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1. (20 Po in t s )  Briefly answer the following questions. You will not get any credit if only the answer is 
given. Each problem worths 4 points. 

(a) Let A be an 4 x 4 matrix which satisfies 

al + 2a2 - 4a4 = 0 

where a, denotes the i th column of A and 0 is a 4 x 1 zero vector, then how many possible 
solutions will the system A x  = b have? Explain. 

(b) Let B be another 4 x 4 matrix, is C = A B  singular? Briefly justify your answer. 

(c) Determine the row echelon form of xyT, where x and y are two nonzero (column) vectors in Rn. 
(d) (G)  continued. Determine the dimension of the null space of xyT. 

(e) Find the inverse of the following block matrix 

[-; -21 
where 0 is an n x n zero matrix, I is an n x n identity matrix, and H is an n x n invertible matrix. 

2. (10  Points)  Let P, denote an inner product space which consists of all polynomials af degree less 
than n with the inner product defined as ( ~ ( x ) ,  q(x)) = ~ , ' ~ ( x ) q ( x )  dx. Now suppose that  U is the 
subspace of P3 which is given by 

u = ( ~ ( 5 )  : ~ ( 0 )  = 0 )  

(a) ( 5  Po in t s )  Determine an orthogonal basis for U. 

(b) ( 5  Po in t s )  Consider another subspace of Pg which is given by 

v = {t(x) : t(-1) = 0 )  

Determine dim( UnV). 

3. (10 Po in t s )  Consider the following figure: 
'% ',I 

I 

-- 1 J ! ,.. . 

(a) ( 5  Po in t s )  If all the points in the above figure undergo the linear transformation of 
L 

Plot the resulting figure. 

(b) ( 5  Po in t s )  Is the above linear transformation one-to-one? Is the above linear transformation 
onto? Justify your answer. 

4.  (10 Po in t s )  As we learned in Linear Algebra, the adjoint of an n x n matrix A is defined as 

where Aij is the cofactor of aij. Also, it is known that the adjoint satisfies the property that  A.adj A = 
det(A)I. Now suppose that A has eigenvalues A1, .  . . , A,, then 

(a) ( 5  Po in t s )  Determine ~ r a c e ( a d j  A) in terms of the eigenvalues of A ,  where Trace(.) denotes 
the summation of the diagonal elements of the matrix inside. 

/,-? --  ;. ; :: : ;? 
(b) ( 5  Po in t s )  Determine det (adj A) in terms of the eigenvalues of A. ;,., '.; ., , , .>>,..>> .' 

(,/" ? , :- "--.-...v . , ,  . 
.- !.. 

{!' .. \ .,.. . .::':! 'i .: . . 
1. I ,. .. ~. . . . .  . 
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5. The random variable X is selected a t  random from the 

unit interval; the random variable Y is then selected at 

random from the interval (0,X). Find the cdf of Y. 

(14%) 

6. Let X be the input to  a communication channel and let 

Y be the output. The input to channel is +1 volt or -1 volt 

with equal probability. 'The o ~ ~ t p u t  of channel is  the 

input plus a noise voltage N that is ~~ni formly distributed 

in the interval from +2 volts to  -2 volts. Find P[X = +1,Y 5 

01 and the probability that Y is  negative given that X is +l. 

(14%) 

7. A particle leaves the origin under the influence of the 

force of gravity and i ts initial velocity v forms an angle cp 

with the horizontal axis. The path of the particle reaches 

the ground at a distance 

from the origin (Fig 1 ). Assuming that cp is a random variable 

uniform between 0 and 1112, determine : the probability 

that d 5 do. (14%) 
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8. prove f(xlX 5 a) = f(x) f o r x < a  s:, f(x)dx 

And f(xlb < X I a) = f(X) f o r b ~ x < a  
F(a) -F(b) 
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(1) Find a unit normal vector n on the plane 4x2 + $=z at the point (1, -2, 8). (1 6%) 

(2) Evaluate the integral dz where C is (a) 1 z - 1 l=l, @) 1 z - 1 1=2, (c) 

(2-1 1=3. (18%) 

(3) Find the probability of P(x>V) for a Rayleigh distribution 

p ( ~ )  = ~ e - x 2 ' 2 w , ~  2 0 .  (16%) 
'Y 

(4) Given A= (:l : : :) 
(a) Find a basis for the nullspace -of A. (8%) 

(b) Given that {(2,1,0, -5)T, (- 1,2,5, o ) ~ )  is an orthogonal basis for the column 

space of AT , find the vector in the column space of AT that is closest to 

(-LO, 0, 1lT . (1 2%) 

(5) Find the inverse Laplace transform of Y(s) = 
2 

(1 5%) 
s3(s + 2)2 ' 

(6) Given the Fourier transform pair: x(t) t) X ( o )  , derive the Fourier transform of 

x(at) . Also find X ( o )  when x(t) = e-''I where c > 0 .  (1 5%) 
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(l)$$$!lBgEg%Egk$z3(Exact Differential Equation) (5%) 

(21% y(2)  = 1 3+E%(l)Z$6%S@.fEk$Z3ZW$ y(x) (10%) 

Z . +@% f ( t )  2 Laplace Transform EBqSE, L [f (t)] = F(s) 

FigZ$1#$!(Inverse Laplace Transform) BBE$ L-' [ ~ ( s ) ]  = f (t) 

(2)SLX Laplace Transform %@$ ym(t) + 3 yn(t)  + 3 yl(t) + y( t )  = 6(t) ; g+ 6 ( t )  j3, Dirac delta 

function y(0)  = yl(0) = yn(0) = 0 t  2 0 (3 :ENkj&T=EZtf t )  (7%) 

(1) 23% F 2 divergence V F (5%) 

(2) S S F 2 c u r l  V x F  (5%) 

(3) : $ % m ~ . f ~  I = JJF N t p  . E+ z s ~ q ~ ~ t t i 3 4  m m ~  
(El]@ AED @ DEC @ CEB @ BEA Z $ H e )  I N %$$$$@Z$A9+@1G?&I;iJf (10%) 
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y M ( t ) + 9 y ( t ) =  f ( t )  

3C+ t Efl3rj.BsEj fiAt)E%$%!3%,A i%roYS%@Z%fE$$q (%I3 Hz) ? (5%) 

(2 )  ( 1 )  8 %  f ? @ (7%) 

A. f ( t )  = sin(9t) 

B .  f ( t )  = cos(3t) 

C. f ( t )  = e-3r 

D. f ( ~ ) = e - ~ "  (i=J-l)  
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