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ABSTRACT

Based on thermoporoelasticity, the isotropic linear
elastic saturated porous media of full-space and half-space
domains are studied. The steady state fundamental solutions
due to point force, point heat source, and point water source
are obtained wusing integral transforms. The derived
three-dimensional fundamental solutions can be used as a basis
of the boundary element techniques to solve the nonisothermal

poroelastic problems.

Keywords: Porous Medium, Full-Space, Half-Space,

Fundamental Solution.
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ABSTRACT

Based on Biot’s linearized quasi-static elasticity theory
of fluid-infiltrated porous materials, the constituent
compressibilities of fluid and solid are taken into fully
account on the mathematical modelling. The study is
solutions of transient

focused on the analytic

consolidation due to a point sink. Using
Laplace-Hankel integral transforms to solve the
presented model, closed-form solutions of horizontal
displacement, settlement and excess pore fluid pressure
of the strata are derived. The compressibility of solid
skeleton and pore fluid are important on transient
consolidation deformation process. = However, the
long-term consolidation behaviors due to groundwater
withdrawal are not directly dependent on the
compressibility of poroelastic constituents of the

saturated aquifer.

KEY WORDS

Closed-form  Solution, Consolidation Settlement,

Golden Ratio, Groundwater Withdrawal.

1. Introduction

Large amounts of groundwater withdrawal from certain
types of rocks, such as fine-grained sediments, can
induce land subsidence [1]. The stratum compact on
itself when the groundwater is withdrawn from the
saturated aquifer of the strata. As water pumps from
an aquifer, the pore water pressure is reduced in the
withdrawal region. It leads to increase in effective
stress between the solid skeleton and thus the
subsidence of ground surface.

The three-dimensional consolidation theory
introduced by Biot [2,3] is generally regarded as the
fundamental theory for modelling land subsidence.
The approach is followed by Rice and Cleary [4] who
provided an elegant formulation of Biot’s theory in
terms of easily identifiable quantities and material
constants. Bear and Corapcioglu [5,6] presented the
modified Biot’s equations where the pore fluid is treated
as compressible, and the solid skeleton is assumed as
incompressible. Based on Biot’s theory modified by
Bear and Corapcioglu [5,6], Booker and Carter [7-10],
Tarn and Lu [11] presented solutions of subsidence by a
point sink embedded in the saturated elastic half space at
a constant rate. Chen [12,13], Kanok-Nukulchai and

Chau [14] presented analytic solutions for the
steady-state responses of displacements and stresses in a
half space subject to a fluid point sink. Lu and Lin
[15,16] displayed transient displacements of the
pervious half space due to steady pumping rate [15] and
impulsive pumping [16]. The results presented by Hou
et al. [17] shown that ground horizontal displacement
occurred as groundwater withdrawal from an aquifer.

In the past, attempts made to model the
subsidence due to groundwater withdrawal have usually
employed Biot’s model with compressible pore fluid.
In this paper, both of solid skeleton and pore fluid are
treated as compressible constituents on the mathematical

model. The saturated strata are modeled as a




homogeneous isotropic pervious elastic half space.
The transient ground surface displacements and excess
pore fluid pressure of the saturated porous aquifer due to
a fluid point sink are obtained by using Laplace-Hankel
integral transforms. Analytical results are illustrated

and discussed to show the time dependent consolidation

settlement subjected to groundwater withdrawal.

2. Mathematical Models
2.1 Basic Equations

The formulation of Biot’s equations follows the pattern
from Rice and Cleary [4] who provided an easily
identifiable quantities and material constants. The four
basic material constants selected in the constitutive
equations are the shear modulus G, the drained
Poisson’s ratio v, the undrained Poisson’s ratio v,
and Skempton’s pore pressure coefficient B [18].
The physical ranges of B and v, are obviously
0<B<l [4] and 0<v<v, <1 [4], respectively.
constituents, the

For incompressible poroelastic

coefficients B=1 and v, =1 . According to Rice
and Cleary [4], the reformulated constitutive relations

are expressed as [19]:

I 3(v, —v)
1-2v 7 B(1-2v)(1+v,)

o, =2Ge; + ps;, (1)
2GB(1+v,)

2 2
.. 2B (1-2v)(1+v,)
3(1—2vu)

9(v, -v)(1-2v,)

p= (2)

in which o, are the total stress

;o p oand g,
components, excess pore fluid pressure and solid strain
components of the poroelastic media, respectively.
The fluid pressure p is positive for compression. The
parameter ¢ is the variation of fluid content per unit

reference volume. The volumetric strain of the skeletal

material is denoted by ¢ and e=¢,+&y+&,;; 9

is the Kronecker delta. The inversions of equations (1)

and (2) are shown as the form:

3(v,-v)

1 14
K _E(% _ma""gffjJrzGB(lw)(lwu)
(v, -v)(1-2v,) 3(v,—v)

po,;, (1%)

= p+ & (2%)
2GB* (1-2v)(1+v,)’

B(1-2v)(1+v,)

The solid strain components &, and

)

displacement components u;, are governed by the

linear kinematic equation:

gy =(u,; +u,,). 3)

The total stress components o, must satisfy the

equilibrium equations:

o, . +b =0, C))

y.J

where b, denote the body force components. The

mass balance for the fluid phase is denoted by:

J¢
—=+v.+q=0, 5
o Vi td (%)

in which v, is the specific discharge velocity

components; and ¢ is the rate of fluid extracted from

the saturated porous aquifer per unit volume.
Assuming that the pore fluid flow is governed by

Darcy’s law, we have

in which k& denotes the permeability of the porous

aquifer and y, is the unit weight of pore fluid.




The governing equations (1) to (6) can be
combined to yield various field equations for the
solutions of boundary value problems.

and (3) into (4), (2*) and (6) into (5), respectively, then

Substituting (1)

the equilibrium equation (4) and mass balance equation
(5) can be expressed in terms of displacement
components u#, and excess pore fluid pressure p as

below:

Gv a_g_aa_p.}_bi:(), (7a)
1-2v ox, o,
9(v —v)(1-2
()1-2) @ o
P S ey &

where « 1is known as Biot’s coefficient of effective

stress which can be defined as

Y 3(v, -v)
B(1-2v)(1+v,)

The above mathematical model is known as
coupled model of poroelasticity where the flow field is
dependent on the displacement field. The coupling
term Og/0t in equation (7b) is neglected in this paper.

Figure 1 presents a fluid point sink buried in a

saturated porous half space at a depth 4. The constant

pumping strength is denoted as @ at the location
(0,h).

axisymmetric poroelasticity problem with a vertical axis

Introducing the equilibrium equations for

of symmetry and neglect the effects of body forces 5,,
then equation (7a) is transformed to equations (9a) and
(9b). Moreover, assuming the flow field is
independent from the displacement field, then the mass
balance equation (7b) can be expressed as (9¢c). After
doing so, the uncoupled governing equations in axially
symmetric coordinates (r,z) are derived in terms of
displacements u, (i =r,z) and excess pore fluid

pressure p as following:

G Gg_Gu,, aa_pzo

GViu, + — 5
1-2v or r or

B

G 65_06@20’

GV’u, + —
1-2v oz 0z

ov, -v)(1-2v,) op
Yy 2GB* (1-2v)(1+v, ) ot

+-2 5(r)8(z—h)u(t)=0,

27r

V2:_2+la o

—+— is the
or* ror oz

where Laplacian

ou, e Ou,
rr 0Oz

operator and ¢= is the volumetric

strain of the poroelastic aquifer; &(x) and u(r) are
the Dirac delta function and Heaviside unit step function,
respectively. Equations (9a) to (9¢) are the uncoupled
basic field equations with a point sink at a constant
pumping rate in which the fluid and solid are treated as

compressible constituents.

Pervious Surface

Point Sink of
Strength O

Saturated Poroelastic
Half Space

Sy €-t--c-cc--@=--- - g

Figure 1. Poromechanics of point sink problem.

2.2 Boundary Conditions and Initial Conditions

The half space ground surface is treated as a pervious




traction-free boundary for all times ¢>0. Therefore,

the mathematical statements of the ground surface
boundary z=0 in axisymmetric coordinates (r,z)

are:
o, (r0)=0, o_(r,0,)=0, and p(r,0,/)=0.(10a)

The displacements and excess pore fluid pressure
at the remote boundary z — oo due to the effect of a
point sink must be nil at any time. These conditions

are written as

lim{ur (r,z,t),

Z—0

u, (r,z,t),p(r,z,t)} = {0,0,0} .

(10b)

Assuming no initial displacements and seepage of
the strata, then the initial conditions at time ¢=0" of
the mathematical model due to a fluid point sink is

treated as

u,(r,2,0')=0, w(r,z,0")=0, and p(r.z.0)=0.(11)

The mathematical model in this study is based on
the governing equations (9a) to (9c), the corresponding

boundary conditions (10a)-(10b) and initial conditions
(11).

3. Laplace-Hankel Transformation
Analysis

Applying initial conditions in equation (11), the
governing partial differential equations (9a) to (9c) are
reduced to ordinary differential equations by performing
Laplace-Hankel transforms [20] with respect to the time

variable ¢ and the radial coordinate r, respectively:

s

+2£5(z_h):o,

2GB* (1-2v)(1+v, )’

(12¢)

where ¢ and s are Hankel and Laplace transform

parameters.  The symbols 7= (1 - v) / (l - 2v) and

i,, i, p aredefined as

»

i, (z;cf,s) = ij mrur(r,z,t)exp(—st).], (ér)dtdr, (13a)
i, (z; /;',s) =jwj mruz(r, z,t) exp(—st)JO (fr) dtdr, (13b)

(z;é‘,s) = j xj wrp(r,z,t) exp(—st).]0 (§r)dtdr, (13¢)

in which J,(x) represents the first kind of Bessel

function of order a. The Laplace-Hankel inversions

of equations (13a) to (13c¢) are:

é: s)eJ, (fr)dsdgg (14a)

e
s

p(r.z.t) 2mf IM (z:£.5)e"J, (Er)dsdé. (14c)

§s e"J (fr)dsdgg (14b)

The general solutions of equations (12a) to (12c)

are obtained as

i, (z; f,s) =C exp(fz)—i— szexp(fz)
+Cyexp(—¢z)+Cyzexp(—¢z)

+C; exp[ |&? +£z] +Cq exp(—‘ /4‘2 +£Z]
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QOWf[ C
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+i2§ §2+£7 exp(— §2+£|Z—h|J] ,(152)
S C C

i, (z&,s)= [—Cl +%éczjexp(§z)—czz exp(&z)

+[C3 +%é@]exp(—§z) + Qzexp(—é‘z)

1 é‘2+£C5 exp[ /fz +£z]
¢ c c

+l §2+£C6exp(— f§2+£zj
¢ c c

¥ Qaz, {i
871Gk | s*

—%exp(— §2+£|z—h|J:|,
s c
ls , S
=-2nG——C;s exp +—z
2nG——C;
(e c

esp(~¢le - )

N

(15b)

G exp| - |2 422
Ec c
-1

[— §2+£|z—hj,(l5c)
C

2GB* (1-2v)(1+v, ) &
(v, -v)(1-2v,) 7,
and the constants C, (l’ =12, 6) are functions of the

where the parameter c=

transformed variables & and s. These variables are

determined from the transformed boundary conditions.
The upper and lower signs in equation (15b) are for the
conditions of (z—4)>0 and (z—#%)<0, respectively.

The constitutive relations (1) and linear kinematic

equation (3) for axially symmetric deformation, i.e.,

Ou u Ou
=—", &p=—— and ¢, =—=,

- o are used to
or r Oz

reformulate the half space boundary conditions in
equation (10a). After doing so, the Laplace-Hankel

transforms are applied to (10a) and (10b) with respect to

the time wvariable ¢ and radial coordinate r,

respectively. The mechanical and hydraulic boundary
conditions at z=0 and z-—>oo of the transformed

domains (z;¢,s) are derived as follows:

dii, (0;£,5)
g dz

dii, (O;f,s)
dz

p(0:¢,5)=0,

+(n-1)éi, (0:£,5)=0, (16a)

—&it, (0:6,5)=0, (16b)

(l6c)

lim{i, (z:£,5), . (z:£,s), p(2:£,5)} ={0,0,0}, (16d)

Z—>0

where i, , i and p follow the definitions shown in

equations (13a) to (13c¢).

The constants C, (i =1,2,-, 6) of the general
solutions are determined by the transformed half space
boundary conditions at z=0 and z-— o asshown in
equations (16a) to (16d). Finally, the desired quantities

u, and p are obtained by applying appropriate

ro z

u
inverse Laplace-Hankel transformations [21,22].

The focus of the study is on the ground surface
horizontal ~ displacement  u, (r,O,t) ,  settlement
u, (r,0,1) and excess pore fluid pressure p(r,z,¢) of
the strata due to a point sink. The transformed ground
surface displacements and excess pore fluid pressure of
the strata are derived from equations (15a) to (15c¢) with
the transformed boundary conditions (16a) to (16d), and

they are obtained as follows:

1-2
i (O;f,s)z%{s%exp(—gh)

—%exp(—w/éz +5hﬂ :
N C




Applying the Laplace-Hankel inversion formulae
(14a) to (l4c), equations (17a) to (17c) lead to the
following transient ground surface displacements by
letting z = 0 and the excess pore fluid pressure of strata

as below:

_ Q)/_/-(l_ZV) ctr

272Gk |

u, (r, 07t) (rz e )3/2

B "+ 20

N+ B
o , (18b)

+ h erfc
2P+ i

Oy, 1 rz—i-(z—h)2

Ak | 2+ (z=h) i v

p(r,z,t)=—

1 }"z—k(z—i-h)2

erfc
L -

2 +(z+h)2

. (18¢)

Here, erf (x) and erfc(x) are known as error

function and complementary error function, respectively.

The complementary error function erfc(x) is defined

as  erfe(x)=1-erf(x) . The symbol

1, (%)
represents the modified Bessel function of the first kind
of order v.

The long-term ground surface horizontal

settlement . (r,O) and

z

displacement (r, 0),

r

excess pore fluid pressure p”(r,z) of the aquifer are

obtained when ¢ — oo . Itleads to:

%4 (1-2v) rh

Gk i (N7 0 )

u’ (r,0)=

» (192)

:ny(l_zv) h

4Gk f2 o

Oy, 1 B 1
| 2 (z=h) P+ (zeh)

(19b)

(r.0)

pw(r,z)= .(19¢)

The equations (19a) to (19¢) show that the
long-term consolidation behaviors are not directly
dependent on the poroelastic coefficients B and v, .
However, the poroelastic constants B and v, can
affect the transient consolidation deformation process as
shown in equations (18a) to (18c) through the parameter
of constant c.
surface

The maximum long-term  ground

©

horizontal displacement u and settlement u

r max

of the half space due to a point sink are derived from
equations (19a) and (19b) by letting r =\/$h and

r =0, respectively. These displacements are

" =ur(\/5h,o,oo)=—ML, (20a)

r max 4ﬂ'Gk ¢2.5

o =1, (0,0,00) = 22022

=u 20b
z max z 4rGk ( )

in which ¢:(1+x/§)/2z1.618 is known as golden

ratio [23,24]. The value r= \/Eh is derived when the




slope of horizontal displacement du’ (r,O)/dr

becomes  zero. Completing the differentiation

procedure, the slope of displacement becomes

du:C (r’o) _ ny (1_2‘/) hR(hz_r2)+h4 _O (21)
dr  4nGk R*(R+h)

Here, the distance parameter R =+A*+7r> . This

leads to the four solutions of r=i«/(1+\/§)/2h and

r=+\(1=+/5)/2h. However, only r=+/(1++/5)/2h

is realistic for the radial variable »>0.

It is interesting to find that the golden ratio ¢
appears not only in the point sink induced maximum
ground surface horizontal displacement but also on the
corresponding  settlement by letting r :\/Eh in

equation (19b). Hence, we have:

o _ny(1_2V)1~ ©
u? (\Jgh,0) = i " 0.618u” . (22)

The inverse of the golden ratio ¢ is

approximately 0.618. Equation (22) shows that the
maximum settlement is around 61.8% of the maximum

settlement u”

zmax ?

and the maximum ground surface
horizontal displacement is approximately 30% of the
maximum ground surface settlement from equations

(20a) and (20b) as below,

=L 203003 at r=+gh.

2.5

The study indicates that the horizontal
displacement should be properly considered in the
prediction of land subsidence induced by pumping of

groundwater.

4. Conclusions

The transient and long-term closed-form solutions of

consolidation behavior due to a point fluid sink in the

poroelastic half space were obtained by using

Laplace-Hankel transformations. The results show:

1. The compressibility of solid skeleton and pore fluid
are important on transient consolidation deformation
process. However, the long-term consolidation

behaviors are not directly dependent on the

compressibility of poroelastic constituents of the
saturated aquifer.

. The maximum ground surface horizontal

displacement is approximately 30% of the maximum

ground surface settlement at rz\/ghzl.znh ,

where ¢=(1+\/§)/2 ~1.618 is known as the

golden ratio. It indicates that the horizontal
displacement should be properly considered in the
subsidence

prediction of land induced by

groundwater withdrawal.
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Nomenclature

Body forces (Pa/m)

Skempton’s pore pressure coefficient

(Dimensionless)

2(1_ 2
Parameter, c = 268 (1-2v)(1+v, ) k.
9(1/“—1/)(1—21/”) ¥

(m*/s)

Error function (Dimensionless)
Complementary error function
(Dimensionless)

Shear modulus of the isotropic porous aquifer
(N/m?)

Pumping depth of the sink point ()

Modified Bessel function of the first kind of

order a (Dimensionless)

Bessel function of the first kind of order a
(Dimensionless)

Permeability of the isotropic porous aquifer
(m/s)

Excess pore water pressure (N/m”)

Laplace-Hankel transforms of p (Ns)

Long-term excess pore fluid pressure of the
aquifer (N/m?)
Rate of fluid extracted from the saturated

porous aquifer per unit volume (s™")

Pumping strength of the point sink (m°/s)
Cylindrical coordinates system (m, radian, m)
Laplace transform parameter (s™')

Time variable (s)

Heaviside unit step function (Dimensionless)

Displacement components of the poroelastic
aquifer (m)

Radial/axial displacement of the porous
aquifer (m)

Laplace-Hankel transforms of u, /u_ (m’s)
Long-term ground surface horizontal

displacement (m)

Maximum ground surface horizontal
displacement (m)

Long-term ground surface settlement (m)
Maximum ground surface settlement (m)
Specific discharge velocity components (m/s)
Biot’s coefficient of effective stress
(Dimensionless)

Unit weight of pore fluid (N/m?)

Dirac delta function (m™")

Kronecker delta (Dimensionless)

Volume strain of the porous aquifer

(Dimensionless)




Strain components of the poroelastic medium
(Dimensionless)
Variation of fluid content per unit reference

volume (Dimensionless)

Mechanical parameter, 7 =(1-v)/(1-2v)

(Dimensionless)
Poisson’s ratio of the isotropic porous strata

(Dimensionless)

Undrained Poisson’s ratio of the poroelastic

medium (Dimensionless)
Hankel transform parameter (m™')

Stress components of the porous strata (N/m?)
Golden ratio, ¢ ~1.6180339887...

(Dimensionless)




