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1. (15%) A linear transformation which maps a vector x to another vector y may be represented by y = Ax,
where both x and y are n x 1 real matrices and A is an n X n real matrix.

(a) (6%) What property does the matrix A must have for the (Euclidean) norms of x and y to be equal,

i.e., ||x|| = lyll. Why? Give a geometrical interpretation on the linear transformation.
(b) (2%) What common property do the eigenvalues of the matrix A have in order for ||x|| = llyll? !
(c) (2%) What property may the eigenvector matrix of the matrix A have in order for ||x|| = llylI?
(d) (5%) If the matrices A, x and y are complex instead of real and if lIx]l = [ly|l, then what are #, the

eigenvalues of A, and the eigenvector matrix of A?

2. (18%) Let the vector field

zi — zj - yk

T

the position vector r = zi + yj + 2k, and the line paths C be on the plane z = 0 and extend from the
point (0, 1,0) to the point (0,~2,0). Are the line integrals [, F - dr and f F x dr independent, of path?
Why? Evaluate the line integrals.

3. (18%) Solve

F(z,y, z) =

dy az+y—2

dr ~ 3y-2

for y(z) with a being a real number. Note that different values of e may lead to different solutions, so
that your solutions must include ALL possibilities.

4. (15%) For each set of the following five sets of boundary conditions,

(8) 6(0,y) =0, ¢a(L,y) =1, ¢(z,0) =0, ¢y(z,1) = 1;
(b) $(0,9) =0, ¢,(0,) =1, ¢(z,0) =0, ¢.(x,0) =1;
(©) $(0,9) =0, ¢a(L,y) =1, $(z,0) =1,

@) ¢(z,0) =0, ¢,(x,0) = 1;

(e) $(0,1) =0, ¢(L,y) =1, ¢(2,0) =1, ¢(2,0) = 0;

consider the applicability of the three different types of PDEs shown below:

(1) ¢II 3 ¢yy = 0: (“) Dy = ¢yy = Oa (“1) ¢z — ¢yy =0,

from which choose the PDE that the set of boundary conditions can be applied correctly. Then give the
domain defined by the set of boundary conditions. Explain the reason why the boundary conditions
can not be used along with the other PDEs. Hint: Consider the number of conditions needed and
the physics of each equation.

5. (17%)

(a) (7%) Find the roots of 14 z* = 0 and the sum of the residues of exp(iz)/(1 + z*) in the upper half
plane only.

(b) (10%) Evaluate the integral [5~ £2% dz by the contour integral and the Cauchy integral theorem.
6. (17%) Given v(y(z)) = J;* (i"’-)zxsdw and one fixed boundary condition y(1) = 0, find the extremal(s) for
(a) (7%) a = 2 and y(2) = 3;
(b) (10%) 1 < a < oo and y(a) lies on the curve y = % — 3.
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1. (9%) Let a.b, ¢ be arbitray vectors in three-dimensional (Euclidean) space. They may be linearly independent or may
be linearly dependent,

(n) Are a x b and b x a linearly independent? Why? Does your answer depend upon whether or not a and b are
linearly independent?

(b) Are (axb)xc, (bxe)xa, and (cxa)xh linearly independent? Why? (Prove your answer.) Does your answer
depend upon whether or not a, b, and ¢ are linearly independent?

2. (12%) Let

4 -1 0 0
=1 4 @9 0
= T 4 -1
0 0 -1 4

and Q(xy, 2y, w3, 74) = dof — 2ryry + 423 + 4o} — 2mymy + dad.

(a) Find the eigenvalues and normalized eigenvectors of A.

(b) Discuss whether or not the normalized eigeny caar he
{c) Is Q) w2, vy, 224) always positive or negibive Fe?‘;é,ny T 5.1, T2, 7, w47 Why? (Prove your answer.)

3. (12%) Let f(x) = cosmx be a real-valuec 'iwf?ﬁf . e unifiinterval, 0 < & < 1.

esentatign of
]

(c) Which one of the above two repres

(b) Find the Fourier sine series repr
r f(z) at = =07 Why?

(1) Which one of the above two represe T %(:r) at @ =07 Why?

e

- (18%) Solve the following boundary value problem,

&y  \0f 12
a2 " rar T 12962

=il

Qi =2co80 for r =2,
ar
f=

= Jdrcosf as r — oo,

for the finetion f(r, @) defined in the region 2 < r < 00,0 < 8 < 27 of a plane, for which (7,8) is the polar coordinates.
6. (23%) Let 2, zy be complex variables and f(z) be a complex function.

(a) (15%) Evaluate the integral Jolz=20)"dz, (n = integer), along the circle € with center at zo and rading » describec
in the counterclockwise direction.

(b) {8%) Find [.. f(z)dz if f(z) = k (a constant), z, L Zeinh? z+3coshdz | respectively, where C is any simple closed '

contour having zp = 0 in its interior, and C is taken in the po“sil;ive direction.
7. (11%) Find the extremals for the following functionals:
(a) v(y(r)) = ; 21 = %)zrlm with ¢(2) = 1 and y(3) = 3;
(b) v(y(x), z(z)) = nJ y'2ldx with y(0) = 0, 3/(0) = 1, 2(0) = 0, and 2°(0) = 1.
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L (17%) Let

89 48 0
A=1b 61 0
‘ ¢ 0 1

(a) Find the values of b and ¢ such that the eigenvalues of A are all real and the eigenvectors are
orthogonal to each other.

(b) For such b and ¢ find the eigenvalues of A ancl the corresponding orthogonal diagonalizing matrix. /2
and also its inverse matrix P71

2. (16%) Let real-valued functions g(x) and h{z) defined over 0 < & € 1 be expanded as

g(x) = Z Genl2), vlh(m) = Z H,e.(x),

n=—ce H=—00

where go() = 1, e,() = V2cos(nmz), esple) = V2sin(2nmz) for n = 1,2,3, ..., and the coefficients

Gyoand H, (n=..,—~2,-1,0,1,2,...) are real numbets.
(a) Show that {...,e-s(x), e~y (x), ep(#), er(x)€a(z), ...} arénaset of erthonormal functions defined over
0<e<l.

(b) Find o formula velating fdl g(@h(w)de to 3L Gl and show clearly how to derive the formula.

3. (18%) Solve the following initial value problenis:

(a) (8%) % — 22 +3y=1, y(0)=1
(b) (6%) 4=+, y(0) =0;
() (4%) % ==t Q) =1.

4. (15 ‘/)) Find the steady state Lunpemtule distribution in the semicircular region of radius p lying in the
upper halt-plane and centered on the origin, as shown in the figure. The temperature on the straight
boundary is « = 0, and that on the semicircular boundary is « = uyf(¢ — 8).

= ugt=0)

A T ra

5. (17%) Complex analysis.

(a) (7%) State the Cauchy Integral Formula and the Laurent Expansion Theorem.
(b) (10%) Find all the possible Laurent series about & = 0 for the complex-valued function f(2)

%, (z== 4 iy), by using the Laurent Expansion Theorem only.

i

6. (17%) Calenlus of variations.

{a) (10%) Find the extremal for the functional v(y(z jo @da with boundary conditions y(0) =

1 and y(1) = 0.
(b) (7%) Find the transversality condition for the functional v(y =[] o ad'n with boundary
conditions y(0) =1 and (x,3) constrained on a given curve y1 (/S(a“l

1)
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1. (20%) Let

T ih 89 ain 0
X = Zy , Y= 0 , A= a9 61 0O
T3 3 as; 0 1

(a) For the real vectors x and y, are there some conditions which should be imposed upon
%1, T, T3, 41 such that x X y +¥ x x = 07 What conditions if there are? Why if there are
not?

{(b) For the real matrix A, are there some conditions which should be imposed upon a1z, as1, aa;
such that Ax = 0 has a nontrivial solution? What conditions if there are? Why if there
are not?

(c) For the real matrix A, are there some conditions which should be imposed upon a;s, as;, as;
such that A, A%, A® are linearly depentent? What conditions if there are? Why if there
are not?

(d) For the complex matrix A, are there some conditions which should be imposed upon

012, Gg1, 03y Such that A has real eigenvalues? What conditions if there are? Why if there
are not?

2. (13%) State Green’s theorem in the plane@and show that the fundamental theorem of calculus
/ ab €L 4z = F(b) — F(a) for a function F(z)defined@ver a < z < b can be deemed as a special
case of the Green theorem for ‘functions P(z,y) and Q(%,y) defined over ¢ < z < b in the
plane. Are there some conditions which should be imposed upon F{z), P(z,y), @(z,y) such
that the theorems are valid? What conditions if there are? Why if there are not?

3. ¥Find all solutions for the following differential equations:
() (6%) &=
(b) (5%) £ = %%
&Nﬂ%wm—%w
(@) 11%) Z%=28%.
4. (24%) Complex analysis.

(a} Locate all singuiarities for the following functions: (i) fi(z) = Arg z, (ii) fo(z) = {z|, (ii)
f3(z) = 3= _:zf_z, (iv) fi(2) = Re 2z, and determine which are isolated.

(b) Find the branch points and branch cuts for the following functions: (i) g;(z) = Log (3—2z),
(ii) ga(2) = Log (32 — 2 4-44), (ili) gs(2) = Log_z (4 — 22), (iv} ga(z) = Logz (2z+ 1), and
pilot the required answers on the z planes.

5. (10%) Find the extremal for the functiomal v{y(z)) = [¥*(1— dy )2dz with y(2) = 1 and
y(3) = 3, and plot the required extremal on the xy plane.
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Problem 1. Consider matrix A=|1 0 0/ and column vector x=]2/.
010 3

DFind y=Ax.(5%); 2)Find y=A%.(5%), 3) Find det(A®). (5 %)
4) Is matrix A an orthogonal matrix ? Show why or why not. (5 %)
5) Find a matrix B such that x is an eigenvector of B. (5 %)

Problem 2. With reference to the right figure, consider the surface
S defined by

Fy.2)=x"+y* +(z-1)* =1;and z<1

1) Find grad f = Vf . (5 %)
2) Find unit normal vector n =(m,n,,n;) to surface § at position
@wr)=G4D. (%) | x Y
3) Use Gauss's divergence theorem to determine the surface integral j _f q-nd4
s
where n is the local unit normal to S afid vector field qisdefined as q=1(q,,9,,4,) = (2x,0, z).
(15 %)

Problem 3. Givena partial differential equation: aua(x, ) +2 ¢ u;x, %) =2u (x, y)+5Ssinx
X x

1) Find the general solution of this PDE: (15%)
2) Provided that u (x,0)= ", find the exact solution of this PDE. (15%)

Problem 4. Given an ordinary differential equation: "(x)— V'(x)=2y(x)=36cosh x ,
with initial conditions y(O) = 3, y'(O) =0 , find the solution. Note: the complementary

and the particular solutions must be individually specified. (20%)

(Note: Reasonable conditions can be assumed by the examinee,
provided that the conditions provided are insufficient.)
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1. (20 %)
(a) Find the Fourier series expansion, S¢, for f(z) = -z, ~t <2< L
(b) Accordingly, find the Fourier series expansion, Sy, for aA(z)=2-=z, 2 <z <6.

2. (20 %)
or a vector function F(z, y, z) = Fii-+ Faj + Fk, it is known that
curlF = 7 x F = (—45°2° — 42®y%)i - 425 + (202%%z — 327"k,
divE =g o F = 2z + 82°yz — 6yts®

Find the possible Fy, F; and Fs. {Hint: There is no unique solution. The solution based on observation
is recommended.)

3. (25%
he definition of Laplace transform is

L) = j " et peat.

(a) Derive L[§(t — ¢)] = e~*¢, where 6{t) is the Dirac delta function.-

(b) Show L{4&) = sL[f(t)] - £(®), provided that f(co) = 0.

{c) Show L[f(t — e)H(t —a)) = e~ L[F(2)}, where H(t) 15 the Heaviside step function,
(d - '

) Solve ?
d?m(t
;:5) =5t ~1T5), 0<1< oo,
with
m(8) = m{co) = 0.
4. (10 %)

he solution of the second order ordinary differential equation y”(z) - 2y/(z) + y(x) = 0 can be written
as p(z) = Cin(z) + Caya(z). If gwen w(z) = ¢, then derive the second solution as y(z) = ze®
Note: no derivation, no score!

5. (26 %)
or the second order ordinary differential equation

(22 + 3)%/'(z) ~ 2(22 +3(2) + dyla) =
{a) derive and obtain the transformation ¢t = f(z) which transforms this differential equation to s
constant coefficients second order ordinary differential equation of variable ¢ {Hint: chain rule),

(b) Write the transformed second crder ordinary differential equation of variable ¢,
{c) Solve y{x) =7

RAANE
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Problem 1 (25%)

2 1 -1
Itisknownthat A=|3 2 -3|. If B=A*-2A°-3A"+9A°-4A’-6A+81,findB
31 =2

B . . .
and € , both solutions should be expressed in terms of a 3 x 3 matrix.

Problem 2 (25%)
The Fourier series representation of g{x) = |x] ,for —L < x<L,has been found to be

) cos[(zn—l)”x]

L 4L
8= LT iy
. |1 for x<9Q e
Given f(x)—{_1 for O<x and h(x)--j_br fHde.

Find the Fourier series representation of A(x)= fz fHyde, for 2x<x<2x,

Problem 3 (25%)
(a) Solve the following ordinary differential equation

2
QE@ =1+x -1<x<1, which is subjected to the boundary conditions:
X

#x=-1)=0 and g(x=1=0,
And identify the homogenecus, particular solutions and resonant modes.
(b) Express the solution of ¢(x) from Part(a) in terms of the Chebyshev polynomials
T,(x).
Hint: 7,0 =1; Ti(x)=x; T,,(x)-2xT,(x)+7,(x)=0; (-2 )T/ (x)-xT, (x)+n" T,(x)=0;
f LOLG) o, mn; LN =7 |L@F =7/2; n=1,2,3,....

1 f]_xz

Problem 4 (25%)
{(a) Find the solution of the following partial differential equation (PDE):

1 1
u"+;u,+r—2uw =0, n=35r<s, =5

Where u(r,8)is periodic in @ with period 27z and subject to the Dirichlet boundary
conditions: u(s; =3,8)=F()=2+cos@; ufr,=5,0)=G(#)=1

(b) Explain the applications of this PDE.

Hint: You may assume u(r, 8) = R(r) ©(F) .
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1.Find the orthogonal trajectories of the curves: y =+ x +¢ , where cis

a constant. (15%)

2. Use the complex method to find the particular solution of the equation :
my +cy +ky=F, cos(wt) (15%)

3.1f the general solution of the equation x”p"+ xy'+ (x> —=v?)y =0
can be expressed by  y(x)=4 Jv(x) +B J_V(x)
Fine the General solution (in terms of the Bessel function) of the
equation:
xz_}f”Jr(l - 2v)xy'+v2 (xzv +1- v2)y =4
Hint: n=a""p. 2=%" (20%)

4.Find the inverse matrix of A, where

e )
A=<0 12 (15%)
3o 00

5.Consider the eigenvalue problem Ax =2Ax, Show that the eigenvalues
are real if A is a Hermitian matrix. : (15%)

6.Consider a wave equation of u(x,1),
2 2
ddi - ail
e g
ot 0%

if the initial conditions are given :

—o<x<oo, 0<t

cos(x) when-n<x<nm

0 otherwise

u(x,0) = {

ou
—(x,0)=0
8t(x )

Find and graph the waveform of u(x,7) at ¢=3.0 (20%)

= 525
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Solve the complete solution of the ordinary differential equation ( 10%)
W'y = (%)

Find the value of k that makes the determinant zero (10%)

k k+5 k-3 100
k k-3 k+5 100
0 k+5 k-3 100(=0
0 0 k-3 k+5
gt e 0 100

OO O O —

Evaluate the line integral I = qzdx+ xdy+ ydz where C is the trace of the
7

cylindrical surface: x* +y*=4 %ﬁg’%&plane y+z=4. (hint You may

use Stoke’s theorem.) (10% "ﬁ@tl % %@G
i :ﬁ?‘ N, N

&5 3%
Find a matrix P such fhs = Wi _%g‘a diagonal matrix formed
W =4 B

, - - ’
U (|| o
I 2R %4
A tank is initially filled FﬁgOgal of qgj s %ﬁ%n containing 1 Ib of salt per
= . ToLa

; . e = _ .
gallon. Fresh brine contamlnfmwﬂé%lon runs into the tank at the rate

5 gal/min, and the mixture, assumed to be kept uniform by stirring, runs out at the
same rate. Find the amount of salt in the tank at any time ¢ and determine how
long it will take for this amount to reach 75 Ib. (15%)

Solve the partial differential equation (20%)
2 2
7,5 _,
gx- Gy
#0,9)=0, f(a,9)=sin" )
P(0)=0, ¢(x,b)=sin"%/)

2
Find the Fourier series of f(x)= —J;— CE<xsr), fa+2m)=[1(x)

ot i n
and also prove that 1+—+—4+ —+...=—  (20%)
4 9 16 6
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1.Find the general solutions of the following differential equations of

y(x):
() y=3y=x
o d
(ii) { -y=0
(i) y"+x*y"-2xy'+2y =0
20%
2.Consider Mass-Spring system
I../\;\/y m, _/\;\/\_4 m,
! i2 ko
s b—
X] XZ
If m =m, =k =k, =k, =1 andthe initial conditions are
x(0) = x,(0)=1
5(0=x(0)=0
Find x,(f)and x,(1)
20%

3.Given the Sturm-Liouville problem of | y(x):
Y+ A%y =0 O<x<L
y(0)=0
V(L) +Ay(L)=0
Where L, A are constants. Find the eigenvalues and the normalized
eigenfunction of the problem.

20%
4.Solve the integral equation of convolution type
: !
y() =£* + [y(@)sin(¢t -7)dv
0 -
20%
5.Find the steady state solution of the following wave equation of
u(x,t): u,—c'u, =0 0<x<L; 0=t
the boundary conditions are:
u(0,1) = Asin(wt)
u(L,t)=0
where ¢, A, are constants, What restrictions must be placed on @ 7
20%
AN A B
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1. Find the solution of the following equation: (15%)
Y+iy=0, y(0)=y(L), »y'(0)=y'L)

2. A time signal distribution is shown in the figure. Find the frequencies and the corresponding
amplitudes contained in this signal. (15%)

/2

AN N
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3. (a)Find the solution of the following wave equation (10%)
du_du u(x,0)= 1 (x)
a2 ax*’ u, (x,0) = g(x)

B f(x)=0, g(x)=x, 0< x <1, find the solutions of u(—%,%), u{2,5), and u(—é—,-é—) (5%)

—w<x<ow, O<f<oo, ICS.{

4. Evaluate the line integral of fjﬁ -dF . where ¥V=xzj, and C is the trace of surface
C
z=4-3% cut off by the planesx=0, z=I0 and py=x.(15%)

5. Find the principal axes and transform the following equation 2x1 +4x%, +5%3 =1 to its
canonical form. (10%)

é

6. Consider a mass and spring vibration system as shown in the figure. The
non-dimensional parameters are shown in the figure. Assume that the
system is initially at rest. And at time t = 3, a unit impulse force is applied
downward on the system suddenly, find the displacement of the system,
(10%)

J:
s

AV
e
I
Co

3
]
N

..,'
"
~

7. Find the principal value of f ! dx (10%)

- Tx+ 6)(x +4)

8. A body of mass m is thrown vertically into the air with an initial velocity v,. If the body
encounters an air resistance proportional to its velocity, find (a) the velocity of the body at

any time ¢ and (b) the time at which the body reaches its maximum height.(10%)

AAMEAET
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(1) Find the eigen values and their corresponding eigen vectors of the following problem:
Ax=]1x

where A=

o O O =
o O = O
N W o O
HOON O O

15%
(2) Consider a problem of 3" order O.D.E of y(x): y"+ y"+ y = cosx, if the initial conditions
aregivenas: »(0)= 4;y'(0)=B;y"(0)=C where A;B;C are constants. This problem
can be rewritten by a system of three simultaneous 1* order O.D.E. of the form:
n'= [ a5 Y35 %)
V2= o (Visdas V3 %) s
y3'= (0 y20 75:%)

Find f;f;/; and the initial conditions of y,(x); ¥5(x);)5(x)
15%
(3) Find the Fourier series expansion of the function f(x)7 f(x)=(1+2sin 2x)?

15%
(4) The general solution of the 1-D free space wave equation of %(x,?) :

19 &
v —6;7)“ =0,is given by u(x,?)= f(x—ct)+ g(x+ct),where f and g are
arbitrary functions of (x —ct) and (x+cf) respectively. Find the general solution of the
following equation of u(7,1):

-1 azu__l-_a-(rzau

—_— =0
¢t ot rror ar)

15%
(5) Use the method of Laplace Transform, solve the following problem of y(f):
D 2@ 00250 5 y(0)=(0)=0
2 Y s yreiy > ¥ Y
20%

(6) Determine an analytic complex function f(z), wherez = x + iy, such that f(z) =u+iv and
u(x,y)=y =35’y +y.

20%
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Find a family of curves which is the orthogonal trajectories of the curves; ¥ = Nx-+c,where ¢ isan
arbitrary constant.

10%
The 2-D Laplacian operator in Cartesian coordinate is :
5 a2 2
Vo= (—5 + —2—) . Transform this operator in Polar coordinate: x=rcos@; y =rsingd
ox
10%
Find the general solution of the following nonhomogeneous matrix equation:
d
—Yy=Ay+tg
dt y
Y (t) 2. —4 10¢
where = : A = D g = <
Y Lz(r) /3 9 +3
20%
Consider the following two initiat value problems of ¥(£):
O mp+cp+hy=0() 1C. y(0)=p(0)=0
M my+cy+ky=r(t) LC. p(0)=y(0)=0
If A() is the solution of problem (I}, show that the solution of problem (II) can be expressed by:
t
()= [nt—1)7(r)d
0 .
20%
Consider the following eigenvalues problem of y(x):
V'+Ady=0 as<x<b —-——(1)
a)= Wb
s {),:( =0,
y'(a)=y'(b)
if A, and A_are two distinct eigenvalues of the problem, show that the corresponding
eigenfunctions ¥, (x) and ¥, (x) are orthogonal in (a,b).
20%

The equation of a spherical surface with radius  “a" is given by : P y2 + 2% = az. If the

4
volume, V', of this closed surface is known: ¥V = —3— n’a3 , Use the Divergence theorem to find the
surface area of this sphere.
Hint ; Divergence Theorem : H V- EqV = HF‘ “RdA
¥ 5
20%

AU
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(15%) Find the Laplace transform of the following function f'(£) in Figure 1.

S Figure

A

0

(15%) Find the eigenvalues and eigenfunctions of the differential equation y"+ A y=0
with the boundary conditions (0) = ¥(1), »'(0)='(1}

{(15%) Solve the following equation

oy e =ox-5 el
+— & lu(x,y)=0| x—— |0l y—
[ax 577 ] (x,9) 2 3

BCs. u(0,y)=u(a,y)=u(x,0)=u(x,b)=0

(15%) A periodic function f(x)= f{x+7T) is approximated by the finite sum of its

k
. . . 2
Fourier series f(x)= P (x)=4,+ E [A, cosn@yx+ B, sinnwx],w, = _’I'E and the fotal
n=i
=

2
mean square error is defined as £ 5-11: I[f(x) — P,(x)]dx . If the coefficients in P (x) are

determined by the Euler Formulae, prove that the approximation has the “least total mean
square error” property,

(20%) Find a matrix P such that PTAP=D 1> where D, is a diagonal matrix formed by

the eigénvalues of A

9 1 1
A=1[1 9 1
1189

mf

{20%) Find the integrals .[
Tyt
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1. Givena 3x3 malrix A as
A=(0ft 2 3]

(a) (5%) Find the rank of A.
(b) (5%) Find a basis for the column space of A.
(c) (5%) Find a basis for the row space of A.

(d) (5%) The null space of a matrix A consists of all vectors x such that Ax=0.1tis denoted by N (A). Determine the
rank of N(A).

(€) (5%) Find a basis for the null space N(A).

(f) (5%) Let b=[b,,b,,b,]". Under what conditions on b (if any) does Ax=b have a solution?

(g) (5%) Determine det(A).

(h) (5%) Find the eigenvalues and cigenvectors of - e

ﬁG’ B o
& B E
o Y
2. (10%) Solve the ordinary differential equaty@ bel \<and d the steady state solution u_ = lim u(t s
:{? 2 ¢,; 2N Tl
du 5 & ‘ L e
—=au-bu’, ] =
dt @ - tE
where a, b are positive constants. % S g ﬁ;?
—-\ I ¥ ]
&
| N V&Y
i,

: \ #!i‘
3. (15%) Determine the Fourier coefficients a, %éﬁthg?ouna%er z} (&

e

a, +Z[a cm(’f)i-b sm("ﬂx)}

n=1

representing the function f(x) = cos?(x/6) —sin(x/6) cos(x/6) over the interval [-37,37].

4. Consider the nonhomogeneous heat conduction equation

ou 0'u

= 62+F(xl) for 0<x<L, >0
t

subject to boundary conditions: #(0,¢) = u(L,t)=0 for >0,
and initial condition: wu(x,0)= f(x) for 0<x< L.
(a) (10%) First, solve the above problem for the special case F(x,f) =0 (i.e. homogeneous case) by using the method of

separation of variables.

In an attempt to solve the above nonhomogeneous equation, it is assumed that the solution can be written in the form:
< nx
u(x,t) =Y T, (1) sin(22),
= I
n=|
(b) (5%) Derive the equation for the unknown function 7, (¢). 533

#HHH

(c) (5%) Selve for T (1) to get the complete solution u(x,?).
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5. Write down true (T) or false (F) to the following statements.
(a) (3%) If a vector function y satisfies V x v=0 everywhere in the region Q, then § v-dr=0 forany closed
curve C lying entirely within the region Q.

(b) (3%) The complex function f(z) = (z+1)" is a multi-valued function.

zdz

3%) The complex intepral § — =2
L A ke

=0 over the closed curve C: |z, =1.

(d) (3%) The complex integral i eV dz = 27i over a closed curve C enclosing the origin.

(e) (3%) The complex function

1
2(z2 +9)

has a Taylor series expansion about the point z = 2i valid in an annulus 0 < |z <3.
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1. (15%)
(1) By assuming  y(x) = ax® +bx+ ¢, find a particular solution of the following ordinary differential equation

d*y dy
[~ )t~ 2x =242y =0,
( ) dx’ dx ’ ]
(2) Find the general solution of the ordinary differential equation in (1).

dzy

2. (15%) Solve the following initial-valued problem: 7 —-y= 5sin” x; y(0) =2, y"(0) =~1.
x

3. (20%) Answer the following questions:

(1) Let R be the set consisting of all real numbers, and § be the set consisting of all positive real numbers and
zero. Is § a subspace of R? If not, why not?

(2) Are the following vectors in the four dimensional real vector space, R*, linearly dependent: (1,3,-1,4),
(3,8,-5,7), (2,9,4,23)? If yes, why? If not, why not?

(3) Consider a vector space V defined as the set consisting of all the solution functions y(x) of the ordinary

2 .
differential equation: %—%1— 231+ y = 0. Find a basis of the vector space V.
X X
1 00
(4) LetAbea3x3 matrixand A =| 0 2 3| Findithe nonsingular matrix P that diagonalizes A.
1 32

4. (40%) Choose the correct answer in each’of thefollowing questions: (4% each, derivations and reasoning are
not required.)
(1) Which of the following equations represents a possible streamline of the vector field F = (I/x)i+e"j?

= X = X 18X - -y * -—-1 x2 =1 = x
W] Y= =t R (fEET A, L @Y7
‘Z:O Z=4 Z=0 y::ex z )
(2) What is the directional derivative of the function P(x,y,2) = 8xy2 —xz at the point (1,0,2) in the direction
u=i+j+k?
@-3 M3 (©-V3; @-1/3; @©-L
(3) Let @(x,y,2) =—(x2+y* + 222, What is the flux of V¢ across the sphere of radius 3 centered at

the origin?
@4r;, ®MO; (©2r; (d)36xr; (e)—367.

(4) If the Fourier transform of a function f(t) 18 HNw) =2(1-cos a))/a)2 , then which of the followings is
the most probable form of the function f(¢)?

;o (©) ; (D) ;@)

() --——--—--—> ; (b)

(5) Let f(x)= 3x% =1 and let the Fourier series representation of f(x) in the interval [-1,1] be
Z [a,, cos(nz x)+b,sin(nxw x)], then, which of the following statements is true?
n=0

() ib,%:]; (b) i(a3+b3)=-9—; (© Z(a3+b3)=]3; @ Y al=

n=0 n=0 5 n=0 5 n=0

y(e) i ay =

n=0

wl
wioe

B
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(6) If the Fourier transform of the function f (1) = e"‘”2 is ¥w)=+7/a e"“’2/ 42 then, the Fourier
transform of the function g(t) = (¢ +2) PG
. 2 . .
(a) = /ﬂ/a 6—210) ) e—a) /Aa; (b) —iw /ﬂ'/a e—2m)‘e—w2/4a; (C) ,7[/(1 eZm) ) e~w2/4a;
~io 2iw -olf4a i ~diw ~a?faa
q =2 Jx : ; iy : .
(d) » /a e e (e) 2 nfae e

(7) What is the value of the complex integral § (Z/z) dz where C is a closed circle of radius 2 about the
C

origin?
(@ 2mi; 105 (¢) ~27; (d) ~dx; (e) 4xi.
(8) The residue of the complex function f(z)=-é——s—u}i-§—-—— at z=0 is:
z°(z" +1)

@ -i5 () 5 © —if2; (@0; (&) J-i.
©) Let f(g)=—F2
(z-D(z"+4)
(a) f(z) hasadoublepoleat z=-2; (b) f(z) hasasimplepoleat z=2; (c) f(z) hasasimple
zeroat z=1; (d) f(z) hasa Taylor series expansion‘at-z =2; (e) f(z) is analytic in
()<1z—1‘<°o.

, then which of the following statements is true?

(10) Let Q be a 2-D simply connected domain with boundary.curve €. If @(x,y) satisfies the Laplace

equation V2¢ =( everywhere in ) then, which of'the following statements is true?
(a) 0¢/dy =—d¢/dx in Q; (b)¢ has alocalminimum (or maximum) in the interior of € ;
(c) normal derivative d¢/dn =0 on thecuryve C; 4:(d) | V ¢ais in the direction normal to the curve C,

(e) §_ V@.dr =0 along any closed curve C| lying within €,
C

5. (10%) By using the method of separation of variables, solve the following 2-D Laplace equation in polar
coordinates (r,0):

9% 1ou 1 3%
et

— e e =2 ) 0<r<R, 028<2x
arz ror r2892 ’ r )

subject to the boundary condition: w(R,8) =1~ cos? 6.
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1. (30%) Write down on the answer sheet the correct answer to each of the following questions. (Derivations
aepotrequired}  (hmHMEREz TRBMHEE, NKES)
(1) The directional derivative of the scalar function ¢(x,y,2z)=xy— z? evaluated at point (1,-1,1)
along the direction 3i-4k is
@5; ®M1; @©-11/5; @1il/5; (1L

(2) The line integral iE-d[ of the 2-D vector function F = 2—-y 5 i+ 3 ad 3 j evaluated over the
x“+y xT+yc T

closed path C: (3«:—2)2 + (y—2)2 =9 is
@z, OM0; (©)2x; (déx; ()A2.

(3) Let F(r,8) =(~r)e, bea2-D vector function given in terms of polar coordinates (r,0) with e,
and e, denoting the base vectors of the coordinate system, then V-F=7?

@0: & ~1/r%; © Y2 @ Y} @ 2/r%.

Let f (x) Q +Z[a cos( T )+b [%H be 'the Fourier series representation of the function

f{x) overtheinterval ~L<x<L. Answer questions (4)-(6).
(4) Which of the following statements regardmg to the abovc Fourier series is true‘?

@ a,=— f f(x)de; (B)If f () is4noddfunction in [, L], then b, =0 foralln;
(c) b, = —_[L f(x)sin[—]dx; (d) e, = I fL f(x)cos[Tde;

(&) ——f fixdc=a +2(a +b2)

n=l
f(x)=5 x=-2
(5) Ifinthe interval [-2, 2], f(x) isdefined as =—x —2 < x 20, then the Fourier series at
=x2-1 D<x<2

x=2 convergesio
@72, ®M3; (@©0; (D4, {(e)52

(6) Let f(x)=cos? (mc/2} in the interval [-2, 2], then which of the following statements is true?

(@ a,=0 foralln; (b)i(aﬁ-:_bf):l/z;; © a,=Y4; @ a=1; (e)i(aﬁ'+b3)=]/2.
n=l

=]

(7Y Let §(r) denote Dirac delta function and  f(¢) = cost, then the Fourier transform of &(r—2) /(1) is:
(note that Fourier transform is defined as 3{g(1)}= Eo g(e™dr)
(@0: (b e, (o) e_f(“’+2)/a7 o (d) e H?cos2; (e)1.

(8) Let z=x+iy denote complex variable, then which of the following statements is true?
(a) f(2)=1Inz is an analytic function in ~2x <arg(z)<27; (b) 2> +i=0 has infinitely many
complex roots; (c) f(z)= JE\ has a Taylor series expansion about z=0; (d) f(2)={1-cosz)/z
hasasimplepoleat z=0; (&) idz/[z(zz +4)]=0 over the closed circle C: ]z + 3| =

> 9k
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(9) The residue of the complex function f(z) = sin z/ [z(z+ z')z] at z=-i is
(a) icosi-sini; (b) —isini; (c) —icosi+sini; (d)0; (e) (icosi~sinz’)/2.

(10) What is the value of the complex integral izevzdz,overC: |z|=2'?
(@ 0; (b) 2zi; (c) 4mi; (d) =i, (e) 2m.

2. (10%) Consider the following equation

ou_chu_
o o2
subject to boundary conditions:  #(0,) = u(1,1)=0 (>0
and initial condition:  u(x,0) = sin(sx) cos(sx) (0<x<1)

Solve the problem by using the method of separation of variables. (Other methods are not allowed.)

3. (15%) Find the positive eigenvalues and corresponding eigenfumctions of the Sturm-Liouville problem:
Y+(1+2)y=0, y0)+y(0)=0, ¥x)+y(z)=0

£=2x2—y

4. (15%) Find the general solution of N
*In(x)

5. (15%) Answer the followi'ng quesﬁohs.
{1) Consider a set V, consisting of all the real solution functions® y(x) of the ordinary differential equation:

% - %-}- 9y =0.1s V areal linear vectorspace? If yes, find the dimension and a basis of the
vector space V. ; _
(2) The vector v has components (1,-2,-1) with respect to the basis {(1,-1,1),(1,1,0),(1,0,1)} of R®. Find its
components with respect to the standard basis {(1,0,0),(0,1,0},(0,0,1)}.
(3) Which set or sets of the following vectors can form a basis for R*? (a), (b), (c), and/or (d)?
(a) (1,2-1)and{0,3.1)
(b)) (2,4,-3), (0,1,1),and (0,1,-1)
(©) (1,5.-6),(2,1,8),(3,-1,4), and (2,1,1)
(@) (1,3,-4),{1,4,-3), and (2,3,-11)

6. (15%) Consider the following system of ordinary differential equations

% (1) 1 -1 90
%:Au where u=|w,(f)|e R and 4=|0 0 1
(1) 1 -1 1

(1) Find the eigenvalues and the associated eigenvectors of matrix 4.
(2) Find the exponential of the matrix Ar.
(3) Find the general solution of the system of ordinary differential equations.

EXE &30
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(30%) Write down on the answer sheet the correct answer to each of the following questions. (Derivations
are not required.) '

' 2, .2
(1) The line integral <§CE -dr of the 2-D vector function F= (x -;y +2y)i+(xy-ye¥) i evaluated

y=%1, -1<x<1 |
over the closed path C defined by is
r=1l, -1<yx<1

@4; ®)-8; ©0; (@ -('-¢); (o) 2¢'-e™).
(2) Let F(r,6)=(~1/r)e, be a 2-D vector function given in terms of polar coordinates (r,8) with e,

and e, denoting the base vectors of the coordinate system. What is the flux of F across the circle

of radius 2 centered at the origin?
@0; &) -2z; () —4z; () 4z; (¢) =/2.

(3) Let ¢ and F be continuous and differentiable scalar and vector functions, respectively; then
Vx(¢F) =1
@(VAxE+gVE; ®)(VE)-E+d(VxE);, (©)0; ((VAHE+FVxF); ()gVxF-Fx(Vg).

(4) Let z=x+iy denote the complex variable and f(z) -a complex function, then which of the following
statements is true?
(a) f(z) =1/z is an analytic function'on the whole z-plane excluding the origin;
(b) £(2) = zcos(l/z) has a simple poleat z=0;
©f(2)=(z+2) / [z(z2 +4)] has a Taylor seties expansion about z = -2i;
(d)zz/3 = -—l has only two roots 'z =+i;

———F—dz=0
©¢, Sy 3) (Z v over the closed cirdle €: |z-i|=1

(5) The residue of the complex function f(z) =(z +2) eV 'at 2=0 is
@5/2; M1; (©12; (do; (e) =i.
(6) What is the value of the complex integral (ﬁc {Gsin2)/[z(z - iy’ }dz over C: Iz - il =27

(a)sini—icosi; (®)0; (c)2x(cosi+isini); -(d)—2z(cosi+isini); (e)2z(sini—icosi).

(7) Let the Fourier transform of the function f{f) be F(w)= J—M f®e ™ dt ; then which of the
following statements is true? B
(a) The inverse Fourier transform is given by f(7) = J- TF (®)e'dw;
(b) The Fourier transform of the function f(t-1,) is e'“ F(w);

(c) The Fourier transform of the function #27() is i*F (@);
(d) The Fourier transform of the function f(ar) for acR, a>0 is (/a)F(w/a);
(e) Let G(w) be the Fourier transform of g(7), then the Fourier transform of f(f)g(?) is

L o))
2

(8) Hf the Fourier transform of the function f(f)=1/(a® +£%), a>0, is F(@)=(z/a)e " then what
is the Fourier transform of the function g(¢) = /(a2 +12 )2 ?

@ -ze ¥, ®) —ize © 7 (@ ;—Z—a)e—alml; (e %meﬂlwl.

3 2%
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(10) What is the Fourier integral representation of the function

(9) Let f(x) be an integrable function defined in the interval ~L <x <L, and
a, + Z[a,, cos(—’zzzj +b, sm(fllgﬂ be the Fourier series representation of f(x) over the interval
n=l

~ L < x < L ; then which of the following statements is true?
(a) a, isthe average value of the function f(x) overtheinterval —L<x<Z;

(b) The Fourier series converges to f(x) at every interior point —L <x<L;

(c) At both end points x =+L, the Fourier series converge to the same value: %[ FELY+ UL,

0

(d) The Fourier series Z{Eg[— a, sin(nTﬂx) +&, cos(%)]} converges to the function ___dj(’lix) in

n=i

theinterval ~L<x<L except at points where the function f(x) is not continuous;

© 2—1L—J'_LLf2(x)cbc=a§ +3 a2 +22).

n=1
F(x)=1 for[x<1 )
=0 forx>1

2 o0 . o0 0
(a) ~I sin wcosaxdw; (b) Ej cosweosaxdw; (c) zj cosa)cosa;xda);
7 do 70 rH o

(d) if Smwcosmxa’w; (e) lr 05D cos awdad:
7w

4] P90 (4

2. (15%) Write down on the answer sheet the cotreci answer to each’of the following questions. (Derivations
are not required.)

(1) Which set or sets of vectors can be a basis for the three-dimensional real space R*?

@
(b)
©
@
©

{(1’22-1)’ (0’33 1)};

{(2>4"3)= (O: 151): (0,1:'1)};
{(1:5)-6)1(21 1:8):(3:054);(211: 1)}:
{(1,0,0),(0,1,0),(0,0,1),(1,1,1)};
{(1,3,-4),(1,4,-3), (2,3,-11)}.

(2) Which one or ones of the followings can be a real linear vector space?

@
(b)
©

GV
©

the set consisting of all polynomials of degree exactly equal to 2;
i 2
the set consisting of all real solutions y(x) of the ordinary differential equation %xTy - 6%4— 9y=0;
the set consisting of all linear combinations of the vectors (1,0) and (-1,1);
the set consisting of all vectors parallel to the plane 2x+3y—z=1 in R®,

the set consisting of only the zero vector in R

(3) Which one or ones of the followings can be a real linear vector space and have a dimension of three?

@
()

©
@
©

the set consisting of all polynomials of degree exactly equal to 2;

3 2
the set consisting of all real solutions y(x) of the ordinary differential equation %+ :i_ix% +3y=1;
the set consisting of all real symmetric 2x2 matrices;
the set consisting of all linear combinations of the vectors (1,2,1), (0,1,1), and (3,~1, -4) in R,
the set consisting of all vectors (x, x—y, 0, x+, z) in R°., where x, y, and z are real numbers.

BRA
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3. (15%) Consider the initial-valued problem:

i:f_x -y x(0)=1

! and { (0)=0
dy Y
Yo 3x-—y+ & (0) =
o X-y+— dyfdt(0)=1

where x=x(¢) and y=y(f).

(a) Define x,(1)=x(1), x,(t)=y(t) and x,(f)=dy/ds. Rewrite the above differential equations into three
first-order differential equations in terms of x,, x,, and x, (i.e, a 3x3 matrix equation X'=A4X for
X = (6,@.%0,50)).

(b) Find all the eigenvalues of the associated matrix 4.

{c) Find all the linearly independent eigenvectors of the matrix 4.
(d) Find the exponential of the matrix 47 (a fondamental matrix of the matrix equatlon) 1e. exp(4r).

(¢) Write down an expression for the solution vector X(7).

4. (10%) A constant coefficient, homogeneous, linear ordinary differential equation has
y=x’cos(3x)

as a particular solution. Let n be the order of the highest derivative appearing in the equation.
(a) What is the smallest possible value of n?
(b) What is the general solution to the ODE that has'this smallest possible value of #?

§. (10%) Find an integrating factor of the differential-equation
(* + 1Dy 3%y = 6xe”

6. (10%) Solve the one dimensional heat transfer problem
u, =%, 0<x<5

with boundary conditions #(0,£)=0, u(5,£}=4, f> 0 and initial conditions #(x,0)=0, 0<x<5.
(a) Find the long time, i.e. time independent, solution reached as ¢ — o .
(b) Find the time-dependent solution #(x,7) that satisfies the given boundary and initial conditions.

7. (10%) Solve u, =u_ —7z*sin(zx) for 0<x<1, >0,

u(0,0)=u(1,1)=0, for 1>0,
u(x,0) = 2sin(zx)+8sin(137x) - 3sin(317x), and #,(x,0)=—sin(8xx)+12sin(887x).

AR S
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1. Consider the real linear vector space, V, which consists of all real-coefficient polynomials in ¢ of
degree <2, Answer the following questions.

(1) (3%) What is the dimension of ¥ ?

(2) (3%) Find the components of the vector &(¢) =1 —27+* with respect to the fbasis
{Ay=1’, L) =2+1, f,(1) =121} for V. Denoteitas (),

(3) (4%) Find the transformation matrix (P) from the fbasis to the standard basis
{e] (=1 e,() =t &)= 12} for ¥, that is, (k), = P(k),, where (k), is the coordinates of the
vector k(f) with respect to the standard basis.

2. (15%) Consider the initial-value problem:

dx
a7 . dy

\ with  x(0)=0, 3(0)=1, =(0)=0.
d'y dy dt
T

Solve the problem in use of the method of Laplace transform.,
3. (15%) Find the general solution of the following ordinary differential equation
d'y 2 dy 3 Y
x—;;z—+(2x -3)—c};~+(x -2x+3x )y—x for x>0

by performing the change of variables y(x) =xU(f) and x= x>

4, For each of the following Fourier series expansion;

__ 1yl
j,'(x):x:ZZm_]( D sinnx for —w<x<m,
=G
4 e ,
f,,(x)=1=;Zn=lzn_lsm[(2n—1)—ﬂ for O<x<2x,

fu(x)=x= kH%Z:E](z—;:ﬁycos[(zn—l)fz‘—] for 0=x<2x

(1) (3%) What is the numerical value of [ f, (x)cos(65x/2)dx ?

(2} (3%) What is the numerical value of kin £ (x)?
(3) (3%) What are the numerical values of each seriesat x=7/3, z,and 12.57 7 (9 answers required)
(4) (3%) Find the Fourier series for |xi , 2r<x<2m.

2 n
(5) (3%) Does  [xdx =i2— =2Y"" () nieosmx~1); ~F<x<7?

dx o
Does —=1=2Z cosnx, —m<x<n?
dx asl

Give reasons why you answered “yes” or “no” to these questions.

5. Consider the following 1-dimensional heat equation:
u
axz

ey e . . WX
with initial condition u{x,0)= sm—4— , 0<x<2.

=u+%‘~ for 0<x<2, >0

{1) (4%) For ¢ =0, the wire temperature is kept zero at x=0 and the wire is insulated at x=2. Write
down the mathematical form of these boundary conditions.
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(2) (4%) Following (1), use separation of variables on this heat equation to obtain twe ordinary differential
equations for X(x) and T(¢), and the boundary conditions for X(x).

(3) (4%) Following (2), find all non-trivial solutions of X' (x).

(4) (3%) Which, if any, of the equations given below is a solution to the given heat equation with the given
boundary conditions in part (1). (Justification of your answer is required to get credit.)

L .

Sy X -

a u(x,t)y=e 16 sin—- (i) u(x,t)y=e 16 sm-:r
-t

iy #(x,)=e 1S cosmx

it

nal
. e TN i BEX =2.71'x.mz'x
() w(x0=> be sin==, b, Ls1n(—4 )sm(————2 Ydx

6. Write down the answers to the following questions. (Derivations are not required.)

(1) (3%) Evaluate the line integral q‘c F-nd? ofa2-D vector function F={ id i+( 4

S NI ]

over a closed path C defined by an ellipse 9x% +4)? =1. (n denotes the unit normal vector pointing
outwardly along the ellipse.)
(2) (3%)Let #(x,p,z)=xyz be ascalar function, Evaluate the surface integral ﬁg (V) ndS over

the bounding surface S of a cube defined by —-1<x =<1, ~1<y=<], -1<z<1. (n denotes the unit
normal vector pointing outwardly along the surface of the cube.)
(3) (3%) Let F=(2x* —3)i+(cosy—ye™ +4x) Jj be a2-D vector function.  Evaluate the line integral

cjc ¥ dr along aclosed path C defined by a umnit circle centered at the origin.

(4) (3%) Let g(x,y,z)=x"y—xe®. Find the rate of change of ¢(x,y,2) at point (1,0, -1) along the
direction g=i—2§+l_c.

(5) (3%)Let @(x,y,z) and w(x,y,z) be two continuous and differentiable scalar functions, then
Vi (VéxVi)=0. Trueor False ?

7. Let z=x+iy denote the complex variable, z=x -7y be the complex conjugate of z, and f(z) a
complex function. Answer the following questions. (Derivations are not required.)
(1) (3%) f(z)=Z/z isan analytic function on the whole z-plane excluding the origin, True or False ?

{2) (3%) Find the residue of the complex function f(z)=z(z+ i)ell gt z=0.
(3) (3%) Let the Laurent series expansion of f(z)=(z + 3i)/ [2(z% + 9} about z=3; be denoted by

n=+0
> ¢,(z—3i)" whichis a convergent series within the annulys 0 <{z -3 <3. Find the sum of the
n=—to
n=~1
coefficients ¢, of all negative-power terms; i.e., evaluate Z ¢, =7

n=-co

{4) (3%) Evaluate the complex integral cj‘c[(sin z)/ (z—1)?dz over C: |z ——i| =2.

(5) (3%) Evaluate the real integral _[;ﬁe(msg) cos(sin &) d6.

<hint>: Consider first the complex integral i‘ (e? / z)dz along a unit circle C centered at origin.
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1. (10%) The initial conditions y(0) = y,, »'(0)= y,, apply to the following differential equation:
2y —4xp'+4y=0.
For what values of y, and y, does the initial-value problem have a solution ?

0210
2. Counsider the matrix A= 0021
000 2
000 0

{1} (6%) Determine the rank of A.

(2) (6%)LetBbea 4x3 matrix satisfying AB =0, Find the maximum possible value of the rank of B.
(3) {6%) Find the eigenvalues and eigenvectors of A.

(4) (6%} Is A diagonalizable ?

(5) (6%)Let b=[b,b,,b,,b,) . Under what conditions on b (if any) does Ax=b have a soluiion ?

3. Let u(x,¢) denote the displacement of a finite string over 0<x <z with fixed ends, #(0,#)=u(z,)=0.
The string starts to vibrate from its initial states, w#(x,0)=0 and #,(x, 0) = (du/dr),., = x, after an external
force, F(x)=x(x-n), is applied onto it, The subsequent string displacement can be described by a 1-D
inhomogeneous wave equation:

u  _Ju
¥=9¥+F(x) ,for 0<t<e,
(1) (4%) Write u'(x, £)= X(x)I'(#) . Use the homogeneous problem (set (x) =0 with the same boundary
conditions) and the Sturm-Liouville theorem to determine the eigenfunction and the corresponding
eigenvalue, ¢,(x)and 4 , of the problem.

(2) (4%) Find the eigenfunction expansion of the external force: determine the coefficients £,'s in

L3

Fxy=2" 1, 4,0().
Use (1) and (2) to find a solution for the original wave equation in the form of u(x,!}= Z:ﬂlTn(t) ¢, (x):

(3) (4%) Determine a 2" order ODE (ordinary differential equation) that governs T (¢).

(4) (5%} Apply the initial conditions to solve the ODE obtained in (3). Then, complete the solution to the
1-D inhomogeneous wave equation.

4. A periodic function f(x) is sketched below.

/ /..

~2r —-r 0 7T 2z

(1) (2%) Write a mathematical description for the function.

o3

{2} (3%) Determine the Fourier series representation, f(x)=a, + ZM a, cos(A, x)+ b, sin(4, x), of the
function; explicitly write outa,, a,,5,, 4, .

(3) (3%) Determine the fundamental period, @, , of the Fourier series. Sketch the amplitude spectrum of the
Fourier coefficients over the frequency range of [0, 4e,].
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(4) (2%) What is Gibbs phenomenon ?

(5) (3%) Is Gibbs phenomenon present in the Fourier series representation for f(x) found in (2)? If yes,
indicate the location where Gibbs phenomenon will be most pronounced over the range -5<x <35.
Otherwise, explain why the current Fourier series representation is free of Gibbs phenomenon.

5, Write down the answers to the following questions. (Derivations are not required.)
(1) {3%) Evaluate the distance from the point (1, 3, 0) to the plane: x-3y+ J6z=3.
(2) (3%) Let é(x,y,z) =xpz+x2 —2y° beascalar fonction. Evaluate the flux of V¢ out of the
surface of the sphere: x* +y? +2z% =4.

(3) 3%)Let E=re, +rcos@e, +z¢, beavector function written in the cylindrical coordinates
(r,8,z). Evaluate V-F.

{4) (3%) Find the streamlines of the 2-D vector field F =sin(2y)1+cos(x) j.

(5) (3%)Let ¢(x,)) and w(x,») betwo continuous and differentiable scalar functions on a simple
closed curve C and throughout the interior D of C, then

cj‘-qi(aw/@)dr-#gé(aw/ax)ay: II¢V2wdA+ ”[ ]d4. Fill in the blank bracket [ ] in the
C iy D

above identity with proper expression.

6. Let z=x+iy denote the complex variable, z=x-Jy the complex conjugate ofz, and f(z) acomplex
function. Answer the following questions. (Derivations are not required.)

(1) (3%) Find the real part of (1-/)™" if the argument # is restrictedin 0<@<2r.
(2) (3%) Find the residue of the complex function f(z)=z(z-1i) cos(]/ Z*) at z=0.

(3) (3%) Let the Laurent series expansion of f(2)=(z+ i)/ (2* +4) about z=-2i be denoted by

=i+

Z c,(z+2)" which is a convergent series within the annulus 0 < ]z + 2i| <4. Find the sum of the
n=—
] . nz-—l
coefficients ¢, of all negative-power terms; i.e., evaluate E c, =7
H=—o0

(4) (3%) Evaluate the complex integral (j‘ [2/(z+20)%)dz over C: 2] =1.
¢

2 g

(5) (3%) Evaluate the real integral _—
9= COSE +5iné
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1. (30%). Given a forced-vibration system described by

(1)

¥, +2x —x, = asinf)
X, +2x, —x, = bsinly

(a). If we assign a=0,b=1, and Q=2in equations (1), and the initial conditions are
x,(0) = x,(0)=0 and x,(0)=x,(0)=0, find the solutions of equations (1).

(b). If the forcing frequency € is assigned as Q= ﬁ, ‘What is the relation between a
and bin order that the solutions of equations (1) with zero initial conditions are

bounded for all times ?

2.(35%). Let Abean nxn real matrix. Suppose A is skew-symmetric; i.e. AT=-A.

(a). Show that the diagonal elements of A are all zero.

(b). Show thatdet A = 0if n is odd.

(c). Show that if A has an eigenvalue, the eigenvalue must be zero.
(You can get partial credits by assuming n=3.)

(d). Show that I+A is nonsingular (invertible) where I'is the nxn identity matrix.
(You can get partial credits by assuming n=3.)

3. (35%). Consider the steady-state temperature distribution of a half-circle region. The
region is heated through some boundary conditions. To know the temperature distribution,

one needs to consider the following boundary valued problem

u 18u 1 8u
poe * __+___

at ror r?ag?
u(r,0)=u(r,m)=0, Owr<l

5]
———a” (1,0) =5sin0 +3sin36, 0<f <.
»

=0, O<r<l, 0<b<nm

(a). Find the solution of the above problem.
(b). Evaluate also the following integral

@-dx——aﬁdy
ooy ox

where C is the boundary of the half-circle region defined above.

v

o

?_E_: S5sin@ + 3sin 36
ar
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1. (30 %). Let M be a positive-definite symmetric (nxn) real matrix; i.e., xTMx > 0
if x # 0 where x is the n x 1 column vector with real entries.

(a). (10%). Show that all the eigenvalues of M are positive.

(b). (10%). Consider the following iterative process: with an initially given unit
yectorvy, forg =1.2,3. ...
(i) Compute u; = Mv;,
(i) Find viyr = wi/ ||uyl],
where |lu;|| denotes the magnitude of u;. Show that if the above process
converges, the sequence {v;, 1 = 1,2,3,...} converges to an eigenvector of M

with the associated eigenvalue approached by il $=1,2,3,..}
(Note that you may assu 18470

3
(c). (10%). Solve the foIlo‘#ﬁ%ﬂg

o ""-_
ma iy @%@r x| = 2,

N |

credlts )

2. (35%).

i

- (’.{:ﬁ"\- (%:ﬂ‘\ -
(a). Let a be a positive cons %ﬁ‘fldﬁt).be&o%wuoue function on [0, L], L > 0.
el

(i). (5%). Show that the on%@%
ty' +ay =0
which is bounded as ¢ — 0% is the trivial solution.

(ii) (10%). Let f(0) = b. Show that the equation
ty' +ay = f(2)

has a unique solution which is bounded as ¢ — 0" and find the limit of
this solution as t — 0.

(b). (20%). Given that the equation
ty' —(2t+ 1)y +2y=0 (t>0)

has a solution of the form e for some ¢, find the general solution.

HH |
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3. (35%). Consider the Poisson equation

Vip(2,y,2) = f(z,y,2)
in a bounded domain Q enclosed by the surface S with unit outward normal f.

(a). (15%). If the boundary condition is of the Neumann type; i.e., '—‘gf = g{2,9,2)
on the surface .S, show that

/f(fc,y,z)dV=/g($,y, z)ds

s

where dV and ds are the infinitesimal volume and surface elements, respec-
tively. Also provide the p} nt ation of the above equation.

.'_ﬁ ol g Lo
(b). (20%). For simplicityy imensibnal case in a unit square do-
main ) = (0,1) x 2
1, V(z,y) € Q, a,ngh#.

o= 0 =1

G

‘g’?‘%@’oﬁﬂ’“” e
(0,1) (L,1)

(0,0) (1,0)

Figure 1: Problem 3(b).
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1. (35%). Suppose A, B, C,D are square real matrices.
(a). (10%). Prove that (AD)™! = D™1A~! for nonsingular matrices' A and D.

{(b). (156%). For
12 2
A=| 2 3 -2},
-5 3 8

determine the eigenvalues and the corresponding eigenvectors. Also prove that C1AC = B, where

Vie Y5 Vix M 0D
C= iy oy ng 3 B= 0 /\2 0 s
Vg Vag Vs 0 0 A

Uiz Vog V3g
Y1y y Yoy ) V3y
Viz Vay Viz

the eigenvectors corresponding to the eigenvalues )1, Ao and )3, respectively.
(c). (10%). A surface in space can be expressed as z = f (z,y). Show that

. of
oz

with

ey e, +e;

of
oy

is the normal vector of the surface, with €y, e, and e, the unit vectors along the z, y, and z directions.

2. (30%). Tind the solution, if there exists one, of the following differential equations.

(a). (6%). % =y = S T y(O)= -1

(b). (8%). y"+4y =0, y(0) =0, W) =1
{c). (8%). v +4y =0, y(0) =1, yfm)l= 0.
@). (8%). y"+4y =0, y(0)=1, = y(m) =L

3. (35%). Let S be the boundary surface of an open pounded domain Q C IR,

(a). (10%). Let r = (z,y,%) be the position vector in IR3. Show that for r # (0,0, 0)

r
A2 ) =0
V(MQ ’
where || = /22 +9? + 22,

(b). (10%). Suppose the origin (0,0,0) is contained in the domain Q. Show that

/V- I dxdydz = 4m.
Ir?
3}

(c). (15%). Consider the function
0 otherwise

f(r)={ o(r) ifrEQ

where p(r) is a smooth function. Show that the solution of the Poisson equation

Vip(x) = f(r) Vre IR

can be expressed as

$(x) = /I dr dy'd?,

RUAE LB

where v’ = (z',y',2').
. 50
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1. (a) (10%) Solve the following initial value problem of y(x) in terms af the given function 7{x):
Yx)rdp(x)=7(3), HO=y(©®)=0.
(b) (10%) Given an initial value problem of y(x) with 2™ order ODE :

Y{x)==-siny, y(0)=n/6, y'(0)=0.
Find an approximate (serjes) solution of y(x) around x=0 by Taylor's expansion, up to 3 nonzero terms.

2. () (10%) Evaluate the following line integral along the path (x, ¥) = (0,0)=>(2,0)->(2,2
)]
f"m (10.1-4 = 2xy" )a{r ~3xty’dy

' 1
(b) (10%) Let f(x)=x"—2x"+x~2. Evaluate F(A) if A$(2 IZJ

3. (30%). Consider the {dgllowing iﬁilial-boundary value problem
311( )= & u(
u(0,1}=0, t>0 (&)
u(L,1)=0, >0
u(x,0)=0, O<x<l

KO)+E(x-8), O<x<i, 0<b<i, +>0

where 8(x) is the Dirac delta function. Define i,(f)= f a(x, ), (x)de, n=1,2,3,---, where X, (x} isdefined by

Y, {x)= J75|n/1.x /I”=££
£

(a) (5%). Let f(x) be a piecewise smooth function definéd-on 1[0, £]._Write down the standard formllla of the Fourier sine
series of f{x} and cast it into the form as

F0)=27x.00). J= [ 7E D

n=l

(b) (10%). Muktiply by X, {x) on both sides of equation-(A) and.integrate with respectto x from 0 to L;le,
[ 22 ) ¥, ()= “’ T2 0 X, ()it [ 8(x<B) X, ()i
Show that the problem reduces to
L 1)+ 220,(1)= ¥, (0)

E, (0) =0,

(¢} (10%). Find the sotution #,(¢) of (b).
{d) {3%). Using the results of (a) and (c), find the solution of the original initial-houndary value problem of (A).

4, {30%) Let Fourier transform pair in x  with vansform parameter £ define as
1 - .
)= — k) e ™ dk
()= [T (¥)e
J{k)= [ f(x)e=as

Let Fourier transforms of f{x) and g(x) exist, and be denoted as (&) and §(k), respectively.

{2) Show that the Fourier transform of f(at) can be expressed as f(k/a)/a , where constant a>4Q,

(b) Show thal the Fourier transform of the first derive of f(x),i.e. f'{x), can be expressed as —ik f(l.)
(&) I f{x) isareal functionin x, show that f(—k)= f/*(k), where * denote as complex conjugate.
(d) 11 f(\) is an even tunction in X, show that j?(k) = f*(]() .

{e) Show that the Fourier transform of Ef(ff)g(x-f)dg' can be expressed as (k) (k)

{f) Show that il} (.vr)l2 dy = 51; J:lf' (k)r ek , where [ ll stands for the squared norm of a complex function, e.g.

6 =7 () £ () KA AED 551
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1. (35%) Consider a mass m; suspended vertically from a rigid support by a weightless spring with a second mass
m, suspended from the first mass by means of a second weightless spring as shown in the figure 1. Let’s treat
the two masses as point masses, and assume that the two springs obey Hooke’s law with spring constants k
and k, , respectively. :

(1) Derive the equations governing the displacements for the two masses, x;(f) and x,(f), using Newton 5
second law with negligible air resistance. Here ¢ denotes the time. The result should be

2
m, ‘;7 =k, (D) + ky [ %)~ %,(0)]
: (10%)
2
dd . = -—k [X2(f) X|(t)]

(ii) Solve the equations for x(r) and xy(f) in (i) with m=m,=1 k=5, k, =6 , subject to
X =2, &=5, x, =—10, Lz}

di
(iif) How do we modify the equations in (i) if an extemal force F(t) is applied to mass , along the direction
of x, and the drag associated with the air resistance is included? Assume that the drag on the mass is

=1 at 1=0. Calculate the speeds of the two masses. ~ (15%)

proportional to its velocity but in opposite direction. (10%).
\ SONNN NANRRENNN
'-\
k

Equilibriumn

Figure 1

2. (30%) Consider a fullrank ( mxn ) real-valued matix A ( m>n ). Define
Range(A)z{yeR”f: ElxeR"ay:Ax} and Ker(AT)={yeR'": ATy=0} , where AT denotes the

transpose of A, and R” isthe m -dimensional vector space of real numbers. Show that
(i) Any vectorin R"™ can be expressed as a sum of a vector in Range(A) and a vector in Ker(A). (10%)
(i) Range(A)nKer(A)={0}.(10%)

(iii) Either the solution of Ax=y exists for all y € R”, or the problem A’y =0 has non-zero solutions.
(10%)

3. (35%)
(1) (a) Determine the regions where the following partial differential equation is of elliptic, parabolic, or
hyperbolic type. (6%)
Uy + Y1), =0

(b) Obtain its characteristics and its canonical form for each region in (a). (9%)

(11) Solve the partial differential equation
U, —u, =0, (0<x<o0),
subject to the conditions
u(0,£) = H(t)exp(-1), u(x,0) =1,(x,0) =0,
where H(7) isthe Heaviside unit step function. (20%)

e g&}é\eg\j | 952
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1.(24%) A4 =
'( 0) 2 2 ]

(a) (6%) find the eigenvalues and eigenvectors of 4 and 47!, respectively.
(b) {6 %) caiculate A" and 477 .
(c) (6%} find the eigenvalues and eigenveciors of 4’ and 4~ , Tespectively.

a
(d) (6 %) for any vector x = (ﬂ)’ show that x"4'x andx"47x are always
positive unless x is a zero vector.
. 10)
2. (6%) Evaluate the integral -[(0.1) (4% =3x’y")dx — 22°ydy along the path

X +yt=l.

3. (40%). Let f(s) = L{f(t)] = Jo? f(t)estdt be the Laplace transform of f(t).
{a). (5%). Find out the Laplace transform of the function 4¢2.
(b). {(10%). Show that
LIf (i~ a)H(t ~a)] = e7* f(s),
where a > 0 is a constant and H (t) is the Heaviside step function.

(¢). (10%). Consider the following initial boundary value problem

Ze(z,t) = L%z, t)+1, O<z<oo, t>0,
u(0,8) =0, t>0,

lu(z, t)| is bounded as & -+ 00, £ 0,
u(z,0)=0, z>0,

(2,00 =0, z>0.

Define
e=]
(z;8) = f u(z, t) e ldt.
0
Using the technique of Laplace transform to show that
d*ii ) 1
E&E(w; 5) — s%i{z; g) + 3= 0,
@(0;8) =0,  |i(z;s)| is bounded as z — co.
Note that here the variable 5 is treated as a constant.
(d). {10%). Find the solution i(x; s} in (c),

(e). (5%). Using (a) and (b) to find the solution u(z,t) of the initial boundary value
problem {c).

AAE
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4. (30%) An undamped spring-mass system , of which m, is mass of the main body,
k, the spring constant, and f(¢) the applied excitation, is shown in Fig. 4a, this is

referred 1o as the primary system. The equation of vibration by Newton’s second law
of motion is an ordinary differential equation as

i+o’x=f(t)/m. (4-1)

where @ = \(k, /m, .
{a) (12%) Show that by using the method of variation of parameters \he general
solution of equation (4-1) including both the homogeneous and particuiar solutions

is of the form
x=Asincut+Bcoswt+-——-L—£f(r)sinw(t—r)d1', - (42}
ﬂ]ml

where 4 and B are integration constants determined by initial conditions.

1

| o - 150

Fig. 4a Fig. 4b

(b) (6%) If £ (¢} is aharmonic excitation given by f(r)=FcosQt where Q is
the excitation frequency, show that the general solution is in the form

x{r)= Asinwt + Ecoswr ~ cosQx, (4-3)

m, (Q2 - (02)
where 4 and £ are constant,
The third term on the right of equation (4-3) is also called the steady-stare solution.

(¢) (7%) One method of reducing the vibration amplitude of the primary system
subjected to harmonic excitation is to attach a tuned vibration absorber, which is a

second spring-mass system, as shown in Fig. 4b. The equations of motion of the
two degree-of-freedom system, written in mairix form, are

m 0| kyvky —k (x| |F
K i R o S

Let the steady-state solution be given by

x, =UjcosQy, X, =U, cosQ 4-5)
and show ihat
(k, —m, Q2 F LE
T e U Q = —2_ ) 4'6
where

D(Q) =k +k, - m@* )k, — m, 0 ) &; .

(d) (5%) How should we choose the values of m, and %, fora givenvalueof Q so
" that the amplitude U/, is reduce to aero?

BRuR&n
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. (10%). Consider a 2x2matrix A whose eigenvalues are A, =0 and4, =1. The

corresponding eigenvectors are

xM = ! x@ = 2 )
) -1

what is A?

Suppose

where @, and b, are all real numbers. Consider a 3x3 matrix C=(c,}
where i, j=1,2, 3. Suppose ¢, =ab forij=1,2,3.
(2).(10%). Find the determinant of C.

(b).(10%). Assume a=0, b=0 and a’b=0. Find the real eigenvalues and
eigenvectors of C.

(a). (8%). Given a vector ficld u = (xy —1)i— xzj+(2— pz)k, find a vector field
wsuchthatVxw=u.ls w unique? Why?

(b).(8%). Evaluate the volume of the solid bounded by the cylinder »=2cosé,
the cone z=r, (#20), and the plane z=0.

(c).(8%). Evaluate 1iml“-§ and limx“Inx forany a>0.
1o x X—¥

(d).(8%). Given an algebraic equation Ax =5, where 4, x, and b are
respectively nxn, nx1 and nx) arrays. Let the sum of total number
of algebraic operations including ‘+’, *-*, *x’ and °/° for solving this
equation by Gaussian elimination be N. It is known that
N=ap'+an’ +an+a, for all n Find ay,a,a, and a, by
considering m<3.

(18%). Determine the response of the damped vibrating system corresponding to

the equation

Y3y 2y =r(3),
where r(f) = 1 when 0 </ < 1 and 0 otherwise; assume that () = 0 and
¥'(0) = 0. Also give physical interpretation of each term in the above
ordinary differential equation.

{20%) Consider the heat flow in an infinite bar governed by

Ou B%u
—=k——2, ~@< X <O,
a o '
with initial condition u{x,0) = flx). Solve for wu(x,). Give physical

interpretation of the problem and your solution.
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