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1. y(x) = e-" is a solution of 

(x-1) y"- xyl+ y(x) = 0. 

Using the method of reduction of order, find another linear independent solution. 

2. Using Laplace transform solve the boundary value problem 

y"- 2yf+ y(x) = x, y(0) = 0, yl(l) = -2. 

4. Verify the divergence theorem by working out the theorem with the giving vector function 

? and the volume V, where 

? = z ' ~ ~  and V: the cone r12z,O<B<2rr,OSzS3 

2, is the unit vector in the direction of z. 

5 .  Use the method of diagonalization to obtain the general solution of the following equations: 
x1+2x+y=o 

y1+x+2y+z=o  

z1+y+22=0 

where primes denote d/dt. 

6. Solve the diffusion equation 

subject to the initial condition 

U(x, 0) = 1 

and the boundary conditions 

7. Compute 

X COS X 
dx 

r 2 - 3 x + 2  
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For problems 1-5, both correct answers and detailed works are required. 
1. (5 %) Find the sine half-range expansion off (x) 

2k 1 7~ 1 2n 1 .3n 
(02(Fsin-x--sin-x L 3 2 L 5  +ysin-x-...)(~) L none ofthe above 

2. (5 %) Find the Fourier transform of f (x) 

f(X) = e-l*31 - ~ ~ 4 4  

1 
(e-"" - 3 ) ( ~ )  none of the above 
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3. ( 5  %) Find the inverse Laplace transform of 

F(s) = 
1 

s(s2 + w2) 

1 1 1 1 
(A) - sin wt) (B) 7(1 + cos w~)(c) ?(I - cos wt)@) -(I - sin w t )  

W W W W 

1 1 1 
(E) - (1 + cos w t ) (F) - (1 + tan w t ) (G) - (1 - tan w t ) (H) none of the above 

W W W 

4. (10 %) Use Laplace transform to solve 
xyl' + (1 - x)yl + ky = 0 

e' d k  e ' d k  k t  el d k  el d k  
(A) y = -7i[t-ke-'] (B) y = -,[t e ] ( C )  y = -?[tke-'1 ( D )  y = -7[tke-'] 

k !  dt k dt k dt k! dt 

e-' d k  e-' d k  ek d k  
(E) = ---i-[tke-'] (F) y = -,[tke-'1 (G)  y = ---i-[tke-t] ( H )  none of the above 

k !  dt k dt t !  dt 

5. (10 %) Use Method of Frobenius to solve the general solution of 

a (-1y m 
1 

(G)Y = CIC-xn +c,C xn': (H) none of the above 
n o  (n)! n=o (2n - 1) 

(c, and c, are arbitrary constants) 
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6 .  (a) (3%)The R-L-C network as shown has a sinusoidal input vi(t) = sin(o,t), and the output voltage 

across the capacitor is described by the differential equation: 

where the coeflicients are determined by the value of each passive component. 

You are required to calculate the input frequency o, that will cause the output v,(t) to have an exact 
90" phase delay with respect to the input vi(t), as the output reaches its steady state (namely, the 
particular solution of the differential equation). 

d n  
(b)(4%) By using the differential operator Dn = - , the differential equation 

dxn 

is re-written as 

(D2 + 2 0  + 1 0 1 ~ ~  - D ~ ) ~  = s in(3x)c  3x2 + xe-" . 
Please determine the correct representation of the particular solution y, for solving, and you do not 

have to solve the coefficients in it. 

1 7. (5%) Solve the differential equation cos x . & + (sin x + cosy - sin y )  dy = 0 . 

8. (8%) Solve the differential equation x3 + x2 * - 9xy = 1 (x > 0 ) .  
dx dx 
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9. (1 0%) Evaluate the integral 4e7dz where C: lzl=4 counterclockwise. 

1 10. (1 0%) Find the eigenvalues and corresponding normalized eigenvectors (norm equals to 1) for the I 

I -,,,[a-:y.- 4 2 5 - 

11. The position 7 of a particle of mass m=l at time t is described as (all physical quantities are in SI 
units): 

(a) (4%) Let V and W denote the average speed (a scalar) and work done to move the particle from t-O 
to e l ,  respectively. Choose the correct answer of (V,W) from the following: 

4 5 4 3 (- 2) ; (j)(i -$ (k) (--,-) ; (0 none of the above, Y -  3' - 

1 (b) (3%) If there exists an electric field E(x, y,z) = y . cos(z)T + x a cos(z)S - xu . sin(~$ . What is the I 
work WE done by the field E to move the particle of charge q= & along the specified path C: 
.'(t), t=[O,l]? 

(a) ; ( g ) f i ; @ ) ~ ,  
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12. The motion of a string is governed by the partial differential equation (PDE): u3c2u,; where u(x,t) 

is the displacement of the particle at position x and time t ,  c is a real constant, the subscripts tt, xx 

denote #I&, #/ax2, respectively. 

(a) (5%) The following figure shows a section of the string at some instant t'to, please roughly sketch 

the force vectors imposing on the illustrated string section. 

(b) (8%) Let the string has a finite length L (OlxlL), and the two ends slide vertically without friction, 

i.e. boundary conditions (BCs) are: ux(O,t)=ux(L,t)=O, where the subscript x denotes a/&. One can 

derive discrete modes u,(x,t)=&(x)-T,(t) (functions satisfying the PDE and BCs) by using the 
method of separation of variables. Please sketch the spatial profile X,(X) for the lowest three 

(nontrivial) modes. 

(c) (5%) In the presence of initial conditions (ICs): u(x,O)=f(x), ut(x,O)=g(x), one usually expands the 

solution in terms of the modes: u(x,t)=z {An)un ( x ,  t) , where {An) is(are) the coefficient(s) for 
I t  

mode u,(x,t), then substitutes ICs to retrieve { A , ) .  Although the principle of superposition works 

for the PDE of this problem (ull=c2u,), it could fail in some other PDEs. Please specify those of 

the following PDEs for whch superposition does NOT apply. 

(a) utt=p(x)-~~; (b) utt=p(x).u,+q(x,t); (c) uti;um+uxt; (d) utt=p2(x).un+u~; (e)  IF u.ut+ux; ( f )  

ul=exp[uxl+ull; (g) uttx=p(x,t).un1; (h) ~ t t =  expEP(x,t)l . ~ x x + ~ .  
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1. Consider the following equation for the temperature u(x) in a chemical reacting slab of material: 

d2u 
-+A.[eu -1]=0, O < x < l  and u(O)=u(l)=O. 
h2 

Find u, (x) and A, for a small amplitude positive solution of the form 

U(X) = E uO (x) + s2 U,  (x) + (higher order terms of E )  and E = A - A 

2. Use Laplace transform to solve the y(t): 

f (t) = t if 0 < t < a and f (t) = 0 else. Here a is a positive number 

3. Solve the equation 

1 - 2 0  3 0 

4. AX=Y+ noise, where A= 

2 -4  -3 3 3 1  
--1 2 -71 - 4  1 J  (0 - 

(a) Find the Rank of A 

(b) Find the complete base for the row space of A 

(c) Find a general sohtioit for vec:or X based ori the rev space .that YOU got 

* + 
(a) Derive an expression for t, iri terms of z, 

Xk +I  (b) The ratio -- :~~~:uoa-:;h a constant when k becomes very large. For the case in which 
.Yf: 

.Yi(*i y" . '  ' 

a = - 1 mu' b = 1 , dete.~n,ine the ration . ,?.mt: it i s  possible to wswer this question without a lot 
x, 
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