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1. # 24 power series K #2 (15%)
2d%y  dy

2 =
b ;;T+xg+(x —9)y—0

2. % ¥A Laplace Transform £ 42 (20%)
50 0][%] [250 -100]fx] _[o
0 50||%) [-100 250 [|x,[ o

x(@] [Lo] [#(®] [o
Rtk B {xz(o)} “{ 0 }’ {iz(o)} _{0}

3. SEAI A & & & # (vector function, parametric equation or parametric
representation ) K 4¥ circular cylinder : (15%)
v 0272 AEC S YV = admiez®EH) 2 B8
it 3 @) & (unit normal vector )
4. SHAI M o 8% #0k K43 T 5| 1A 2 steady-state solutions, u ©  (20%)

’u  0'u
| & #2 X + =0
wHF 2 5
yA a=2
u=sinz x on the upper side (u(x,2) )’
0 on the others -
>
a X
2 -1 0
5B Kell 2 o (30%)
0o -1 2

(@ MAK ZHBMERBHO T HUOBIERALHERBOTEEL L &
A o
(b) *ATRHM O FAARZERLX » FAHMHEELX o
(©) X & F B IE % 4 M (orthogonal matrix) ? FRBEXER 2 & £ 5%iE 2 |
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1. (30%) FALARR B K%

2

e . -
x"_z"'y_os

SRR PR

2. (20%) EAKA#

4 2 ;
APy, » k=001 0<x<1>£20:

g
2
Ex=0§ﬁi x.-:]m' w=-aar~—‘:'=0 :ﬁf=0 S %:v-=0ﬂ_

w=sinax +0.5sin5mx -

3. (25%) BRTHIRRE R Eh

dzul(r)
R P e W B
0 2fdu,| {-1 3w/ (o0

dr

4. (15%) (@ # E B K52 KX wO+0.02'0)+25u0)=p@t) » H
0 =u'(0)=0 - ¥ % %& H A7 B 5 ¥ % B & &

u(io) = H(io)p(io) * KH u(io) B u() Z @I58 plo) B

P(O) ZABIIZEWI > i =V-1 - BK H(iw)
(10%) (b) FEH k() =F "{H(iw)} - FSHTRES S22 R u() 2R
convolution integral 7 JE=, -
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1. KRB FE (30%)
mX+cx+hkx=sinawt t=>0
x(0)=1, %0)=0

g2 me,k,oya%s ;x btz &

2. RRBHU S FTRE (20%)
Y™ =x3+5(x-05), 0<x<1
B Y(O)=y0)=y1)=y'1)=0;

£ & & A Dirac delta function » y % x Z F ¥ -

-2 2 -3
3. L A= 2 1 -6 R
-1 -2 0

(N4 2 H@ERBEEaE (15%)
QA XAAZHBAOBEMERZSMER REFER X (10%)
@)k 4" (10%)
4, ¥ # A Laplace transform 3588 (15%)
(1) + @, u)= p(t) s u(0)=i(0)=0

1 :
% 2 BRT H A u(t) = = J:p(r) sm[con (¢ ~r)}ir

- bbZs"




BIRXBAL I SFEEBELIENELRKA

FELM: TAKLO0BD ARAa#: 94444178 B 16
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Repin c RIS L 0 @i Fa 2 | g, & E‘ A
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1. #— B & & mass-spring Lz A FT BT

1 0(l% N 5 =21x _sina)lt

o 15[ -2 20lx) L O

o B%ARZIRN B RIREIA % (rad/sec) o KM H KB E B o B (B3R zero
initial conditions) ¢ (15%)

2. WA PR A ¢ (20%)

¥y +(1+x+x2 +2x3)y +3y —3x+5x2 » where y is a function of x.

3. BMEM— MMy RER  (15%)

20y +(x ~1)y2 — x2¢* » where y is a function of x.

4, HER A=

O =
SN O
W O W

3 0
(1) det(4)  (10%)
2)rank 4 (5%)
(3) 4 (10%)

5. & — 4% 8 i#i(steady flow), gk ()= y0i —4x()]
(1) HRERAMEEER MrzmEGE 7
(Hint: 7() = x(0)i + w)Jj; v = fg-) (10%)

Q) ZRMALE—HFEHN -0 EA(10), & w5 t=1;-a:m:e;q

A B (10%)
3) IR AR 2 R B (5%)
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HE D TN E306]1)(3esr) :J;-‘,.:u,_tﬂitﬂ E_P"E—{I'—B;q 11 H_ fb‘f’rl ﬁ[:f__
;ﬂ_ﬁurffﬂj ,-t;{u’ ;rf-.ﬁ-*- ] R KATF A %ﬁdﬂ’”?ﬁ‘ﬁ [ 3. % [ ®
ok ok 4F AT S L E () S £ 38 2 ) MAHMATME!  [THEATER]

h=)

I (15%)Prove the convolution theorem of the Laplace transform.

[

(20%)Find the general solution for

Y= 2xt Y s 3xy = 3y = 2y 4 200

where y 15 a function of x,
(15%) Find the general solution lor
V' = (e xX)(y+x-2)-1

where y is a function of x.

Lad

(10%)Given a function ®(x, yv) = k{—+ i: 1), find the directional derivative of ©
PR

d=

. Loxt 2 |
along its boundary curve :—,+%; =1 !
o ] I

n

(10%) Given a vector [ield F = xi + yj + zk , evaluate the surface integral
[[F-ndd
.
over the surface §-r= [u COsV  wsiny u- J{J “u =2 -m<v<x where n is the

outer unit vector of S

(Nate: J.Jqll‘-nm’zf _“ [ v)]- N{w,v)dudy where N =r, =r )

5 B

| 6 Given A=| 1 1 _¢

(2 )Find the cigenvalues and eigenvectors of A, {10%)

{bJLet P be the eigen-matrix consisting of the eigenvectors of A, find P using the
method of Gauss-Jordan elimination. (10%)

{c)8how that the eigenvalues of the similarity matrix A = P~ AP is the same as A and

the eigenvectorsof A s P 'x where x s the eigenvector of A, {10%)
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1. Solve the differential equation by using the Laplace transform: (25%)
y'+2y'+2y=r(), y(0)=1, y'(0)=0

0 0 <t<rm
r(t)=< 4cos2t < t <2rx
0 2r < t

2. Find a general solution of the following systems of ODEs by the method of
undetermined coefficients: (25%)

yi'=2yi+2 y.+5¢*
y'=5yi— y;—2e*

3. If A’s are eigenvalues of A,
(a) Show that the eigenvalues of A~ are 1/4.(6%)
(b) Show that the eigenvalues of A? are 4*. (6%)

(¢) If matrix A has characteristic determinant D(1)=(1-0.5)(A-0.6)(1-1),

where 4 is the eigenvalue of A, what are the eigenvalues of 2A~". (8%)

4. Consider a steady flow flowing with velocity ¥(¢) = — y()i +x(t)]

(a) Find the position vector, 7(r), of the flow at any time t. (10%)
(Hint: 7)) =x(&)i + y(©)j ; @)= %)

(b) If some particle of the flow is initially (i.e. t = 0) at position (1,0), where
willitbe attime t= w2 ? (5%)

(c) What is the trajectory of the flow? (5%)

(d) Is the flow incompressible ? (5%)

(¢) Isthe flow rotational ? (5%)
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#+ 8 :L:‘r;:;?iﬂ(?,o:f)l) (3061 XA 0T F3 /88 F |

LEAHLA C LATIERA MR L ARATA—EE - AR %) A% 27

(e s Ba] *EaTkbme i  SEARE ) A E R mup At Fag !l |

4 04y 14 -2y ‘sin el | } o .
1. Tt b= with zero initial conditions, where a
0 51w -25 T35 0 f

dot denotes the derivative with respect to time, 7. What are the values of @ that
make the solutions of v, (¢)or y,(r)approach infinity as ¢ reaches infinity? Find
the soiutions of v (tYor ».(f) forsuch w. (15%)

- L .
2. Solve 4xy"+Zy '~y =2x+x" interms of power series. (20%)

3. Please prove the following formulas or theorems:
(@) I v (x)and y,(x) aretwo solutions of a homogeneous lincar QDI (Ordinary

Differential Equation), then a linear combination of these two solutions is still a
solution of the homogeneous linear ODE. (7%)

(b) The Laplace transform of { f(1}/¢}is |F(3)ds , where /(s) is the Laplace
!

R

transform of f{¢). (8%)

2.0 -1
4 Amatnx4=/0 1 0| isgiven.
1 0 4

(1) Find eigenvalues and their corresponding eigenvectors (10%)
(2) Find X'where X is the matrix of these eigenvectors. (10%)

(3) Find A" through diagonalization of a matrix (D=X"AX). (10%)
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5. (a) Given a dynamic equation u"(1)+w, u(r) = p(t) for 120, with initial

conditions u(0) = #'(0) = 0where @, represents the natural frequency of

the system. If the frequency response is defined as i(w)= H{w)p(w),
where u(w)is the Fourier transform of u(r) and p(w)is the Fourier
transform p(¢). Please find H(w) : (10%)

(b) Denoting  h(1) = F ' {H(w)} » 1 20 (Note:You don’t need to solve
h(#)!) > Please {ind u(z)in terms of convolution integral.  (10%)

Notel f"(f*o)*rr F((.‘r

([*2)0) = [ f(ngt-ndr = [ fu-n)g(r)dr

Note2 :  F(f)= f(w)= >t

F[ f@ye

Jy= {f((U b= J‘ / w)e'“dw

J_
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1. (12%) Solve
d’y

2

+4y =cos2x+cos4x

2. (11%)
(a) (6%) Find the following Laplace transform

L{t* cos wt}
(b) (5%) Find the following inverse Laplace transform
L__l : { 6S G 4 }
s’ —4s-20

3. (10%) Find the Fourier series of the following periodic function f{?)
Efs - et

f(t)={3_t 6 aL o

4. (13%) Prove that V¢ is a vector perpendicular to the surface
¢(x, y,z) = ¢, where c¢ is a constant.

5. (20%)
(a) (10%) Solve the linear system
2% Py oDz AW
6x -6y +6z +12w =36
4x +3y +3z -3w=-1
2x Fly -z +tw=10
(b) (10%) Determine the eigenvalues and eigenvectors of

cos@ —sinf
A=)
sin@ cos@

669




BRI BARZA+ R FERATHEANES RRKA

#FBEEM: TREHEZ1]) AR08 91548208 % 1 8
RATHER] R ITRE A an  Fa %2 B 42 A

LA, FABHRA - X545 (RE) LB o majnERpea L5488

6. (10%) Determine the radius of convergence of the following cases:

@ Snlx",

® L

1-x

(e)- 2.

7. (10%)
(a) Determine the all cube roots of 27.
(b) Evaluate [ (1-z)dz, where C is given by z(f)=t-it, t varying
from O to 1.

8. (14%) The vibration of a stretched, flexible string problem:

An elastic string, stretched under a tension T between two points on the
axis. The weight of the string per unit length after it is stretched we
suppose to be a know function w(x). Besides the elastic and inertia forces
inherent in the system, the string may also be acted upon by a distributed
load f(x,y,»,t). We assume that

1. The motion takes place entirely in one plan, and in this plan each
particle moves at right angle to the equilibrium position of the string.

2. The deflection of the string during the motion is so small that the
resulting change in the length of the string has no effect on the
tension T.

3. The string is perfectly flexible, i.e., can transmit force only in the
direction of its length.

4. The slope of deflection curve of the string is at all points and at all
times so small.

(a) Derive the one dimension wave partial differential equation

ey JTo Oy g , _ . :
= + X, ¥, ¥,t), where g is acceleration of gravity.
orr w(x) ox®  w(x) J563,3:8) i e

(b) Please check the dimensions (units) of three terms in (a).
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1. (10%) Solve x"+2y'-8x' =0, y()=1 and y'(1)=2.

2. (10%) Solve y""+8y"+16y=cosx.

3. (10%) Using Laplace transformation to solve
y' 42y +y=te”, y0)=1 and »'(0)=-2.

F'(n+1) e
n+l 3
Formula: L(e™“t")= (S"’n‘f)
o ')“l :n a positive integer
s+a

where gamma function I'(x)= [ e"t*"dx.

4. (10%) The arbitrary function f(t) of period 2p can be
represented by a Fourier series of the form

d - nwt . nm
f(t)=="+>a,cos— +b, sin—
2 n=| p p
Please obtain formula for the coefficients ap,, and by form this

equation.

5. (15%) Wave partial differential equation with zero initial
displacement states as follows:

o'y =l o'y

Pyl S (0<x<L, t>0)
y(0,t)=y(L,t)=0 (t>0)
y(x,0)=0 (0<x<L)
%y;(x,ﬂ) -l (0<x<L)

Find the total solution of y(x, t).
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6. (15%)

(a) Show that A.®xC) is in absolute value equal to the
volume of a parallelepiped with sides A, B and C (A, B
and C are vectors).

(b) If A=4i+4,j+ Ak, B=Bji+B,j+Bk, C=Ci+C,j+Ck

show that
AI AZ AZ!
A«(BxC) = |B, B, B,
C, C G
(C) Let r=xi+yj+zk, r, =x1+y,j+2zk,

r, =x,i+y,j+zk be the position vectors of points
P,(x,y.2), Py(x,,5,,2,) and Py(x,,y,,2,). Find an equation
for the plane passing through p,,p, and P,.

7. (15%)
(a) Find the value or values of k so that the following system
of equation has solutions other than the trivial one.

4%, -x, +2x,+x,=0
2x, -11x, + kx, +8x, =0
bx, ~4x,-5x,=0

2%, +3%, ~x,-2x, =0

(b) Let x,=a and x,=b (a,b are any non-zero numbers),
find », and x,.

8. (15%) ah
(a) Bvaluate [[{x*+y*dxdy, where R is the region in the xy

plane bounded by x*+y’ =1, and x*+y’=9.
(b) Evaluate J‘j{xzidydz +(xy - z°)dzdx + (2xy + y*z)dxdy} where S
5

is the entire surface of the hemispherical region bounded

b fzﬂl_xi_yz’and e ey 672
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1. (10%) Please find a real symmetric matrix C such that Q= x'Cx, where
Qequals —3x” +4xx, - %, +2x5, ~5x,”

2. (10%) Please find a parametric representation of the curve:

P2+y* =4, z=2x"

3. (15%) Please find the cigenvalues and the eigenvectors of the matrix

010
1 00
0 01
4. (10%) Expand f{x) =x’, 0 < x < 2x in a Fourier series with the period of 2z

5. (10%) Find the inverse Laplace transform of

3s+7

F(S)=
) $2-25-3

6. (10%) Evaluate icze—zftz where C is the circle [=4;z=x+i
+

7. (15%)
s (a) A particle P of mass 1g moves along the x-axis toward the origin O
(initially x>0), in the same time, it is acted upon by a force equal to
-4x. Determine the differential equation goveming the motion of the -
particle.
(b) FindﬂleposiﬁmofparﬁclcPasafuncﬁonofﬁmeif&wpmﬁdeis
initially at rest at x=10cm.
(c) If the particle is also subject to a damping force that is numerically
equaltofourﬁmﬂ:einsta:ﬂmeouswlocity,ﬁndtheposﬁmof
the particle as a function of time.
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8. (20%)
Solve the partial differential equation,
_g;g +%;3;: 0 (0<x<l, 0<y<l)
with the following conditions.

(@ u(x0)=0, #«0,y)=0, u(x,)=1, «1,y)=0
(b) «(x0)=x, «(0,y)=0, u(x]1)=0, u(l,y)mm{i’g’%}
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1. (10%) Let A=(g ;).Find A%, A, A",

2. (10%) Find all the eigenvalues and eigenvectors of the matrix

1 -3 3
A=[3 -5 3
6 -6 4

3. (15%) Evaluate [[[xz"dydz +(x>y — 2% )edx + (29 + y*z)dxdy] where S is the

entire surface of the hemispherical region bounded by

z=41-2*-3* and z=0.

4. (15%) Please find the general solution for the following Cauchy equation of
the third order:
Xy +3x%y" —6xy ~6y=0
3. (20%) A function u(x,y) satisfies the following equation, please find this
function:

u, tu, = (ax* + by)u

6. (10%) Solve y -y -2y=4x" with initial conditions y(0) = 0; y (0) =5

7. (10%) Find the inverse Laplace transform of

5$+3

CET

Ljx|<1

8. (10%) Write in the Fourie integeral form of f(x) = {0 e s
x>
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1.

Evaluate the integral
LMM “dlﬂdd

where 4 is the arca of the quadrilateral BCDE as shown, It is known that EQ = DO,
JERC = RCD =0p", BC=0,BE =4, D =8, {(16%)
:LJ

i
o

=

£ 0 D
The initial value problem is given by

2x"+8(x—y)=0

I=x-—y

X{0)=2, x(0)=0,

where x=x(t), v=y{f), z==z(1) anc their first derivatives are continuous functions of .
Determine z(!) for =0 andevaluate z(x/6), z'(x/0), z(x/3} and =z'(x/3). (17%)

The governing equation for the vibration of a rectangular membrane with area & = b and mass
density per unit area, ;. subjected to tens le force per unit length, T, is expressed as

Fruldtt = ¢ (Fu'dx +Euidty) with ¢ =Tip
0=x=a,0=y=b
where t =time; u=u (x, vy, t) = response of membrane.

{a} If the above equation satisfies the boundary condition, u = {0, on the boundary of the membrane
for all t = 0, derive the expressions for letermining the natural frequencies (eigenvalues) and mode
shapes (eigenfunctions) of the membrane,  {9%)

(hy Ifa =1 and & =2, plot the first five lower mode shapes of the membrane by showing the nodal
lines on the graphs. (4 %)

(c) Discuss how the values of T and p affect the natural frequencies and mode shapes of the
membrane. {4%)
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4,

Lhy

i)

Find the Fourier series of the perindic function f(x) shown.  (17%)

af

The generalized eigenvalue problem is gvenby Ax=3Bx if B=0. Theeigenvalues *;
satisfy the characteristic equation det(A -4 B) =0, and the eigenvectors x; are the nontrivial
solutions of (A—AB)x=10.

(a) Ifmatrices A, B are symmetric, show that the eigenvectors satisty the generaflized orthogonality

relations
xPAx;=0, xIBx;=0, if i=j. (6%)
(by If A, B are symmetric 2x2 matrices, the modal matrix is defined as U=[x; x:], where
X1, x; arethe eigenvectors, ‘The o-thogenality results in the relation
:I:I\.-] ':} N
U'A U{ . |UTBU.
A2

. 3 -1 . 11 .
Let the matrix A =[ _— } two eigenvalues A, =1, A, = E and the first eigenvector
1 _ : .
X = e Determine the matrix B {10%%)

Given a vector F=x(x%i—y?j+z7k).

(a) Show JF -d R is dependent on the integral path C which is a piecewise-smooth curve
C
connecting two arbitrary points in xyz space. (8%)

(b) Evaluate HF-n dS, where n is the unit outer normal vector on the surface S bounding the
Y

circular cylinder x* + v =4, 02z=2, including top and bottom surfaces. (9% )




RIXBFARL L fpGgFgTHFEANERAR

#8  TE#£03031) £ 6537188 F 18
RAER MBI ERE @R BRARMN ¥ | B+ 2 R
R REERMAABHEM - BRERB R wezmapgLARTAM! (TeAE#R]

1. Evaluate the integral
2 2
[ #2d4, [y%d4 and [ s

where 4 is the area of a quarter circle as shown. (16%)

Y

2. The boundary value problem is given by

2
1ood—2v—v=c
die

v(0)=v(10)=0, '(0)=-1072

, dv . .
where v=v(x), v = = and C is a constant to be determined.

Determine v, C, v'(5)and Vv'(10). (17%)

3.  The two-dimensional wave equation of a vibrating membrane in the Cartesian coordinate system is
expressed as

Pu/ot = & (Pw/ox? +3*u/dy?)

where u = u(x,y,t) and c is a constant.

(1). Use polar coordinates (r, 0) defined by x =r cos®@ and y =rsin® to derive the wave equation
for the membrane.

(ii). For a circular membrane of radius R subjected to radially symmetric vibration, show that using the
method of separating variables, the solution of the wave equation in polar coordinates can be converted
to the solutions of two uncoupled ordinary differential equations.

(17%)
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4, Let f(z) is the function defined by
£(z) = (z + 1)

(z+2)z+3)’
which is computed using a power series expansion in the form of

(@)=Y f.2"
n=0
Please find f,? (17%)

where |z|< 1,

5. Consider the partial differential equation

4 2
aw+—1—aw=0, O<x<L, t>0
ox* a? or
subject to boundary conditions
2 2 3
w=a—w=0 at x=0; 0 w=—a—1=0 at x=1L.
ox? ox* ox3

Assume that the real-value solution is of the form w(x, f) = F(x)cos(w?).

(a) Derive the eigenfunctions F(x), 0 <x < L, and the corresponding characteristic equation that ®
must satisfy. Do not solve the characteristic equation. (12%)

(b) Determine the degenerate solution F{(x), 0 <x < L ,for «—>0. (5%)

6. Define a scalar function ®(ny, ny,n;) in the form
33
cD(nla ny, n3) = zz aij ninj _7\'(”12 +n% +n§ —1)
i=1 j=1
where m=n,e; +m e, +n3e; is aunit vector, g;; are components of a 3x3 matrix A.
(a) Show that seeking the extreme value of ®(n, 72, 73 ) yields an eigenvalue problem. (8%)
(b) Determine the eigenvalues A, (k=1,2,3)and their corresponding eigenvectors m® if
311
A=|1 0 2. (8%)
1 20
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1. Evaluate the integral
2 2
[x%d4, [yPd4 and [, s

where A is the area of a right angle triangle as shown. (16%)

a\ : : % g x
\/a/
2. The system of differential equations is given by

o il T

{0 =1, y(0)==2, y(0)=2, y,(0)}=2

. dy; dzy-
= p.(f :.....l. V. = ! e
where y; =y;(f), y, a0 ¥V ———dtz ,i=1,2.
Determine y;(f),i=1,2. (17%)

3. (a). Consider the following one dimensional wave equation:
Un = C2 Uxx
with boundary conditions: U(0, t) =0, U(L, t)=0 for all t and initial conditions: U(x, 0) = f{x),
Ux, ) =0.

The subscript { * ) denotes partial derivative and ¢ is wave speed.
Show that the solution of the above problem can be expressed as

U(x, t) = [f(x +ct) + f(x - ct)]/2 (10%)

(b). Hf(x) =sin(x7/L) for 0 = x = L, plot the diagrams of f(x + ct), f(x — ct), and U(x, t) at t
=L/2¢ and L/c. (7%)
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4.  Please find the centroid of 2 hemispherical volume x’+y?+2z*<1, z>0 (17%)

5. Consider the differential equation

4 2
ﬂdrazf’—y:(), O<x<L, a>0
dx* dx?
subject to boundary conditions
dy
==} at x=0,
d dx
d’y
= =0 at x=1.
Y dx?
(a) Fine the general solution y(x). {8%)
(b) Derive the characteristic equation in terms of @« and L. Do not solve it. (9%)

6.  The scalar function ¢(x,, x,, x;) is continuous, with continuous first partial derivatives in the
interior ¥ of smooth closed surface S. Let the unit vector m = n e, +n,e, + €, be outward

normal to S, in which e,, e,, ¢, are the base vectors of a Cartesian coordinate system.
(a) Show that

J'—aidvzj'qm,ds, J=123.
Vax} :

Note that it is not the Gauss theorem. (8%)
(b) Show that
7, i=j
J.x,nde={ ’ t j
: 0, i#j

where ¥ is the volume enclosed by surface S.  (8%)
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