form x> — lg/gxy +11y* - §3x - 8y —32=0. Find a change of
coordinates so that the resulting equation in a standard form. Plot out this curve
and show both old and new coordinate axis. [’F' I 4\?;?7&\‘7* 15%]

fabie s U AT > a,b el S 2 (881 BRI )
5 15%)

300.An nxn matrix M is said to be symmetric if M =M",an nxn symmetric

matrix is said to be positive definite if x’ Mx is positive for any nx1 column

vectors x.Let M bean nxn symmetric matrix.

(1) If M is positive definite, show that all the eigenvalues of M are positive.

(2) If the eigenvalues of M are all positive, show that M 1is positive definite.
[90 ?@4\%‘}2} 10% > 90 7F e 10%]

NG

4
.LetAd =
L/E 3

(1) Determine the eigenvalues and corresponding eigenvectors of B .
(2) Determine whether B is positive definite. [90 5%+ % 20%]

:l,and B=A>-34%-21I.

.Is A positive definite?

[89 i*%ﬂ 10%]

303. (1) Prove that every eigenvalue of A7 4, A e R™",is real and non-negative.
(2) Is part (1) still true if A" A is replaced by symmetric martix B ? [90 % 4\%
4 T 10%)




304. Consider the following matrix: 4 =
1/5 4/5

4/5 1/5}

(1) Find lim A"

n—>0
T

x Ax
(2) For any nonzero vector x € R*, define a (x)= ~——, where T denotes
X x

taking transpose. Find the maximum and minimum of a(x) for all nonzero

vectors x in R?. [91 HI’FL”FICT‘:J' 15%])

305.Let 4=

(1) What is the reduced row echelon form of A4 ?
(2) What is the rank of the matrix A ?
(3) Find a basis for the null space of A4.

(4) Find all the solutions of Ax=(1 1 1 1)".
(5) Without computing A" 4, determine the smallest eigenvalue of 4" 4. [89

’F", S 25% ]

306. An elastic membrane in the x,x, -plane with a boundary circle x +x; =1 is

stretched so that a point P :(x;,x,) goes over into the point Q:(y;,,)given

bY)
such that the values of y} + y3 is maximum. [90 55~ 20%]

X

N 5 3| x . . .
by y= = Ax = . Please find certain point(x;, x, ) at the circle,

. Find the local extreme of the function:
(3,25, )=35—6x, + 2, + X7 — 2x,x, + 2X7 +2X,X; +3x;

And justify that these extremes are local maximum or local minimum. [91 5%+

Skt 20% )

308. Consider the function F(x,y,z)=x”+xz—3cosy+z>.
(1) Find the Hessian of F(x,y,z) at the point (0,-7,0).
(2) Determine whether (0,—7[,0) is a saddle point of F (x, ¥, z). [’F | *”FILT‘?E\%
16%]




