SV KA ¢

s IR ﬁ?, F¥ =i (Laplace transform) :

5<t
(o2 Flipl T 20%]

. Find the Laplace transform of the staircase function which is formed by the
successive addition of unit step functionsas 0, b, 2b, 3b, ..., etc. [94 ’F R
—15%)

b
Bl (D) [8(e—1,) (0t a<ty <5 @QLB(E-4)] > 4,>0 s BV L[S(a~1)] >

a>0 -[94 «F’ﬁ\fﬁj 15%]

4. Find the integral j Sl —1)x —2)(x = 3)}dx. [88 &1 8%]

0

CEF ()T +1)=x (x)g&"r(x):%r(xﬂ) ; QT(M)=1; G)Tn+)=n -

n=0,1,2,---[91 ﬁ?ﬁ[’ 7 20%])

)
. T(x)= J.e"lt" 'dt , then find

: rC;j

[94ﬁ %[7& 10%]

. If n is a positive integer and x—n#0,—-1,—-2....., evaluate

I(x)= Jt"*le*’dt is the Gamma function. [93 /& #22E 10%]

0




8. Evaluate (I)J‘e’“"zdx (2)J-xe"”‘2dx (3) .[xze’“xzdx, a>0.[92 % NE™ 15%])
0 0 0

9.Solve y"+2y' +2y=0(t-2), y(0)='(0)=0. [92 [R5 10%]

10. Solve y'+y =tu(t—3), »(0)=3. [92 HIJ B 30%]

o0

1. Solve (1) I, = [(x+1fe ™ dx (2) Izzj-x—xdx, c<0. [91 Wi 8%]
C
0

0

12. We would like to evaluate an integral involving the derivative of the Dirac

& -function. Find the general formula for J.x(t)d'(t-to)dt Lot ! |“FE?7E~$ 20%]

-00

L0<t<l1

13. f(t)=
0 {0,1<t<2’

f(t+2)=1(t), find L[f(t)]. [92 Fid=T 15%]

14. Show that Te_XAdx z(ij!. [92 Hlp Wﬂé‘[ 20%]

15.If f(¢) can be expressed as

F(e)= (e =1t =1) = ule = 2)] + [uelt = 2) = u(t — 4)]— (2 = 5)uu(z — 4) — ue(z - 5)].

(1) Draw the figure of f (t) versus ¢ (use ¢ as x—axis).
(2) Find the Laplace transform of f(¢). [92 Y&} ?lT?E%}* 10%]

16. % L (0)]=F(s) » BN L[f(ar)]= lF(ij , L{F(iﬂzaf(at) »a<0 -[91 7

a a a

"Fﬁ‘: Z10%]

s +1

2
S

17. Given that the Laplace transform L {% [l —cos (t)}} =1In (

], please find the




value of L{%[l —cost(2t)]}. [94 %[5 10%]

18. Solve y" -6y +9y = L[xeb‘], by Laplace transform. [ 94 ﬁ,ﬁl?&‘?&\}* 15%]

19. Solve »"+2y'+5y=e"cosx, ¥(0)=)'(0)=2 using the Laplace Transform.
(94 [~ 87 15%]

20. Solve y"+9y=f(t), 1(0)=y'(0)=1, f(t)=cost, t>m. [94 % “FEf 18%]
0, t<0

21.If f(r)={2t,0<t <3, find the Laplace transform of the given function f(¢).[94
?,3<t

FIVRUESHS 15%]

22. (1) Find the Laplace transform of the following function.
7@

(2) Find the inverse Laplace transform of the following function:
s+12
s> +10s +35

[94 H‘UI%’%‘ 10%])

23. Solve the following ordinary differential equation by using the Laplace transform:
y'+2y' +2y=35(t-3), ¥(0)=»'(0)=0, where & is the Dirac delta function.
[93 3%3:?:?&% 20% - 93 ’F"ﬁ\ [~ 10%])

0, t<0 s
150" [94 ﬁ.ﬁ[ﬂ% 20%]

24. Solve y”+3y’+2y:{

25. Write the function f (t) whose graph is shown in the following figure in terms of

the Heaviside function, and find its Laplace transform.




3

e

) =
o i ¥ !

[93 il i% 15%]

26.Solve y"+3y'+2y=r(t), r(t)=4t, 0<r<l, r(t)=1, t>1. [94 1]/ [F1F]
16%]

. Suppose f (t) satisfies the difference-differential equation

%ﬁ% (&)= f(t=1)=0, ¢>0, and the initial condition, f(¢)= £, (z),
—~1<t<0 where f(t) is given. Show that the Laplace transform of f()

satisfies

Fls)= £,(0) L = fle‘“ fole)dt

Clts—ed l+s-—
Find f(f), t>0 when fo(t):l, [93 & AE(E])

. Suppose Laplace transformation F(s)=L{f(¢)} exists for s>a>0. Show that

if @ and b are constants with a >0, then inverse Laplace transformation

L‘I(F(as+b))=éel: f( j

t
a

(91 [IVEUPZE 10%]

29. — P S () IR o =t £ () A i Sr(Laplace) 5§
Lf()]=F(s) > ﬁ*L{f[t;aﬂ > Hlta,b>0 > a,b LGy f(e)=0 for
£<0 < [90 {RI§} 15%)

30. {fli"'] Laplace g #3551 w25k 1 & s () = 2

dzy

= +y=U( =7£ +14t-8) » (0)=




U ERHT O H T B (unit step function) - [90 4 4 15%]

31. By Laplace transform, solve " +4y' +4y=¢e"", '0)=0.[92 fli1~
Fsik 15%)

Find L[/ ()], Llg@)], f(r)=sinatcoshbr, g(t)=ru(t~1). [92 V57 Fh
15%]

. Determine the current in the circuit:
R=20, L=0.1, ¢=1.5625x10", elt
0<t<0.01, e(t)=1.6, t>0.01, i(0)

(£)=160
=l()

R
MWV

e(?) Ci)

|1
11
C

(92 [l ek 18%]

Solve y"+2y=r(t), y(0)=1'(0)=0, r(t)=1, O<t<z, r(t)=0, z<t<2x.
r(t)=sint, t>27.[92 ’Fl‘k?‘l:,?[%{ﬁ; 15%)

-5

se
(s+17(s* +25+2

. Find L‘l[

)} [94 %[ ek 10% ]

. Given that LBsin t} = tanfll, find LBsin at}. [94 *fﬁ]?ﬁi‘&}; 10%])
S
Find Llte™ sinh2¢|. [94 fl1} 17k 20%)

.Solve y"+3y'+2y=f(t), »(0)=y'(0)=0, f(t)=4t, 0<t<1, f()=8,
t>1. (94147 5 10%]

.Solve y"+4y =21y =2¢"sin3t, y(0)=1, y'(0)=0. [92 7 IS 20%]

.Solve y"+y'=1+6(r-2), y(0)=0, y(0)=3.[93 TiENT 15%]




41. Solve mx" +cx' + kx = a5(t), x(O): x'(O): 0, m,c,k,a areconstants. [93 V&
PR 20%)

42.Find Ll /(0)], /(t)=0, 1<6 and f(t)=1=3, r>6. [93 ¥ “Feiks 10%]

43. Write the function whose graph is shown below in terms of the Heaviside function,

and find its Laplace transform.

f A

|
a b C

[92 il i% 10%]

44. Consider the differential equation y(t) +2y+2y=f ( )
(1) Let f (t) =e 'sint + cos2t . Solve the above differential equation.
(2) Let f(t) be described as shown in figure. Solve the above differential

equation.

7@

2

I
1 Y -

[92 75 20%)

45. Using Laplace transform to solve the following equation

d);—gt)+j;y(x)dx=tH(t—2),y(0)=1,

where H (t) is the Heaviside step function. [92 %+ 4 15%]

46. Using Laplace transform to solve the following equations for y( )
2

d
dtzy +4y=1()

where f(f)=1 for 0<z<1 and f(t)=0 everywhere else. The initial




condition for y are y(O)z 0 and deT(tO)z 0. [94 7E kS 15%]

. Find the inverse transform of the function In (1+ 2] [94 % H: S 10% > 94 ﬁ |
s

R #5f% 10% ]

48. Find the inverse Laplace transform of the function F(s)= tan” [ j [92 =
% 10%]
. Find L[tcos 2t]. [94 i%—k%’?liﬁ}* 5%)
. Find the Laplace transform of each of the following functions:

(1) cos(t)u(t—l)

(2) tesin2 [92 ¥ T 10%)

(s+2) -4 (s+2)

U i F(s) = L 94
(s+2) +4 ELIRRLF(S) {|(s+2) +4|} (54 i

T F(s)=
16%]

. Solve the differential equation ¥+16x = f(x) with the initial values x(0)=0

cos(4t), 0<r<rx

0 o 94 R TerHS 15% » 94 R [ [

and x(0)=1, where f(¢) ={

B[ 20%]

53. Find LB(e‘” b’)} [94 F‘y#\lﬂf[ﬁjp 5%]

(s+2) -4
(s+2) +4

(s + 2)2

54. T} F(s)= 2 vd
S

g g £ ()= L‘{

|

16%]

55. Solve the differential equation % +16x = f(¢) with the initial values x(0)=0




O<t<rz et et
.[94@%[?&&%15%’94j%[g1

and %(0)=1, where f( )={

F(~ 20%)
56. Find LB(e’” —eb’)}. [94 5531 5% ]

57. Using the Laplace transform to solve the given initial value problem.

I, 0<t<m2
y”+y:f(t), yl(o)zl’ y(O):O,Where f():{slnt t>7z-/2

[94 I ES 4 15% > 93 ’Fﬁ\rﬁ?&&; 7%]
58. F Ll (W]=F(s) > Llgle)]=Gls) - HIEEE -
L[jo’f(t—r)g(r)df} :L[j;f(f)g(z—f)dr}F(S)G(s)
[94 ﬁ—FﬁIﬁ&;ﬁ; 10% > 93 :[:%ilq*%%”r% 15%]
59.Find (¢ — ™ )*e". [94 X Fet 5%
60. Apply the convolution of Laplace transform, find the solution of

y”+y=30052t;y(0)=0, y’(O):O.

(93 Flipl o 12%]

61. Solve the following differential equation by the method of Laplace transform.

2
d_jc+3ﬂ+2x:;2’ XZO, QZO for t=0.
dt dt 1+1¢ dt

[93 [l =Kt 10%)

62. Show that y()c):c1 cosx+sinx—i—j(jf(s)sin(x—s)ds is a general solution to

the differential equation y"+y = f (x), where f (x) is a continuous function on

(—o0,00). [92 ?fz“\?ﬁﬂ% 10%]




63. (1) Find the inverse Laplace transform of ;) where cosh(x)=

scosh(as
(Hint: cosh(z)=cos(iz) where i=+/-1) [93 ’F[ﬁ[ 2 15%]

(2) Find L{LL}. [92 I°&[{*T 10%]

\/;S—l

64. Using the Laplace transform to solve Bessel’s equation of order zero.
o' +y +ty=0, y(0)=1.

[92 F’}E[ﬁgjj}i‘ 15%]
65. Find the Laplace transform of the given function:

t sinT
J. dr

i)

[93 & “KSfk 17%]

66. Solve the difference equation
33(e) = 4yle—1)+2y(t-2) =1,
Using the Laplace transform if y(t) =0 for t=0.[93 i%“\éﬁfé% 10%])
165’ +725% + 2165 —128

67.Find lim ¢(#) and limgl(z) if L|gl(t)|=
lipale) and limat) it La(]=1 022

[94 ﬁﬁkj}%&é}
15%]

2

68. (1) Let y(t) be the solution of f{ Y wey = (A/m)cos(wt), with

2

y(0)= %(O) =0. Assuming that o # ,, find lim y(z).

dzy

(2) How does this limit compare with the solution of 7 + gy =(A4/m)cos(wyt),

with y(0)=%(0)=0. [94 % Hupl 25% » 94 Y5V il 15%]

69. (1) Solve y"+4y = f(x), »(0)




(2) By convolution theorem, find h(t) if H (s): L[h(t)]: ( 2) [94 + FH &
sls —
% 10%]

70. By convolution theorem, find L‘l{ ( ! )z:l [94 [ EFFPR] 10%]
s +9

71. LB(I—e’)}—r’ [94 & 1K)

72. Find L‘l{ } by using of convolution theorem. [94 & A" 12%])

L
(S2+a2)z
73. fle)=r+2041, 125, f())=0, else. Find L[f(t)]. [93 I°%[ 45 15%]

3

st +4a

74. Find f(t)zL[ } (94 it 15%]

75. 1q%'[lﬁr[5"?f()’ [i4<t<6Eﬂth WaPRsL [%Ef[ % 0> TRE b CiE Laplace

transform F(s) -

VAOL

[94 15 /5 10%)

76. Find L { :I [93 ?ﬂﬁ%ﬂ[ﬁﬁ; 10%]

(s 1)
77.Solve y"+2)'+2y=5(t-3), »(0)=0. [93 117 FErk§ 20%]

78. Solve y"+2y' +2y=r(t), r(t)=5sin2t if 0<t<xz and 0if t>7z, y(0)=1,
¥(0)==5. [92 {1l 2 15%)




79.Solve y'+9  y(¢)dr=cos4r, p(0)=0. [92 [IITH¥i 20%)

st +1

(s—1)

80. Find L’l{ln } [92 ﬁ,’ﬁi[}%‘%' 20%])

8k’s

(s2 + kz)3

81. Find L‘1|: } (92 fl1T-FErkS 8%

82.Let R=1 ohm, L =1 henry, and the input E (t) =1 volt, when 0<17<3sec,
and E(z)=0, when ¢>3sec. Find the current /(¢), assuming 7(0)=0.5
ampere.

1(?) R
1 > NMAN

E(7) {

[93 “[rlfeES 18%]

83. Find the current I(¢) in the figure with R =100 ohms, C=0.1 farad and
v(t)=100 voltsif 1<z<2 and 0 otherwise, v,(0)=0.

' —
_L (1)
C

V(1)

[93 ¥ PPk 20% ~ 93 ] FErks 16%]

84. Find L[f(z)], f(t)=0, 0<t<4, f(t)=e™, 4<t<6,and f(t)=t+1, t>6.
(93 Z%[EH 15%]

85. Solve the following differential equation by Laplace Transformation:
"' -2y +ty=0, y(0)=a.

(93 I°&[{*T 20%]




.Solve y"—16ty' +32y =14, y(0)=»'(0)=0. [94 %A F 15%]
.Solve y"+2ty'—4y=1, y(0)=5'(0)=0. [94 B 15%]

. By applying the Laplace transformation technique to solve the following

differential equation:
by +(4r-2)y' -4y =0, y(0)=1, y'(0)=-2.

Please derive its solution. Does there exist a unique solution?
(92 Y& £5% 20% ~ 92 ’F[f_[”FI_T{; 12%]

2
. Using the Laplace transform to solve the equation t% + (1 — t)% +ny=0 in

which #n 1is any positive integer.

" n n .
(x+y) = Z( ‘}r“y’
i=0\J

(Hint: The binomial expansion formula is useful.)
[95 ‘2%4\?%&&”, 5 10% ~ 94 Y&i)F ?%%‘-M, %20%]

. Find the solution of a differential equation

d’y dy
2 _y=0; 10)=0
it =y =0 ¥(0)=0,

(94 717~ 15%)

.Given that (1—1)y"+2y'+2y=6t; y(0)=0, »(2)=0. Please use the Laplace
transform to solve the problem. [91 F&J\?‘?&% 20%])

.Let u(t) denote the unit step function, find the Laplace transform of the

following function f ()= sin{3(4t—%ﬂu(4t—%), [94 FI%_[?":T‘?% 10%]

. Using Laplace transform to solve the following system equations:

{y{’=—kyl+k(yz—yl)
y;' =—k(y2 _yl)_kyZ

with ,(0)=1, »,(0)=1, ¥/(0)=+3k, 5(0)=—3k . [93 W5~FB 20%]




94. Using Laplace transform to solve the following linear system:

X"=2x"+3y'+2y=4
2y'=x"+3y=0

with the initial conditions x(0)= x'(0) 1'(0)=0.093 Y& s 15% )

. Using Laplace transform to solve the deflection u(x) of a fixed-end beam of
length [/ subjected to a concentrated loading P as shown in the following

differential equation.

4
Eld—ﬁ‘:m[x—ij, 0<x<l,
dx 3

with the boundary conditions u(0)=u(/)=0 and dzl_(()) = dZ—(Z) =0, where
X X
o ( ) is the Dirac delta function and the rigidity E/ and P are constant.

[93rY 474 20%])

. The RLC in-series circuit with R=-2(Q), L=1(H),and C=1/5(F). Using

Laplace transform to solve the loop current, i(t), which the initial conditions are

2(4), and '(0)=—4(4). [94 15 kS 10%]

. Given a mass-spring-damper system, with unknown values of K and C,an
impulse function r(t) =0 (t) generates an output response as y(t) =e'—e,
Now if we are given another input function r(t) =sint, please find the

corresponding output response. [94 f| Iiﬁh'fé&}% 10%]

. The initial value problem is given by

2x"+8(x—-y)=0, z=x-y, x(0)=2, x'(0)=0,

y(t)=2¢* for 0<t<%,

2z T 7
= —_— _ - f .
y(t) = S(t 6) or 1<%
where x=x(¢), y=y(¢), z=z(¢) and their first derivatives are continuous
functions of 7. Determine z(f) for >0 and evaluate z(z/6), z'(z/6),

z(7/3) and z'(x/3). [95 & S 17%])

99. Using Laplace transform to solve the boundary value problem:




y'=2y"+y(x)=x, »(0)=0, y(1)=-2.

(95 7B AR5 11%]

100. Solve " +20y' =4y =1, y(0)=y(0)=0. [91 {{RIFEHS 10% ~ 92 {IIFL{"
14%]

. Consider the following differential equation
0" =2(x—=1)y' =(3x+2)y=0

where y(x) is piecewise continuous on [0,o0) and of exponential order for

t>T.

(1) Y(s) is the Laplace transform of y(x). Please find limY(s). Note that you

§—>00

have to present the calculation procedure to get the score.
) If y(0)=a and y'(0)= 7, please find Y(s) intermsof a« and f.
(3) Find the inverse Laplace transform of Y(s),i.e., y(x).
(4) How many solutions do you get if ¢ and S are given? Please explain why.

(91 {1 fEe#s 20%)

.Solve y"—4ty'+4y =0, y(0)=0, »'(0)=10. [94 Y ¥ {5fb 15%)
Find L[y()], »"+y=e”[ rsin2edr. [94 55 Bh 12%)

. y(4) -2y"+y=1, y(O) y(S)(O) =0. Solve by Laplace transform.
(94}l lq\'alu’*r%‘ 10%])

. Solve y'+2y+6£z(t)dt=—2u(t), y'+z'+z=0, y(O):—S, 2(0)26. [95 ’F"[

R Ht% 20% )

. Solve by Laplace transform:
V== +1_u(t_1): Y=Y +1_u(t_l): yl(O):yz(O)ZO.
(93 Flp FF R 20%]

107. x'—4x+2y=2t, y'—8x+4y=1, x(0)=3, »(0)=5. Solve by Laplace
transform. [93 [ (*Z 10%]




108. Solve y"—8'+16y=3, y(0)=0, »'(0)=0. [93 Y577 ESH5 15%)
109. xy" -2y +xy=0, ¥(0)=0. Solve by Laplace transform. [93 ’F[“‘\“FE??&\% 15%]

110. By Laplace transform, solve x'+x—-y=2, y'—y+2z=0, z'+x—y=cost,
x(0)=1, »(0)=0, z(0)=2.[93 R 20%)

111. Solve #y"+(¢—3)y'+2y=0, »(0)=0. [89 iEIfEY 10%]

112. Using Laplace transform to solve
V=295 +3y,=0, y =4y, +3y;=t, y, =2y, +3y;=1.[92 ’?‘}ﬁ‘\kﬁ“ % 10%])

113. y"+awjy=Bsinawt, y(0)=0, y'(0)=0.

(1) 0,20
(2) wy=0 [95 & F5H% 20%]

114. Find the Laplace transform for the following periodic function.
(Note: In this problem, you should assign: y = f ( ), x=t and t>0.)

VAUR
2L

L
1 2 3

[94 [I1# [~ 10%)

s, R S o ER PRERS T S T AT M
i

(1) Define a function g(¢) by

t*+n, if t>0 and 3n<t<3n+3, n=0,12,--
g(t)=

0,ifr<0

What is the Laplace transform of g'(t) ?(5%)

2 2—¢° 2—s%e
A) = (B C
( ) S2 ( ) S2 _Szefs ( ) 2 -2s

SZ—S e




2 +
s =25 —8s -1

(2) Let h()=L‘1{(S2+8X€_S_e_zs)}. lim h()=?

(A)0 (B)1 (02 (D)3 (Eynone [94 & TS 10%]

116, [sin o] 1 < s Lsin cr]] - [93 1% [k 15%)

int, 0<t<
117. Given the periodic function f ( ) = {S(l)n ’ 5 ” Find the Laplace transform
, T<t<2rm

of [f(t)]. [94 I"E[FErkS 15% - 94 i FHS 10%]
118. Solve the following differential equation with initial conditions given
y'+2y+10y = f(¢), ¥(0)=1, y'(0)=0,

where f (t) is given by the following figure.

AR

1

(94 FIVEUES#]

119. Consider the RLC circuit shown below. Initially there is no current in the circuit
and no charge in the capacitor. At time ¢ =0, the switch is closed and left closed
for 1 second. Attime =1 second, the switch is opened and left open. Find the

current in the circuit.

A




R=150Q, L=1H, C=0.0002F, V =50V .
[93 & AF 12%]

120. Find the current 1 (t) in the figure with L =1 Henry, ¢ =1 farad, zero initial
current and charge on the capacitor, and v(z)=¢ if 0<z<1 and v(t)=1 if
t>1.

p——

I(?)
V(1) () g L

G
11
Il

(94 FFrk 15%1]

121.Solve y'+y=f(t), 120, f()=5(=3), ¥(0)=0, f(t)=f(t+5). (927
P 15%)

122. Find steady state current of the following circuit.

e(r) 4

0.005  0.01 0.015

R=250, L=0.02, c¢=2x10". [90 [ =¥} 20%]

123. (1) Find the Laplace transform of the function f (t) as shown.
(2) What is the solution of the equation, if y, =1 antif f (t) is given as in
figure with k=17

f(4

k 2k 3k
(90 fl = 20%])




124. Find L[£(1)], f(

£<z<; [91 575k ek 10%]

@

125. (1) Find a Laplace transform of the given infinite-duration pulses in Fig.1.
(2) For a first-order RL circuit in Fig.2 if v, (t) in part2 is used as an input, using

the Laplace transform method, show that

i)=Y (1Y ult—n)= 3 (~1y e - n)

n=0 n=0
where u(z) is a unit step function.

v (1) Volt}

2

Fig. 1

[91 % —T\J\Fuf 12%]

Solve f(t)=2¢+ [ sin(47) £ (t=7)dz . [93 i 7% » 93 712 7R

££20% )

. Solve the following integral equation:

(p(t)+costJ. cosrdr+s1ntj r)sinzdr = sin 2¢

(94 27 s 15%]

. Solve the following integral equation
y(e)=sin(20)+ [ y(z)sin(2(t- 7))z
[94 Hl#{?ﬁ?ﬁ%’ 10%]

. Prove that the Beta function:

[(m)-T(n)

()= (1= de= 0

, m>0, n>0,and I is Gamma




function. [91 :I:%_I%% 15%]

.Find L [ez’ I 0; e* cos3ad a} by methods below.

(1) Convolution theorem. (10%)
(2) Using L[ “£(t) ] F(s—a) and LU f(a }=1F(s). (15%)
s
[94 7~ —Fﬁlrﬁ?&% 25%]

Solve y(1)=2-3¢"~ [ ¢ p(a)da. [94 TS 10%)

‘Solve [(1)=60+[ f(r-a)eda. [94 1517 F#§ 10% ~ 93 7B 20%]
Find p(t), y(r)=sint+4e” =2 y(a)cos(t-a)da. [93 L ~(" 10%]
‘Solve y(r)=6t+ [ y(t—s)sinsds. [93 i~ EESF 10%]

- y(t)=1=sinh+ [ (1+a)y(1-a)da > 5 p(t) - [93 155 10%]

Find y(t), y(t)=cost+e™ [ f(a)eda. [92 [II#F2H 15%])
.Solve y"+(a+b)y' +aby=f(t), y(0)=c, y'(0)=d [92 557 FHE|Z 15%)

.Find y(z), y=te’—2e’J.;e’“y(a)da. [92 F&J\"Q‘Qlﬁ 15%]

Find f())=gle) f(0)=t, glt)=e". [92 F T 20%)

. Solve y”+y—4J.;y(a)sin(t—a)da=e’2’, W0)=1, y(0)=1. [92 ¥¥fy ks

10%]




141. (1) Derive L[tsin ﬂt]:22—2)2 by using L[tf(t)]:—%L[f(t)].

(s +p

(2) Solve y= 2z—4j )(t—a)de. [95 &5 10%)

142. Solve by Laplace transform xZ—u+% =xt, u(x,O) =0, u(O,t) =0.[94 1T &
X

%15%]

143. A semi-infinite string at rest along the positive axis with the left end moving in a

prescribed fashion. The displacement of the string can be described as following:

sin(277), 0<r<1
0, tr>1

2 0’y
ox

22 0|

»(x.0)= ZJ;(x 0)=0 (x>0)

Pease find y(x,7) using the Laplace transformation. [93 FITEFATR] 20% ]

144. Solve 2—+ 2x% =2x, v(x,0)=1, v(0,£)=1, by Laplace transform. [94 %]
X t

(=7 20%])
145. By Laplace transform, solve

ou 0’u

E—F, x>0, t>0,
X

u(x,0)=100, u(0,)=100, u(0,£)=20, 0<t<1, u(0,)=0, r>1.

Notice: The Laplace transform of complementary error function is
a 1 . SN
Llerfcl —=||=—e . [923%X17 " 25%])
{ " [ZJ? ﬂ s °

Fu_du
ox> ot

(93 Y1744 25%]

146. Solve a* — 0<x, 0<t, u(x,0)=0, u,(x,0)=0, u(co,z) is finite.




ou o'u

147. Solve = o 0<x<m, >0, u(0,¢)=u(x,)=0, u(x,0)=sinx. [92 i

2
X

TS 10%]

148. Solve the following boundary value problem by Laplace transform.

Oou 0u

E—@(x>0,t>0)

u(x,0)= A(x>0), u(w0,z) is finite
u(o,t):{B,for 0<t<t,

0, for t > 1,

Note: The Laplace transform of erfc(ij is le*“ﬁ, erfe(x)=1-efe(x). [90
s

2t

IR 20%)

. Solve azuxx =u,, x>0, t>0, a isapositive constant, u(x,O)z 0,

u(x,O):k, u(O,t)zO, u(OO,t) is bounded, solve wu. [94 1577 4k 2 15%])

. Find the solution p(x,t) of the following partial differential equation:

O'p _12°p

e 75,2 :5(x—at), c>a>0, 0<x<o, 0<t<.
X c” ot

p(x,0)=0, dp(x,0)/0t=0, p(0,t)=0, p(x,t)<o0 as x—>oo.
Note: & denotes the Dirac delta function. [88 & 84w 20% ]

. Using Laplace Transformation (with respect to ¢) to solve the partial differential
equation.
y,(x,t)=a’y_(x,t)-g, x> where a and g are constants.

And y(x,t) satisfies the boundary conditions y(x,0)= y,(x,0)=0, »(0,£)=0,

limy (x,£)=0. [89 &P+ 7+ 15%]

152. Solve ‘Z—‘t’+ag—”=—ku, u(t,0)=bsinwt, u(0,z)=0. [92 FiEN=T 15%]
z




153. Calculate Laplace transforms of real-valued, square-wave function f(¢) with

period 2 xc, where

f)=0 if <0
f()=1 if nc<t<(n+1)c,and
ft)==1 if (n+le<t<(n+2)c,for n=0,2,4..

[89 4%t 16%]

154. o [ 5(at=b)-x(e)dr - [88 { (%I 5%)

155. Find the integral J.(joexﬁ[(x—1)(x—2)(x+3)]dx. [ 88 JE 472 8%

156. = FHECS () ORI » = <1 £ (0) 147 47 2 Laplace) b33
Ll @)]=F(s) - ﬁ*L{f(t;aﬂ CHl1ab>0 > ab il

7 @)

f()=0
» f <)

0
(90 771535 15%]

157. Find L[sinat-coshat —cosat -sinhat]. [90 3—@3}%’%10%]

158. By Laplace transform, solve y"+8y'+16y=t’¢"" » »(0)=1 > y'(0)
f‘ﬁx?ﬁ%ﬁ %10%]

159. Using the Laplace transform to solve the following differential equation.
»(0)=y'(0)=1.

(90 % ik 10% ]

00<t<rx
3cos(t) >z’

y”+4y={

160. Using the Laplace transform to solve the following initial value problem:




y' =4y +4y=5(-1), »(0)=0, y'(0)=-1.

(90 11! 5 20%])

161. y"+5y'+6y=85(t), »(0)=3, y(0)=0.
(1) Find solution of y(7).
(2) What are y(O) , y’(O) ?  Using this information, what physical
phenomena does delta function model? [90 a3 £S5 14% ]

162. (1) Solve y'+2y=3u'+2u, y(0)=2,where u(t) is a unit step function.
(2) Check the solution of part (1) if y(0)=2. If not, try to explain.[ 90 %
25%])

163. (1) From the properties of Dirac delta function, expand ¢ (1 —4¢ ) as the sum of
delta functions with simple argument; that is, find the parameters 4, and

a, suchthat S(1-4¢*)= 46(t—a,)+ 4,0(t—a,)+... holds.

n

(2) Solve the following equation by Laplace transform:

2
dy+2dy

" E+2y=5(1—4t2), »0)=0, y(0)=0.

(3) Is the solution y(t) in (2) continuous at ¢ = % ? If not, how are y(ﬁ) and

y(f) related? Explain how you can figure out this relationship simply from
the equation itself without actually solving for the solution. [ 88 1%4\?%7&%
15%])

164. Show that the Laplace transform of In(t) is L[ln( )] = M where the
s

Gamma function is defined as F(r) = I:u’_le_”du (87 FE N EiS 10%]

165. Solve the equation y"+4y' +4y = f(¢), y(0)=1, y'(0)=2.

fl)=1, 0<r<2
f(e)=0, t>2

[90 &[T 20%]

—3s e—3s

(537 (*+ds+13

166. Find the inverse Laplace transform of ) [88 ’F ‘[%i[?qﬂ'




10%]

. Solve the initial value problem:
n ! 5 !
V' + 2y =glt), (0)=0, y(0)=0 where g )={

7+ 25%])

LOLt<rx

[89 A+
0,27

57 +2s
(sz—i-2s+2)z .

_Find f(¢) if F(s)= (90 TS 10%]

3s+5

.Find L~ {me S:|. [90 H[’Fl%&} 15%]
.Solve y"+2y' +y=05(t-1), »(0)=2, y'(0)=3. [90 I 7S 10%)

. Using Laplace transform, solve
(1) y"+5y'+6y=ult—1)+5@-1), y(0)=0, y(0)=1.
(2) y" =2y +2y=8e"cost, y(0)=16, y'(0)-16. [90 7 TS 20%]

. Solve the following initial-value ordinary differential equation.

d’y . dy
AV 2% L 5,-h
a a7 (1)

ht)=1, O<t<x
ht)=0, t>x
»(0)=y(0)=0

[90 {115~ 15%])

.Solve x"+4x=0"(t). [90 &~ 15%)

.Solve y"+2y'+5y=e"cosx, y(0)=y'(0)=2, using the Laplace Transform.
(88 47| /1T 20%)

. Using the Laplace Transform to solve y"+ 2y’ +2y = cost5(t —37z) subject to
y(0)=1 and y'(0)=—-1, where S(¢) is the Dirac delta function. [87 7* ;Fﬁ' [~
15%])

. Solve the initial vale problem

y' -4y =f(t); »(0)




where f(t)=0 if t<3 and f(t)=¢ if t>3. [90 BEZfESHH 20%]

.Solve y"+5y'+4y=r(t), r(t)=1 if 0<r<1 and0if ¢>1; ¥(0)=0,
1'(0)=1. [90 [Ir#F1K] 20%]

. Find the Laplace transform of the function f(¢)=te™ cos(3t). [90 ?—‘EI%—?&%
10%]

) ,TJ*LI[cot1 i} - [89 ﬁgﬁi[%ﬂ/ 10%]
T

.Given L(f(z))=F(s), use the convolution theorem to show that

L' (S%F(s)jzj;jo"f(a)dadr

where L is Laplace transform and L' is the inverse Laplace transform. [ 88

’F[ﬁl?‘__ﬁ&“ / 10%]
. Find integral of z(r)= j; e "= sin (t—a)a. [89 [+ 4 20%]
. Find Laplace transform of f (t) =tanar . [[ITEFFE 6%]

=F(s) > E“limf(f)ZliiI(}sF(s) - [88 7% 10%]

t—0

. Using the Laplace transform to solve Bessel’s equation of order zero.
B +y +ty=0, y(0)=1.
[91 & A8 15% > 89 F&J\?ﬁﬁ%\% 10%])

. Find the step and impulse response for the equation.
2x"(¢)+4x'(¢)+10x(e) = £(¢),

where  f (1 )25(1 ) and u(t), respectively. The initial conditions at =0 are
x(0)=(0)=2"(0)= 0. [90 % *~FEfFs 20%]




186. Find convolution of u(t —E)*COSt. [89 ;%I?LTIS{\&; 10%]

187. Solve the following equation by Laplace Transform method, and state the

advantage of this method.

0r<0

y’+3y+2j;ydt:2u(t—l) where y(0)=1 and u():{l 50"

(88 7 %1447 20%]

2
188. Find L’l{ln s+l
s +S

}. [89 2% Eeks 10% ]

N sin kt — kt cos kt _9
2k°

1 1 1
D Q)——— () (4
()S2+k2 ()(S2+k2)2 ()(S2+k2)3 ()SZ_kZ
(87 i 5%]

L oL

(s —#f
.Solve y"+9y = f(x), ¥(0)=2, »'(0)=1. [90 FI#E" 10%]

R L[ sinot] - [88 & i 5%)

.Solve )" +4y=sinm(t-2x), y(0)=1, y'(0)=0. [89 fli![FEHs 15%]

. Find L{ j ‘Sihau du] [87 3544128 5%]

0 u

_[/ﬁ .
. © e sin ¢
. Find .[0 E—

; dt. [87 f}ﬁ[%%‘ 15%])

.Find:(l)L[etnﬂd@} @) L[] (3)[{ il ]{87 FFAFErHS 20%)

n! " s +1

a #} [90 flik+ A 25%]




197. Find cosat*lsinat. [89 & 4548 16%]
a

-2s
198. Find the inverse Laplace transform F (S) = (2L

[88 =% I%E& 10%]
s2+4)2

199. (1) Using the convolution formula to find the inverse of the following Laplace
1

transform H(S):T(z_)-
sT\sT+1

(2) Find the Laplace transform of g(¢)=sin(wt +v), where @ and v are

constants. [ 88 ng\'?’#ﬁ% 10%]

.Solve y"—2y'+2y=0, y(O) =-3, y(%ﬂj =0 by Laplace transform method.

[90 {11k 10%]

Solve #"+(t—1)y'+y=0, »(0)=0. [9OF‘—[F i+ 3%])

. Solve the following problem using the Laplace transform.
" +(t=3)y' +2y=0, »(0)=0.

[89 7RI 10%])
Solve 3" +1/—y=0, »(0")=0, »(07)=1. [90 [l EsH4 15%]

.Let &(¢) denote the Dirac delta function, what are values of y(O*) and y’(O*)

for the following initial value problem?
y'+4n —4y=35(); y(0)=0, y'=-7.
[87 ’Fﬁ\%‘?{ﬁ& 10%]
. Using the Laplace transform only to solve the differential equation

y"+16y = cos(4¢) with the initial conditions y(0)=0 and y'(0)=1. [90 &~
PrEl 15%])

206. FiEI=" (forced oscillator)py-f CFREIEY AL -




my + ky = F, cosat ,(F, > 0, > 0)
FIAIRIF 1 1(0)=0 » 3(0)=0 -
(1) i y(e) =2

@ fjo— a)o[z \/E] » 561 v(e) I AREY - [90 LA 20%]
m

207. Using the Laplace transform method to solve the following ordinary differential
equation. &y +(4¢-2)y'—4y =0, »(0)=1. [88 & 5 10%]

208 B £+ T)= 1)+ WILLA (] = o [ e p (1) - U7 {71
il 10%]

209. Find steady state current of the following circuit.

e(r)

h

NV

9

0.005 0.01 0.015

L

where R=250, L=0.02, C=2x10"°. [90 Hﬁ’?*%ﬁﬁf 20%]

210. (1) Find the Laplace transform of the function f (t) as shown in Fig 1.
(2) What is the solution of the equation? If y(O) =1 andif f (t) is given as in

Fig. 1 with k=12

J{)
4

45° /// .

k 2k 3k

Fig. 1




[90 47 20%])

211. Solve the differential equation by means of the Laplace transformation.

V'+2y +10y = r(t)

where r(t):{ 1(0<t<n) , r(t+27)=r(t). [90 Hl%\'?ﬁﬁ%‘-}? 15%]

-1 (7Z'<t<272')

212. Find the Laplace transform for the following periodic function.
(Note: In this problem, you should assign: y = f (t), x=t and £>0.)

J()

F 3

2 3

[90 IV 20%)]

k ke™”
ps’ (1 e ’”)

[89 IS 5%)

Find L [

}, both p and k£ are constants, and plot the curve.

213. Consider the Integral-differential equation,
+2I -cos(t—7)dr = f(t), »(0)=0,

where f (t) is shown as below.

f(t)
N

(1) Find the Laplace transform of f (t)

(2) Take the Laplace transform of the equation and find the associated




Y(s)=L[y()].

(3) y(r) maybe written as y(r)= iz(f —n), find z(¢). [86 (FH\FFE?% 30%]

n=0

214. A spring-mass system is excited by the function of

20 ,0<t<1
)=
f() {—20,1<t<2

with f(1+2)= f(¢). Find the solution of transient response together with steady
state response with mass =1, dashpot ¢ =3 and spring rate & =2.[90 EFES
% 20% ]

215. Find the Laplace transform of the function f(¢)= sined|, a>0. [87 fl1! 5t

10% > 88 111 [k 15%]

216.Let L{f(£)]=] e f(t)dr.

(1) For what value of s is L [1 - e"Z’] convergent.

@ Given 1[1(1]= :

24 1) (1 _ e—ﬂs)’ is f (f ) a periodic function of period

T =7 ? What is IOTef‘” (¢)dt? [86 ’F[J\}E‘S}W 13%]

1,05¢t<rx

-1, 7<t<2x

, fe+27)=1(0).

217, 3+ ay=1(0), y(0)=0. »(0)=0, f<>={

Solve the initial value problem. [86 5% *+ % 16%]

218. Consider an RLC circuit in series with a battery, with
R=60Q, C=10"F, L=1H, E,=10V.

Suppose the switch is alternate closed and opened at times =0, 0.1z, 0.27,
0.37 ...,and i(0)=7(0)=0. Derive the current i(z), (0.1)nz<t<0.1(n+1)z.




C

swich

i G [
———-"ﬂ?b'\————r

(86 & 7 11%]

219. f( ):{(1) J;:; (1)2;6:; and f(x+2)=f(x), find Laplace transform of

d’ d . e
f(x) and solve dx{+2d—i+2y=f(x), ¥(0)=0, y(0)=0. [88 Y%{?:ﬁi‘&}‘

10%]

220. Find the steady state current in the circuit by Laplace transform V(t) =t,
O<z<l,and V(e+1)=V(). [86 i [ 10%]

2 2
221. (D) If ZT?=8M 0<x<oo isone sidedthat v(t)=0 for <0 and v(t)=V,

o’
for 0<t<a,and0if a<t<2a,and v(t+2a)=v(t) for ¢>0.Find the
Laplace transform of v(z).
) If y(t) satisfies the differential equation: y'+ y = v(t), and y=0 for
t <0. Find the steady-state solution of y by Laplace transform method. [ 90
A E]

222. Consider the circuit in Fig.1, the voltage-source v, (¢)=Vu(t), where ¥ =10(V)
and u(¢) is unit step function, initial current i, (0)=0(4). Derive and solve the

i,(z) by differential equation.

V&)=V,

Fig. 1

[90 JE[3FjF4 15%]




223. Given y!'=—ky, +k(y, -y,

Yy = k(yz _yl)_kyz
where y,,y, arefunctions of ¢ and k& which is a constant. The initial

conditions are y,(0)=1, ,(0)=1, »/(0)=(3k)"*, y(0)=—(3k)"*. Solve for

Equations (a) and (b) using Laplace transformation method. [90 ’F R )

224. Solve

x;':gxl +§x2 ofi—H(-3)],

v S 13
X, =5x1 ——X,,

2
%(0)=x,(0)=0, x(0)=x;(0)=0.

(O1 IR 15% > 90 ¥y 15%)

225. Using the Laplace transform to solve the system.

X4+2x—y' =0, X+y+x==; x(O):y(O)zO. [90 F‘)“\f%"{?‘ig' 15%]

226. Using the Laplace transform to solve the given system of differential equations.

X"+x'+y' =0,

y'+y' —4x'=0,

and x(0)=1, x'(0)=0, »(0)=-1, »'(0)=5.[89 [T 10%]

227. Solve the initial value problem using the method of Laplace transformations:

dx =2x-3y

‘g subjectto x(0)=8, y(0)=3.
—y:y—2x

(88 1™ 15% » 88 & F 11%]

228. Using the Laplace transform method to solve the simultaneous differential

equation.

4d*u d_zv

% +dt2 -v=0, —5-u-v=0,

dt?

where #(0)=1 and «'(0)=v(0)='(0)=0. [88 55+ 7 20%]




229. Solve

(90 77175 30%]

230. (1) What is the general procedure for solving an ordinary differential equation
with Laplace Transforms?
(2) Please solve the following ordinary differential equation with Laplace
Transforms.

ﬁ+2d—y+2x+2y=0,
dt dt

Initial conditions: x(0)=-1, y(0)=1.
[90 =%~ ESH 10% )

231. Please solve the following integral equation:
y(e)=sine+ [ y(T)sin(¢~T)dr

(90 #-3¢7 ~ ik 7%]

232, RiEA T f(t)=3t2—e”—[;f(s)e”“ds = [90 "% {=~ 15%]

233. a)(t)zf(t)—i-_[;f(t—u)v(u)du ; v(t)z{;g(t—u)w(u)du,

0(0)=J,(r)di=[ v(t)dt: ft)=2e"s gle)=pe™:

where A and u are constants. Please solve Q(z). [90 ’F P NELT 20%])

234. Solve the integral equation f'(¢)= cost+e’2tj;f(r)e21dr 88 :It’i[ﬁ?:f 10%])




235. Solve the following integral equation f () =2¢? +_[0tf(t—a)e’”‘d0( . [88 ’F"ﬁ\

st 10% ]

. Solve the integral equation for y(t).

y(6)=2 =4[ (t-7)y(z)dr

[88 Wk 14%)

.Find y(z), y'(t)—i—j;e’fy(t—r)dr:l; y(0)=0. [90 Flﬁ[ﬁﬁi 15%]
. Solve Y(t):t2 +I;Y(u)-sin(t—u)du. [91 Hlplﬁﬂé‘[ 20%]
. Solve the integral equation of y(7)e* =¢' —3j;y(r)e3rdr.[90 Hipl I’F‘:Tﬁﬁx‘;r 20%])

. Find Laplace transform of e’z’j(j e’ cos3ada . [90 yavE %J"FI:T‘ 10%]

t

_Find y(z), y(t)—jo

y(a)sin(t—a)da=e* . [90 FII%L??E‘% 10%)

.Find y(z), y'(t)=cost+I;y(a)cos(t—a)da, ¥(0)=1.[90 [l VEUEsHS 15%]

. Solve by Laplace transform xg—u + 2—1; =xt, u(x,0)=0, u(0.£)=0.[90 Flr# [~
x

T20% 0 91 TR [T 15%])

. Solve the following boundary value problem by Laplace transform.
ou o’u

o o

u(x,0)= A(x >0), u(ot) is finite.

(x>0,t>0),

Note: The Laplace transform of erfc(iJ is Lo and erfe(x)=1-erf (x).
s

24t

[90 %14 5 20%




245. A semi-infinite string at rest along the positive axis with the left end moving in a
prescribed fashion. The displacement of the string can be described as the
following:

O’y L%

= a 5
ot’ ox*

sin(27¢), 0<¢<1

y(0,1)={ :

0, t>1

y(x,O):%(x,O):O (x>0).

Please find y(x,t) using the Laplace transformation. [ 87 ’F (7T 10% 0 88
HIE s 15%]

246. The displacement u(x,t) of a semi-infinite string is governed by the following
partial differential equation.
ot o’
where c¢ 1is a constant with the initial conditions
ou (x, 0)

O<x, O<t¢t

0)=0, ———~=0
u(x,0)=0, p

And the excitation f (t) at one end of string, that is,
u(0.0)= 1)

Then, what is the solution of u(x,z)? [91 554 # 20%])

3

247. Solve the partial differential equation 271: = 6_u , where u is a function of ¢ and
X

2
x satisfying u(x,t=-0)=0, u(t=0,x)=0, % =0 and ZT? =€

t=0 =0

(88 i~ fErk 13%]

248. T} advection equation :
oc oc
5+V§—ua(x)—ub(x), 1.C.: C(x,0)=0; B.C: C(0,t)=0

1 V=constant ; uc(x) £ step function ; b >a - [88 FE[HT 15%]




249. Using the Laplace transform to solve the partial differential equation for a
non-periodic function u(y,z).
ou Ou
ot oy
The initial and boundary conditions for u are
u(y,0)=0, u(0,£)=-u,(t), u(w,t)=0.
Hint: (1) Using convolution theorem &

2) L-l{e‘ﬂ - L‘{éﬁﬁ}

[89 <7 12%]

. Find the solution p(x,t) of the following partial differential equation:

2 2
af—%af:dx—at), c>a>0, 0<x<o; 0<t<oo;
ox c- ot

with p(x,O) =0, 8p(x,0)/8t =0, p(O,t) =0, p(x,t) <00 as x—> o0,
Note: ¢ denotes the Dirac delta function. [88 & #8475 20% ]

. Solve the partial differential equation of

2 2
%:%%—sinaﬂ for 0<x<ow and 0<t<w.
X C

Boundary condition ¢(0,)=0.

. o 0 e[ gt = A
Initial conditions @(x,0)=0, a—f(x,0)=0. [88 :I)ﬂ%ﬁi@p 20%]

. Solve %—G)er%—c;):O, o(x,0)=0, o(0,1)=2¢, t>0. [88 &+ % 20%]
X

. Solve %—f+2x%—cf=2x, o(x,0)= w(0,t)=1. [88 TiEl7i= 10%]

. Solve (2—w+(2—2:+2u=0, —w<x<o, t>0, u(x,0)=sinx. [88 5H*F]
X

10%]

. Using Laplace Transformation (with respect to ¢) to solve the partial differential




equation.
y,(x,t)=a’y, (x,t)—g,where a and g are constants;

and y(x,z) satisfies the boundary conditions y(x,0)=y,(x,0)=0,

7(0,1)=0, limy, (x,£)=0. [89 &I+ + 15%]




