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L. Buppase phone calls arriving at a switchboard have a Poisson disteibution with parameter
A per minute, and the probabilily of no calls during ooe minute is 1/3.
{a) Plense find the expocted wailing Lime between the arrivals of two calls. (10/100)
{by) Plesse derive the probability that at least 2 calls srrive at the switchboard during 1
minue period. {10,/100)

2. Lat the pdf of X be fx(r}  —sexp{-+%) for —oc £ X < co. Please find the pdf of
Y =In X, (10/100)

3. The random variables X and ¥ have a joirt probability densily function (pdf) given by

Fla) = WA - Az —24y, FO0<z €5 0y <5
JE Y 0 otherwiss

where A i3 a constant.

ia) Please find the value of A, (10/100)

ib) Please derive the conditional pdf f{¥ )X} (10/100)
(e} Please find the correlation between X and ¥, (10/100)

4. Consider the vector space of polynomials #,, where each vector is a second-
a,eR =012,
{a) Please find a basis for f%. What is the dimension of the vector space? (8/100)

(b) Consider the setof palynomials  (f=1)*,3 41— 2", =3+ 3+ X’ Find the
coordinate vectors for the polynomials with respect to the basis in a).
Is the set of polynomials lincarly independent?  Why? {12100}

order polynomial a, + a,f +a,t’

3

1 2 3 4 “
. 056 7
3. Consider the matrix A =

o006 8 9

n o 010
1
2 )

fa)  Consider the vector ¥ =| _|. Isitin A’snull space? [sitin A's column

3
4

space?  Find the inverse of A, if it exist. (10/100)
1

{b) The vector ¥ = can he decomposed into the sum of two orthogonal vectors,

-

i

I

U=C+d, where Fisthe orthogonal projection of ¥ omo A's second column

Please find d,& D100
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1. Please solve the eigenfunctions as following (20%)

dlu _d’u
— =T 0=tz
ar - K o

"‘ﬂf‘ (@) =0, #0)=0, u(w)=0.

anid Moy =o0, &2
@ dt

2. Please solve the following equations using Laplace transform, {20%)
dz dz  dr

drj +4z :'35, ;}T(D}ZS. Z{ﬂ}=1.

3. Please solve the differential equation, (10%)
F]

d—ﬂ—.‘cosﬁ = O
d¢

4. (a)Derive mean and variance of an uniform random variable?
(vour answer cannot be zero)
{b) Derive mean and variance of 2 Gaussian random variable?
{(your answer cannot be zero) {10%%)

5. When a marix 8 is symmetrie, B =5, 4
Write the formula {or property) to be satisfied when B is a
(a) Skew symmetric matrix
(b} Orthorgonal matrix
{r) Hermitian matrix
(d) Skew (or Anti) Hermitian matrix
(&) Unitary matrix {10%)

6.(a) Describe the condition to utilize Fourier sine series expansion and the condition
to utilize Fourier cosine series expansion, ¢

(b) What is the complex {exponential) form of Fourier series expansion®  (10%)

7.(a) Explain positive definite

0 A

{b} Explain negative semi-definite, (10%

E. (a)What is Cauchy-Riemann condition?
(b)What is Residue theorem? (10%)
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1. The sample space of a random cxpenment contains three equally likely outcomes a,
b, c. Consider the following random variables.  X(aj=0, X(b}=0.5, X{c)=0.5.
Y(a)=0, Y(b)=0, Y(c)=1. (25%)
a) Plot the probability mass function and cumulative distnbution function for cach
random variable. Find the mean, varance for each random variable (15 %o}
b) Find the joint probability mass function for XY, Are X, Y independent? Uncorrelated?
Find the correlation coefficient of 3, Y (10%)

3. Random variables X, Y arc uniformly distributed over the region 0 < x < y = 4. (25%)
a) Find and sketch the marpinal densities 7 (x), f;(v) and the conditional densities
Loy W Sreeix). (10 %)
b) Suppose W=min(}.Y). Conditional on the event W3, repeat part a). (15%5)

s
(o]

.

—_

¥y =|2],and w=|—1

—4

Consider the linear transformation 1 — Ax, where A=[v, ,v,.¥,]

Is the linear transformation invertible?  1s w in the subspace spanned by
{¥,,¥;,¥; 17 Find 2 basis for the subspace spanned by (¥, ,¥5,¥; ) . Is the basis unique?
(25%)

i
[PY TR
o

4. Answer true or false for the following questions. (Explanations or counterexamples arc
required when the answer is “false’. ) (25%)
a) If the columns of A are linearly independent, then AB must have linsarly independent
columns for any matrix B, (5%5)

b) If matrix 4,., is row equivalent to the identity matrix 7, , then all the
eigenvalues of 4, arel. (5%)
¢} If the eigenvalues of a matrix 4,,, are not distint, then the number of linearly

independent eigenvectors is less than n, and the eigenvectors cannot form a basis
of R”. (5%)
d} The eigenvalues of a matrix are on its main diagonal. (5%)

¢) The set of solutions of the quation x==x;+3 form a subspace of R*. (5%)
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{1} () Consider a second order differential equation
i—" + 4, % +a,¥=10
with real coefficients o, and a,. Please show the conditions under which the two
linearly independent solutions have forms of ¢ and xe™. Also prove these two
solutions. (hint: use reduction of order method) (20%)
(b) Now consider a second order differential equation
& %x—‘:-+ a,x%J.-aDy:ﬂ
with real coefficients ¢, and a,. Please show the conditions under which the two
linearly independent solutions have forms of x* and x" lu|x|. Also prove these two
solutions. (hint: use reduction of order method or the result of (a) ) (159%)
(2) Solve the initial value problem
Py e3p=gT 4
with ¥(0)=2 and p'(0)=1. (15%)
(3) {a) (10%)Find the Laplace transform of
. 1
Esmm—ﬁrmsm
(b} (10%)Find the inverse Laplace transform of
2a’s
(4} (20%) Use Laplace transform to following differential equation
Y4y =21y =2 sin 3
with ¥(0)=1 and »' (N =0

(3) Find the Fourier series of xsinx, -z <x<mx (10%)

§>lal
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(1) (10 points) Use matrix operations to t‘.'ﬁh the solutions of following matrix
equation Ax=b: . |
M

1 2 1 7 0
(a) A=3_ﬁ4143;b-ﬂ
1 4 4 12 3 3
How many solutions you have found?
(2 3 & 1] 2]
1 4 2 2 3
A- . =
& 4 11 10 5 ; ]
10 1 1) 2]

How many selolions you have found?
(2) (20 points} Use Laplace Transform to solve the following system of differential
equations:
Yex—yml
P—yp+irwi
Z'4Hx—y = Cos{
with given initial conditions of x(@) =1, (0} =, 2{0) =2
(3} (30 poinis)
{8) The Fourisr seties representation ¢f F{z) overtheinterval —r sxsx can
be expressed as

fix)=a, +i{ﬂ,, COSNX + B 5in )

anl

where (g .53 are unknown coefficiers 1o be found. Please show the each pair of

hasis functions are orthogonal.
() Find the Fourier series representation of

cos2x - X enfd
fix}=+1 0 -xf25xs0
cos2x Dyt

{4) Consider the following Bessel's equation:

1
r‘%+x%+(;’ ~eHpwl; xzl

where v 20 inan arbitrary real nmﬁher

(8) (5 points)lz x=0 a regular point or regular singular p::-mt'? Under what
condition of +?

(b) {20 points} Use power series expansion to solve the differential nquatlun
(assume the first term, o, =0, in the power series)

() (5 pointg) What are the inftial values ot % = 07?
(5) {10 points) Find the general solution of
LA § T L Lt Ty
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13 A point iz uniformly distributed within the unit cirele. In other witda, its location
3 ) .

O 0=x"+pf 21 (20/100)
0 otherwise

a) Find the probability that its distance from the origin is less than z, 05zx%],
(104100)
b) Find the correlation, covariance, and comelation coefficient of Y. {10/100)

has the following probability density f, ,(x, y) = {

2) The probability density function of randam variable X is
Fe(xy=0.38(x}+0.5[e™ P u(x=-2) where 5(x)is the unit impulse function,
and w(x}is the unit step function.  Find the expected value and the CDF of X,
Sketch the CDE. {25/100)

3} Consider the transformation between vector space of polynomials, T Aopy

T(ar’ +bt+e)=2ar+5 forall ar® +bt+eep, o

[a the transformation linear?  (If your answer is no, provide a counterexample. [f
your answer is yes, provide a proof)  [s the transformation one-to-one?  Onto?
Explain. (257100)

(credit will be given only when countersxample/proof fexplanation are provided)

4) Suppose a signal waveform /() has the spectrum F(wh=1, w1 and
Flw)m-2,15wx2, or ~25wg-1, otherwise Fiw)mo0, (30100)
a) Find the smallest frequency w, such that the interval [-w, , w, ] contains half of
the total energy of riry. (10/10()
b} Sketch the amplitude specirum and phase spactrum in the interval [-10,1¢] when
the signal is sampled with sampling frequency w, = 2{rad fsec). {10160y
¢) Find the smallest sampling frequency w, such that the sampled varsion of the

signal can be reconsiructed perfecly. Describe how you would reconstruct the
signal waveform from the sampled sequence. In real life, can the signal be
pefectly reconsiructed?  Why or why not?  (10/108)
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1. There are two identically distributed Bernoulli random variables X, Y with
P[X=0]=P[Y=0]=P[X=1]=P[Y=1]=1/2. (25/100)
(a) Find the probability P[X=1,Y=1]. If the answer is not unique, find the
minimum and maximum possible values, (8/ 100)

(b) Let X, Y be independent and Z=max(X,Y). Find the Joint probability mass
function Py z(x.z) and the correlation coefficient of X, 7. (9/100)

(¢) For Z in part (b), find and sketch the probability density function fz(z)and the
cumnulative distribution function £, (). (8/100)

2. Matrix € =B,,4,,. Foreach of the deseriptions below, answer whether it is

possible or not possible. If possible, give an example.  If not, explain. (25/100)
(a) C has linearly independent columns.  (8/100)

(b) C has linearly independent rows. (8/100)

(¢) Linear transformation j=7(#)=C# is invertible. (9/100)

3. Consider the collection of complex sinusoids (/™ ne Z}, wy = x (rad/sec). (30/100)
(a) Find the smallest common period T of these sinusoids. (10/100)
The collection of sinusoids can be used to synthesize arbitrary periodic
signals with period T through their Fourier series expansions. Can they be
used to synthesize arbitrary periodic signals with period 2T7 (1/2)T? Why?
(b) Give the periods, frequencies, and average powers of the two sinusoids
e’ "™ respectively. Are they orthogonal? Derive your answer. (10/100)
(¢) Find and plot the spectrum X(w) versus w for the signal x(t)=e™™¥ , where

x(1) =|[i|.-’l:r]f X(w)e™dw,  (10/100)

4. Asignal x(r)=e""Mu(r), w(r) is the unit step function. (20/1 00)
(a) Sketch the imaginary part of x({r) versust, and the magnitude | x(r)| versus 1.
Compute the total energy of x(n. (10/100)

(b) Find the spectrum X(w) of x(r}). Plot the amplitude spectrum [X(w)|. Isit
theoretically possible to reconstruct this signal after sampling it? If so, what is
the minimum required sampling frequency? [f not, why? (10/100)

ol -lI
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1.  Show the homogeneous and particular solutions of the following linear lirst

order differential equation.
dy
m—— F =5 |
(x)y = Q(x) (1

Please show detailed derivations. (10 points)
2. Given the second order differential equation:
Y+P(x)y+Q(x)y = f(x) (2)
(a) Let’s assume y,(x) and y,(x) be the homogeneous solutions (i.c.,
solutions of (2) given [f(x) =0), please show (10 points)

..J‘p[;,],,r,

yi(x) = y;[xﬁffyzix} dx (3)

(b) Find the particular solution, y,(x), of (2) in terms of y,(x) and y,(x). (10

points) '

3. (a) Show the convolution theorem in Laplace transform (denoted by L{.1): if
f(1) and g(r) are piecewise continuous on [0,%0) and of exponential
order, then

L{f*gl=L{f}L{g} = F(5)G(s) (4}
where F(s)=L{f} and G(s)= L{g}. (10 points)

(b) Evaluate Lu e’ sinfr — f]dr},{l (0 points)

1 -1
4. Compute e®for A= |:2 :| (Hint: solve a system of differential equations

that has a solution of &™) (20 points)
3. (a) Solve the following differential equation: (10 points)
[£+£+i+k:]ﬂx,};z}=ﬂ (3)
& oy &=
(b) Solve (a) and apply boundary conditions: E(x,p.z)=0 at x=0.a (Itisa
parallel plate condition) {10 points)
{c) Solve (a) and apply boundary conditions: E(x,y,z)=0 at x=0,4,and
Eix,y,z)=0 at y=0,b (Itisasituation of a rectangular waveguide) (10

points)

540019
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(1) Consider an exponential random varjable X with E[X]=1/3.
{(a) Find the conditional probahilities PIX=6[X>2], PIX=3]X=2]. (5/100)
(b} Find the conditional probability density function Terelz) and the
conditional mean E[X|X<2]. (B0 1007
{c) Suppose Y is another random variable that is independent with X and
identically distributed as X Wemax(X,Y)}. Find the cumulative distribirtion
function and the probability density function of W. 110/ iy

(2) T: V2 W is a transformation from arbitrary vecior space V to vector space W.
(a) Describe the conditions required for T to be a linear transformation.
Describe the conditions required for T to be invertible. {12/1000
(b} In the special case when V= R", W= R™  how would (a), (b) translate into
metrix/vector properties? Give an example of T that is linear bur not

invertible, and also give an example of T that is invertible but not linear.
(131007

(3} {a) Forthe lollowing martrices, find all eigenvectors, eigenvalues, and describe 3

basis formed by eipenvectors, whenever possible. (12/100)

k ﬂ] 3_{:;""2_ 1442 ) aoft @

- a“
He= 3 w ==l ' t
luu 3, e e [ T jj Lo /|

(b ) What are the meanings and importance of cipenvectors and cigenvalues?

What is the advantage of having enough eigenvectors to form a hasis? I= it
always possible to find enough eigenvectors to form a basis? (1351003

(45 Answer the questions below for the signal
(1) =cos(0.271) - sin{0.2t + 7/ 4) + 0.2
(a) Is = periodic? I so, find the period and the comresponding
fundamental frequency w,. If not, explain.  (10/100)

(b} Find the spectrum of xin), also plot the magnitude spectrum and phase

spectrum, respectively.  Discuss the differences between spectrums of
periodic signals and aperiodic signals.  (15/100)

AN
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1. Fourier series expansion (30 points)

(a) ~ Consider a set of functions {1,cosx,cos2x,--,sinx,sin2x.-- -} with a definition
mnterval x € [z, 7], please show that each pair of the functions are orthogonal with respect to
the following definition of inner product:

< (1), 80)>= [ f(x)g(x)dc withx [a,b)for f(x)and g(x). ()
For an arbitrary A(x). x e[-m. 7], which is represented by
hix)=a, 14 i{u” cosnx + b, sin nx|, (2)
|

please find the coefficients a,, a and & .
(b} » Next, consider r(x), xe[—p. p], please extend (a) to define a set of Fourier series functions
{gﬁ, (x). 0 (%) (%) } that can completely represemt #(x) in terms of a Fourier series
expansion. Find the coefficients.
(€} - Mext, consider g(x), xe[0,L]. please extend (2} and (b) to define a set of Fourier series
functions {;a, (X}, (%)@, [x]_.u-} that can completely represent g(x) in terms of a
Fourier series expansion. Find the coefficients.

2. Fourier Transform (20 points)
Consider a Fourier transform defined by

Fig()}=G(o)= [g(t)e dr

(3)
{a) (10 pointz) Please show that
Flg"(n)} = (- jw) Glw) (4)
(b} (5 points) Let g{(7) = sinfar) + at cos(ar), please find Glew)?
(c) (5 points) Let
| r T
py=1 7513 (5)
'; 0 else

Please find Plw)= F{p{(t)).
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3. System of differential equations (25 points)
Please use eigenvalue and eigenvector decomposition to solve the following marrix equation.

I =2 27
(a} (10 points) Solve =l g o1 ealy (6)
2 =% 1}
21 00 0
2 0 0 D0
(&) (15 points) Show that X'={0 0 2 0 0|X has an eigenvalue A of multiplicity 5. How
L N e |
0 0 00 2

many linearly independemt eigenvectors corresponding 1o A can you find? What are them?

4. (135 points) Laplace Transform
Use Laplace transform to solve the following system of differential equation:

dix  dx ﬁ—ﬂ

V= f0) =1t |
"?2 ar at with 1nitial conditions J'lf } W I':'D} D_ (7
ay dy ,dk . |10y =-1¥(0) =5
di* dt ot
5. (10 points)
Solve the following third order differential equation:
Y'eBy=2x—5+8e7; p(0)=-50)=3y"(0)=-4 (8)

(EFEACHEE - FTEENRTN T RETNeRE R THEESE ¥ EHI8E )
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(1) Consider the vector space of sth order polynomials, P, where the standard basis
is {x", 2" ,.,x", %1l Let D be the operation of taking the derivative, I’ be
the operation of taking the second derivative. (26/100)
() Consider the transformation D°+D+2 of P, into itself.  Prove that the
transformation is linear.  {13/100)
ib} Find the kernal{null space) and range of this transformation.  (13/10H)

(2} Let matrices 4,8 . . be the matrices associated with three linear

P St “mar

lransformations,  C=48  Answer the following questions. I your answer

is "yes”, explain.  If your answer is “no”, give a counterexample. {24100

{a) I the hinear ransfonmations associated with A and B are hoth one-to-one, iz
it frue that C is also one-to-one? (6/100)

{b) Tf the linear transformations associaved with A and B are both onto, is it true
that C iz also onto? (6/100}

{c} I the lincar fransfonmations associated with A is one-to-one, with B is onto,
is it true that € must be one-to-one? Onto? {6100}

{d) If the linear lransformations azsociated with A is onto, with B is one-to-one,
is it tue that C must be onto?  One-to-one? (6/100)

(3) Let X, Y be two independent, discrete random variables with known cumulative
distribution functions. (24100}

(a) Let Z=X+Y. Described the probability mass function of £ in terms of the
cumulative disteibution functions of 3, Y. (87100}

by Let Wemax{X, ¥). Descobe the cumulative distribulion function of W in
terms of the cumulative distribution functions of 3, Y. (6/100)

o) Ler S=min(3,Y). Describe the cumulative distribotion function of 5 in
terms of the cumulative disiribution funetions of 3, Y. {6/100)

{d) Prove that E[S]= min{E[X] &[]y, EW}zmax(L4], E{F]). (6/100)

{4} Suppose the time until the next eruption of the fmous voleano that destroved
Pompeii, Mount Vesuvivs, is modeled as an exponential random variable X with
an average of 100 years starting from the last cruption in 1944, (26/100)

(a)} Given that Yesuvius has not erupted up to 2006, Lo X=62, let Y=X-62 be
the remaining time until the next eruption, find the average remaining time
until the next eruption, EfYIX=62]. ({13/100)

(b) Suppose X iz modeled instead as a continuous random variable uniformly
distributed between 0 and 200, Y=X-62 iz sill the remaining time until
the next eruption, find the average remaining time until the next eruption
under the same condition, E{Y[X=62]. Compare with {a}, discuss your
results.  (13/100)
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Totally there are 6 problems.

1. {Differential Equation 20%)
(a) (10%) Solve the second-order non-homogeneous equation y " — 4y = 8- 2x.

(b) (10%) Solve the first-order homogeneous equation xy'= X +y.

2. { Laplace Transform 15%)
(a) (5%) Let f{) = e ¥ where.a is any real number. Assuming s > &, please derive that

1
the Laplace transform of A1) is F{s) = G- .

(b) {5%) Use the Laplace transform to solve y'— 4y =1 ; p(0) =1.
(¢) (5%) The inverse version of the Laplace Convolution Theorem is described as f-::nllnws

Let L'[F] = fand L'[G] = g then L'[FG] = ("* 9= | fit-)glr)dr
: 5 1
Use this theorem and the resuli of (a) to compute ol Rs—-ﬂ_],

3. (Vector Analysis 15%)
Let F be a vector function in 3-dimensional space, where F = (a, b, c) with
a=a(x,y.2), b=b(x.¥,2), c=c(x.y,z).

Also, let ¢ (x,1,z) be a scalar function. In addition, the ‘del” operator can be defined as

follows: ¥= [%I ,g_}f %E)

(8) (5%) Prove that Vx{V#) =0 where 0 = (0,0,0).

(b)(5%) Prove that ¥+ (V=F)=0
(¢) {5%) What is the Divergence Theorem of Gauss?
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4, (Fourier Analysis 20%)

g for d3=xr =10

(a) (5%) Let Sz} “I. - and find the Fourier s@ﬁes of ffx) on [-3, 3].

for 0<x<3°

~(b) (5%) Let Aix)=x on|[-3,3], and find the Fourier series of fix) on [-3, 3].
(c) (5%) The Fourier integral of A7) can be represented by ) =-1| fuye®™ 4 »
. ¥ :

where {16) is the Fourier transform of f{£) .

7 for -15E<d

Let fij :[ :
_ f 0 for 1<-lart>l
(d)(5%) Plot the 'amplitude spectrum' of the function f{#), which is defined in (¢).

; A
. and evaluate [fl@)

5. (Linear Algebra 15%)

Let A= ( 3.;, 3 'ﬁ )

2 0 0
(2)(5%) Find the eigenvalues of A and their associated eigenvectors?
(b)(5%) Find an orthogonal matrix () that can diagonalize A.
(c)(5%) Find the diagonalized matrix in (b).

6. (Complex Theory 15% )
(a) (5%) What is Cauchy’s Theorem?
{You do not have to prove it, just briefly describe it.)

o0

(b) (5%) Use Cauchy’s Theorem to evaluate [ s0E g .
| lo *
(c) (5%) Use Residue Theorem to evaluate \ 1
Joxtl
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1. Let A and B be both n by n matrices. choose the comect statements in the following
{10/106)
(a1 rank{A )= n. then il is diagonalizable.
(b1 U0 A 15 mvertible, then its determinant iszem
i2) IEA has n different gigenvalues. then it is non-singular
id) 1A baz n different eimenvalues, then its elgenvectors can serve as a basis
ted 1P B is diagonalizable and B is similar 10 AL then A s also dingonalizable

T Lol B={ u. uzins ) and' C=1{ vy, vs, V5 be both hases of 1, wherewy = (1.1,
0 we=(0, .-, uy=(L 2 1)\, v; =0, 1, 1), ¥a=(1, -1, 0)" and v5=(-1,0,
21", (15/100)

(a). Let S be a standard basis of R and [x]s means the coordinates of x in S. If []s

={1. 1, 1)". then what iz [x]a. the coordiniates of % in B? (5/100)

Let [¥]s=1{1. 1. 1) be the coerdinates of v in B. What 15 [v]e. the coordinates

of yin €7 (3/100)

ic) Let A=[uyuyuslbeal by 3 matix Please find the QR factonization of A by

using Gram-Schmidt process. (3/100)

(b

3, Find the efgenvalues and eigenvectors and the kth power of A, where
b1 1]
d=|=1 0 ] (13/100)
L1 0 o

4. Suppose Ais 3 by dand B is £ by 3 and AB = 0. Prove that rank(A) = rank(B) = 4
(107100

(]

. Suppese continuous: random  variables X, Y are independemt and identically
distributed. sach with uniform probability density over [0, 1]. Conditional on the
event A X=Y=l, find the conditional joint probability density function
Fovabrew), conditional correlation  £[X¥Y | 4], conditional covamance COV[AL 4]
and the conditional corvelation coefficient o .. Conditional an A, are 3. ¥ sl

independent? Identically distributed? Explain. (23/100)

. Xi.X4. . 15 a sequence of independent, 1dentically distributed Bernoulli random
variables: each takes on the:value one with probability p The sample mean of
WMo X s M={X+ X Find the range (1:e: the set af possible values) of
i, the probability mass function of M. the mean and variance of & 0 terms of n
and p. In addition, find the probability of the event B: X >k +X+. 4X., the
conditional probability PIX>Xa+Xe+.+Xa|B]. and the probability of the event C:
Hi=Xa2Mge.. 4 X, assuming that n=2, (25/100)





