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Problem 1: (25 43)

Let u(p,¢) denote the steady temperatures in a long solid cylinder a< p<b,
—(z(=c when the temperature of the inner surface p =a is a given function
f(#)= A+ Bsing where A and B are constants; and temperature of the outer surface p=5
is zero. Then the governing equation can be written as follows in a cylindrical coordinate.

LU0, o d) Tupd) o (i pgen)

8 p p %
Please calculate w(p,¢).

Problem 2: (25 4})

A fixed end beam subjected a concentrated load as shown in Fig. 1. The governing
equation and boundary conditions of the problem are as follows.

fﬂﬂ:p
d'x EI
w0)=0, y(0)=0, y(/)=0,and y(/)=0,

5[:—%) (0<x<])

where y is the deflection, p is the concentrated load, £ is the Young's modulus, and Bk the
moment of interia of section. Please use the Laplace transform to solve the deflection y.



/3

Fig. 1

Problem 3: (25 43)
Please solve the following system of linear differential equations.

X =3x ~4x,+2

X, =2x =3, + 4

x, =X, —2x, +14
x(0)==5x,(0)==1,x(0)=2

Problem 4: (25 43)
Please evaluate the following integral.

‘j't [ j‘“-"’ ; +f}+[ - X 1 -Iy]j]-dl-'t over any simple closed path in the x-y
x4y x+y 482

plane that does not pass through the origin.
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Problem 1: (25 43)
The following is a 2-dimensional Laplace Equation problem.

1. Please derive the Laplace equation from the rectangular coordinate system to the polar
coordinate system. (10 47)

2. Please solve the following boundary value problem in the polar coordinate system (i.e.,
find the steady-state temperature u(r,6) in the semicircular plate shown in Fig. 1). (15

73)

=0 =0
atb =1 at@ =0
Fig. 1
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Problem 2: (25 43)

Consider the spring/mass system of Fig. 2. Let x;=x,=0 at the equilibrium position, where
the weight are at rest. Choose the direction to the right as positive and suppose the weights
are at positions x,(?) and x;(?) at time ¢. The equations of motion of the system are as shown

as follows.

m )“Cl =—(ky +k,)x, +kyx, + f1(D)

m, X1 = kyx, —(k, +k,)x, + £, (¢)

These equations assume that damping is negligible but allow for forcing functions acting on
each mass. Suppose m;=m;,=1 and k;=k;=4 while k,=2.5; and suppose f>(z)=0 and
fi®)=2[1-H(t-3)]. Please use the Laplace transform to solve this system.

x(1) x2(1)
fi(1) f2(2)
/ k;
m; my
Fig. 2

Problem 3: (25 43)
dX (1)
dt
matrix.
(a) Find the solution of the above equation. (15 43)

(b) Find the matrix A". (10 43)

3 3 8
=AX)+G@) = [1 5:|X(t) + (4 3’) , Where X{(?) is a 2x1 matrix, and 4 is 2x2
e

A& FEHARA
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Problem 2: (25 43)

Consider the spring/mass system of Fig. 2. Let x;=x,=0 at the equilibrium position, where
the weight are at rest. Choose the direction to the right as positive and suppose the weights
are at positions x,(?) and x;(?) at time ¢. The equations of motion of the system are as shown

as follows.

m )“Cl =—(ky +k,)x, +kyx, + f1(D)

m, X1 = kyx, —(k, +k,)x, + £, (¢)

These equations assume that damping is negligible but allow for forcing functions acting on
each mass. Suppose m;=m;,=1 and k;=k;=4 while k,=2.5; and suppose f>(z)=0 and
fi®)=2[1-H(t-3)]. Please use the Laplace transform to solve this system.

x(1) x2(1)
fi(1) f2(2)
/ k;
m; my
Fig. 2

Problem 3: (25 43)
dX (1)
dt
matrix.
(a) Find the solution of the above equation. (15 43)

(b) Find the matrix A". (10 43)

3 3 8
=AX)+G@) = [1 5:|X(t) + (4 3’) , Where X{(?) is a 2x1 matrix, and 4 is 2x2
e

A& FEHARA
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Problem 4: (25 43)

The system of equations is shown as follow.

AX =B
2 0 1
A=|-5 5 6
-2 3 4
2
B=|-1
4

a. Please use Gauss-Jordan elimination to solve the above equations. (15 43+)
b. Please use Cramer’s rule to solve the above equations. (10 434
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. Find the angle between surface X’+Y’+Z°=6 and X/2+Y?/2-Z=0 at
point(2,1,1).  (10473)

. Find eigenvalues and associated nonzero eigenvectors of the matrix. (15 473)

[A] =

S O W
S N =
(¥, B S TN

. Find out what type of conic section is represented by the given quadratic
form. Transform it to principle axes. Express X"=[ X;,X,] in term of the new

coordinate vector. YT=[Y1 ,Y2]; 3X2+8XX,-3X,%=5 (15 57)

. Find the general solution of following ordinary differential equation.

(a) 4x(y)+2xy"y=0  (1053)

(b) x(dy/dx)*-2y(dy/dx) =16x> (1043) 487



5.Solve X ; and X , of the linear systems with the following governing equations.

(2053)

X1'=5X1+8X2+1
X2'=—6X1-9X2+t

6.Solve the following boundary value problem. (20 1)

D

2
8 _2 %2 =0, 0<x<m t>0
t ox

ok}

t>0 : u(0,t)= 0, u(m,t)=0,

u(x,0)= 1t 0<x<m/2 ; u(X,0)= 7-X 2 <X<T

488
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1. Solve the initial value problem
y"-4y'+4y = xe** +sin2x

y(0)=0 ; y'(0)=1 (15%)

2. Use the Laplace transform to solve the initial value problem

Y 3y-t13sin2e ; y(0)=6 (15%)

dt

3. Solve the following partial differential equation

2 2
cz—gx%—%g=0 (O<x<a , t>0)

with the boundary conditions
u(0,t)=u(a,1)=0
and initial conditions

u(x,0)= /()

489
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2 (,0)=(x

where @ and c¢ are coefficients. (20%)

(=2 4
4 I A=[ . 3],find A%, (15%)
5. Expand f(x)=x?,(0<x<L),in a Fourier series. (15%)

2 490

4 t
6. Solve X '=[2 1]X +(3f ) by diagonalization. (20%)
e
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1. Given the matrix A4 as shown.

(a) Determine the rank of 4. (5) 2-3 4
(b) Isthe A matrix singular ? (5) A=|1 2 -3
(c) Determine the eigenvalues of 4. (5) 4 1 -2

(d) Determine an eigenvector of A.(5)

2. Solve the following system of differential equations with #(0)=v(0)=w(0)=0 (20)
1 -1 0flu 0
+ 1 2 1]{v]=|0}e”
-2 1 -1{{w 1

&% 8 bk

3. Solve the following partial differential equation with the boundary conditions of
2
u(x, b)=1 and ux(O, y)-—-—ux(a, y)=u(x, O)=0 . Zl:+é£—0 for 0<x<a and
x

0<y<b (20) (Note that you might also need to particularly take care of the case of a
zero eigenvalue)

4. (a) Determine the solution of the differential equation y'+ ytanx=sin(2x) subject to
the initial condition of y(0)=1. (Note that Itan xdx = ~Incosx) (10)

(b) Find the general solution of y" -4y +4y=0.(5)
(c) Find the general solution of 3" -6y”"+11y' -6y =0.(5)

5. A cantilever beam of length L is subjected to a distributed load p(x)=x as shown in
the figure. Using the Euler beam theory, the governing equation is found to be Ep"" =x.
Apparently, the boundary conditions are y(0)=»'(0)=y"(L)=y"(L)=0. Find the
deflection y(x) by Laplace transform. But there is no harm in extending the beam from

L to oo, provided that p(x) =0 is defined for x > L. Consequently, the problem is to
491
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solve ER" = x[l —u,(x)] with the boundary  conditions of
»(0)=y(0)=»"(L)=»"(L)=0.

Note that u, (x)={f ::ZZ; zii where L>0, and f(s)= ff(x)e’“dx where

f(s)=f;—“ for £(x)=u,(x). @0)

p(x) =x

DI
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Problem 1. (10%)

Newton's law of coofing states that the time rate of change in temperature of an object
varies as the difference in temperature between object and surroundings.  If an object
cools from 80°C to 60°C in 20 minutes, find the temperature in 40 minutes if the

surrounding temperature is 20°C.

Problem 2. (10%)
Wehave F ()= [ efluldu, G) = [ e=gwdu,

If £{ 1) }=F () L g(t) }= G5} then

494

Prove L{ [ fltht-widu }=F(5)G(s)



®roblem 3. (15%)

Find the (a) volume and () centroid of the region ® bounded by the parabolic cyfinder

- z=4-x*and the planes x =0, y =0, y = 6, z = 0 assuming the density to be a

constant.  ‘The region R is shown in the Figure as follow.

Problem 4. (15%)

The gamma function denoted by T(n)is defined 5yT(n) = [ x*'e-cdx

which is convergent for n > 0. The beta function, denoted by B(m,n)is defined by

Bmm)= [ x= (1-x)~! dx, Which is convergent for m >0, n > 0.

[{m)['(n)

Prove that B(m,n)= T

Problem 5. (10%)

2 0 -2
Find the (a) eigenvalues and (b) eigenvectors of A = [ 0 4 D]
-2 0 5

Problem 6. (10%)
ou o*u :
Solve = = pe) 0<x<3,t>0giventhatu(0,t)=u(3,t)=0,

u (X 0)= 5 sindfix— 3 sindnx + 2 sinORx, [u(x,0f < M

495



®Problem 7. ((a) 5%, (B) 5%)

Evaluate £[z— :;ff+3]= , where Cis given by (a) |z| = 3/2, () |z| = 10.
Problem 8. (10%)

Solve X' y"-3x y'+6xy-6y=x'lnx

Problem 9. (10 %)
A particle of mass m moves in the xy plane under the influence of a force F of attraction
to the origin 0 of magnitude F (p) > 0, where p is the distance of the mass from. Set up
the equations describing the motion.

|
|

* | 496
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1. Let y =e™ be one of the solutions to the differential equation

y'+6y'+9y=0.

(a) Derive the other linearly independent solution ), from y,.(10%)

(b) Show they are indeed linearly independent. (5%)
(c) Find the dimension of the solution space. (5%)

2. Solve y"+2y'+2y=6(-r); y(0)=y'(0)'=0. (15%)

Jjnt

3. Consider the periodic function f(f)= S 2 ™ nz0.

n=—w n2

(a) Find the forced response of y”"+0.02y'+25y = f(r) in the form of

complex Fourier series. (10%)
(b) Express the derived response in trigonometric form. (5%)

497



4. Suppose that S consists of all vectors (x,y,—y,—x) in R*.
(a) Show that S is a subspace. (5%)
(b) Determine a basis for the subspace S of R*. (5%)

(¢c) Determine the dimension of the subspace. (5%)

0 -2
5. Let A=l:1 3} and f(x)=sin(x).

(a) Find the eigenvalues of f (A) . (5%)
(b) Find f(4).(10%)
6. Consider the quadratic form x2 +2x? +2+2x,x,. Find the matrix Q that

transforms the quadratic form into the standard form (i.e. Ay’ +A4,y2 +4,32).

(20%)

498



PYATRY!

R VA W < A -
ATZRFEEBRIRAATEARE R
IR#ZFAAB(FEa- -CaasiRmE)

oA B RSB #—R #—R

AR S M BHR 100 5 -
2. HEIAAMEMBAL > R LIPH -
3. SHERARALLLREIERMN - FUATHY -

. Given A% >4B,“A” and “B” are constants
Show that  y(r) =e"(c,cosh(fB)+c,sinh(S)) is the general solution of
y"+ Ay'+ By =0 for appreciate choices of @ and #; C, andC,. (20%)

. Given f(¢)= |E sin(at)l , “E” and “ @ ” are positive numbers.

Find the Laplace Transform of f{z). (15%)

Gi £ 0 Ve<s
. 1vén =
2 4+2t+1 VIS5

Find the Laplace Transform of f{z). (15%)

. Given x-2y+3z=1, 2x+ky+6z=6,and —x+3y+(k+3)z=0 (20%)
(1). Find “k such that the equations are inconsistent
(2). Find “k” such that there exists a unique solution for the equations

. Select the wrong statement(s) and give the reason(s) (30%)

(1). Given F=G+HwhereF eR’, GeR’,HeR’ then Fe(GxH) =0
499
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4. Please prove that:
(a) Asignal g(#) andits Hilbert transform g(r) have the same magnitude
spectrum.(5%)
() If g(¢) is the Hilbert transform of g(z), then the Hilbert transform of g(¢) is

-8(0)(5%)

5. A FM signal is defined as s(¢) = A, cos(2af.t + 27 f m(t)dr) . The modulating signal
0

m(t) is defined as below:

m(t) = A, sin® (2, t)

A
Please find the approximate form of a narrowband(—* is small compared to one radian)

m

FM signal.(10%)

6. The AM signal is defined as below: (10%)
s(2) = A_[1+ 0.8sin(2nf, t)]cos(2f 1)
Please find the value of (SNR), .

(SNR).

7. According to the Nyquist’s theorem, to avoid the aliasing effect, please find the minimal

sample rate(Hz) for the following signal. (10%)
(a) g(t) =sinc(100m) ‘

() g(t) =sinc*(100a2)

(c) g(#) = sin c(100m2) + sin c* (100n2)

(d) g(t) = sin c(10022) * sin c* (100/2)

8. The filter input x(¢) consists of a pulse signal g(¢z) corrupted by additive white
Gaussion noise w(t), as shown by

xt)=gt)+w(t)0<t=<T.

Please derive the optimal match filter A_,(¢).(10%)

opt

9.  (a) Please sketch the waveforms of the in-phase and quadrature components of the MSK
signal in response to the input binary sequence 10101100011. (5%)
(b) Please sketch the MSK waveform itself for the binary sequence specified in part (a).
(5%)
500
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1. (10%) Find L"{ln(”f)}

s+

| 20
2. (10%) Find the general solution : y" —4y = 3 lcos(nx)
n=11

3. (15%) Find the general solution : (x—2)2 y'+3x-2)y' ty=x

4. (15%) Solve the initial value problem :
(-2x) ¥ +(x2-5x+4) y=(x*-2x") e y(3)=18¢™

6 -2 -4

5.115%1LetB=[2 0 —2},ﬁndB’”=?(m is a positive integer)
2 -1 -1

501



1 -2 -1

6. (20%) Let A= % __2 21 , find an orthonormal basis for the
4 0 O

column space of A.

7. ( 15%[ LetE= [ul, Uy, 113] and F = [bl, bz, b3, b4] s where
u=(1,2, 17 w=(-1,1,15 u=(,0,-2)7

|1 0 12 0 {11 _|0 3
and b, ‘[o 0}"’2“[—1 0]"’3‘[1 0]"’4‘[0 -J-
Find the matrix representing L with respect to the ordered

X+ X X — X
bases E and F, where L(x)= |1 " "2 1~ %3

cell -2
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— ~ Let A is an mxn matrix, and B is an nxn matrix.
1. (2%) Write the condition of rank(B) if rank(AB) < rank(A).
2. (2%) Write the condition of rank(B) if rank(AB) = rank(A).
3. (2%) Write the condition of rank(B) if rank(AB) > rank(A).

= ~ (6%) Find the transition matrix A which is the linear

0] [1][4]
011011
. 2111112
transformation from [0 [,{1{,/ 0| to L2
2112113
2110(10
131 14]11]
0
= ~ (6%) Find all possible matrix X for which AX = |0/,
0
-2 3 -4
whereA= | 3 -5 6
3 -7 6
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a1|b
w9 ~ (6%) Let |a, |,| b, | be one of basis of nullspace of matrix
1 0
L OJLT]
(3 1 0 2 1]
1 0 1 2 1
> 11 4 1 compute the value of ay, a,, as, by, by, b;.
30 1 2 2

A& ~ (6%) Find the interval of convergence of the following series

2" o

n:o n2 3”

7% ~ (10%) Let A be a nonsingular »x» matrix with a nonzero

det(4) , show that if we subtract ¢ from

cofactor A,,,, and set ¢ =

n

Ay , then the resulting matrix will be singular.

4 3
+ ~LetA= [ ,
15 6

1. (4%) Find the eigenvalues and eigenvectors of A.
2. (12%) Solve the matrix equation X 2= A.
A\~ (15%) Solve y" + 9y = -4x cos(3x)
#u ~ (15%) Use the Laplace transform to solve
ty"+(4t+2)y' -4y =0; y(0)=2

+ ~ Forx* y" + xy + (xz—l)y =0 ,find
1. (4%) indicial equation
2. (10%) two linearly independent solutions.
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Problem 1. (10%)

Newton's law of coofing states that the time rate of change in temperature of an object
varies as the difference in temperature between object and surroundings.  If an object
cools from 80°C to 60°C in 20 minutes, find the temperature in 40 minutes if the

surrounding temperature is 20°C.

Problem 2. (10%)
Wehave F ()= [ efluldu, G) = [ e=gwdu,

If £{ 1) }=F () L g(t) }= G5} then

505

Prove L{ [ fltht-widu }=F(5)G(s)



®roblem 3. (15%)

Find the (a) volume and () centroid of the region ® bounded by the parabolic cyfinder

- z=4-x*and the planes x =0, y =0, y = 6, z = 0 assuming the density to be a

constant.  ‘The region R is shown in the Figure as follow.

Problem 4. (15%)

The gamma function denoted by T(n)is defined 5yT(n) = [ x*'e-cdx

which is convergent for n > 0. The beta function, denoted by B(m,n)is defined by

Bmm)= [ x= (1-x)~! dx, Which is convergent for m >0, n > 0.

[{m)['(n)

Prove that B(m,n)= T

Problem 5. (10%)

2 0 -2
Find the (a) eigenvalues and (b) eigenvectors of A = [ 0 4 D]
-2 0 5

Problem 6. (10%)
ou o*u :
Solve = = pe) 0<x<3,t>0giventhatu(0,t)=u(3,t)=0,

u (X 0)= 5 sindfix— 3 sindnx + 2 sinORx, [u(x,0f < M
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®Problem 7. ((a) 5%, (B) 5%)

Evaluate £[z— :;ff+3]= , where Cis given by (a) |z| = 3/2, () |z| = 10.
Problem 8. (10%)

Solve X' y"-3x y'+6xy-6y=x'lnx

Problem 9. (10 %)
A particle of mass m moves in the xy plane under the influence of a force F of attraction
to the origin 0 of magnitude F (p) > 0, where p is the distance of the mass from. Set up
the equations describing the motion.

I
I
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1. Solve the initial value problem  xy' -y = —2%—: y2)=2. (10%)
Iny-lInx

2. Find the general solution of differential equation y® +16y =1* +1 (10%)

3. Solve the initial value problem y"+4y= (), »0)=1, y'(0)=0 with

0 for 0<r<4
= 10%
7@ {3 for t=4 (10%)

4. Find the first four nonzero terms of the power series solution of the initial value problem,
about the point where the initial conditions are given

Y'+y -xy=0; y0)=-2, y(0)=0 (10%)

5. Show that the eigenvalues of |:; 'B} arereal. ( a, ff and y are real numbers)
4

(10%)
6. Find the general solution of system of linear differential equations
X, ==2x, + X,
=—4x, +3x, +3 (10%)

508



7.Evaluate §——2—dr + ——————dy with Cthe positively oriented square

cx? 4 y? x*+ y
with vertices  (1,1), (-1,1), (-1,-1) and (1,-1) by (10%)
(a) directly integrating along the curve. ( hint: l_-!-l—xzdx =tan" x)
(b) the use of Green’s theorem.
8. Consider the level surface ¢ (x,y,z)=z—+/x* + y* =2 (10%)

(a) show the graph of this level surface in 3-D diagram.
(b) find the-equation of tangent plane to this surface at point (3,4,7).

9. Periodic function f{¢) has period 2z and (10%)
fx)=xtr -7<x<7w
(a) find the Fourier series of f{r).

(b) find the the value of this series at x =7
(c) use the result above to show that 7z/4=1-1/3+1/5-1/7+---

10. Wave equation be expressed as boundafy value problem: (10%)

u  *u
a257=67 O<x<m, t>0
u(0, =0, u(m, 1)=0 t>0
ou
00, — =x
u(x,0) o)

Show that u(x,t) can be expressed as
u(x, H= 2 (4, cosnat + B, sinnat)sinnx and find 4,andB,.
na}

X' _p
X

( By assuming that u(x, )= X (x)T(t) and
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Problem 1. (25%)
a) (15%) Please prove the following convolution integral result
LYF(s)-G(s)} = f(t) = g(t)
where L™ is inverse Laplace transform, * is convolution integral
f@)=L4F(s)} , g(t)=L{G(s)}
b) (10%) Please use the above result to compute the following

L {(s +w )2}—

Problem 2. (25%)
a) (15%) Please find the solution of ordinary differential equation
(x* +1)y" -2xy" + 2y = 6(x* +1)?
Boundary condition y(x=0)=-Ly(x=1)=5
b) (10%) Please find the solution of ordinary differential equation
2
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Problem 3. (25%)
Please find the following Principal Value Integral (P.V.)

o

L3
PV.[S—dx=? for 0<g<1

1-¢

00

Problem 4. (25%)
Please Check or Interpret the following terms from a) to €)

a) (5%) “Riemann surface” for double roots, “Branch Cut” for the Plane

b) (5%) What is existence condition of f(z) by the “Conformal Mapping”?
for z€C

€) (5%) What is existence condition of f(t) by the “Laplace Transform”?
for 0<t<>

d) (5%) What is existence condition of f(t) by the “Fourier Transform”?
for —o<t<®»

e) (5%) What is condition of “Hermitian Matrix” of A?
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1. Refer to Fig. 1, if the relation between before and after the axis rotation can be represented
by

CCW rotation #1is applied to x-axis. (5%)

Z

x %
{ y'] =T {y} , Find the orthonormal transformation matrix T when a

z




2. A periodic function ){7) can be represented by the rectified sine function as shown in Fig. 2.
Let () denote the unit-step function, then
(a) Write y(¢) in terms of unit step functions; (5%)
(b) Find the Laplace transform of y(¢). (10%)
3. If x(¢) and y(/) satisfy the differential equations
e where’ and ” denote % and 2. tively, What
re '’ " denote — —, IES§] tvely.
-y +3x—y=e* dt e

are x(f) and \(1)? (20%)

4. Find a solution for f{x, ) that satisfies the partial differential equation

xz i==0.

2 15%
= yay (15%)

5. Avector field F is defined by F=2xi+6yj+2zk. Refer to Fig. 3, if one moves a
particle along path C starting from OtoD. Let r=xi+yj+zk be a position vector
from O.

(a) Please compute jCF-dr=? (10%)

(b) If path C is reverse, ie., 0> D-> B> A, and back t0 O, then | F-dr=? (%) "

Fig. 3

6. If a matrix A is defined as
-11 00
I 10 I
0 02 90

0 0 03

Find all the eigenvalues of A.  (15%)

7. Solve the differential equation xy” — 2\/1 +()? =0 for Hx). (15%)
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7.

B8 TERE RE

HAL B RSB #£—R #¥-R

1048 > &4 10 4 - &2 £ 100 5

L A%
| 2R THARAES  FLA - |
| 3 2B EAALLREZERMAEE > FUATHS -

HJEEHB Fy)=(ve” +xy’e”+2x)i + (xe” + x’ye® —2y)j=Vé(x,y).
KA BB (potential function) g(x, y) .

R TR + 2y +y=e"Z

£ {E%e .

. BB fOFE 1<t<2 B BAAE 2 so

— AR, ELAA S 0. SR EC L Foisiif

Laplace transform F(s)

M EEEE F(x,y,z)=xyi-cos(yz)j+xzk., !
C FHERH(1,0.3)81(-2,1,3)% — k. — >t

K F(xy,2)IREAR C 24T '

Xﬁ%ﬁﬁﬁkﬁﬁﬁiﬁr{: g]x X«»{é]

=X+ )t RE—EMTE.E L5 P 2 AEES x=1,y=1. R B P 2

YIFmm .

it F=xi+yj-zk, X B M x+y+z=1 FEE—RZRALD,
KRB R R A ¥ 2 @ & Flux.

BB f(x)=x* +2cosdx —3x +5,2<x<2. 7L Fourier series -5

—;—ao + Z[an cos%c-x—+b,, sinfzﬂ], n=1,2,3..

n=1

AR b, ZfE.
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4r?

9.(1) k& y'(x)+ 5

y(x)=0, y0)=y(3)=0

@ KB Y+ H0=0, YO YG0

10. —f= LIFRG G 80°C B B A 1B (x J15) < BYE,EHE A 5H(x=0)
PREFERVIRRR A =L RIRGR IR 0°C 2 Wi SRS I FUB R 3%
IR FE TR CR L), B LL u(x, )R],
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