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. Giventhat yi(x)=x is a solution of the differential equation

Find the second solution. (15%)

2. Solve the following problem:

4" -4y +17y(t) =0, y(0)=2, y(0)=5. (10%)

3. Fmd the power series solutions about point x = 0 of the following equation:

X2 y"+xy - (x*+ 1/4) y(x) = 0. (15%)

4. Let the velocity of a fluid be described by F = 6xz i+ x’y i + yz k. Compute the rate at which
flutd is leaving the unit cube. (15%)

5. (a) Prove that the eigenvalues of kA, for any scalar k, are k times those of matrix A. Are the
corresponding eigenspaces the same? Explain. | {7%)

(b} Evaluate J'ﬁ . VxF dd ,
.

— -

where F =xzi -y2'k, S:xX’+4y’+28=4, £20,920.220 L (8%)

6. Find the steady-state temperature distribution T(r, 0} ina semicircular plate of radius | if

1(1,0) = u,, 0< B8 < g
T{r,0)=0, T(r, )y =u,, 0<r«<l

1o oT I@ET

(in polar coordinates (r, 8), ViT=-—= ( ) " ] (15%)
7. Evaluate the integral ¥y
A
dx
f —~,a >1
l+ x /\
(Hint: constder the contour shown in Fig. z=x+1iy) %A L X (15%)
0 R

Fig. 1
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- (15%)

. {15%)

. (10%)

(10%)

. (10%)

. (10%)

(a) Find the particular solution of the ordinary differential equation
¥ (x)+ y(x)=cosx , 1] <0 (1)
(b) Find the solution of Eq.(1) with initial conditions »(0) =0, and

y=1.

If J, isasolution of the Bessel’s equation
Xy () + 3y (x)+(x — v )p(x) = 0.} <0
Show that

(a) J, (or)satisfies the equation

i i T, 1y -
df[fdthfk(m}]-ktﬂlf v NS (at)y=0

i
(b) IrJ,{m}J,{ﬂ}dr=ﬂ,whm a and f are two distinct roots of
a

JAx)=0,(1e. J(@)=J,(F) =0 and a+ F)

Prove that vectors u,v,w, are linearly dependent if and only if

— - —_—

u-vxw=1_0,

Determine the “7" integration limits.
b oz yez

J | Jray z}dx@#£=] j T[f{xiy,zwy&:&

0 i3 4

Solve by Fourier cosine or sine transform
u ~16u=50e"" 0<x<w with wu(0)=a u(wx)bounded

Solve the eigenvalues and eigenfunctions for
¥y =5y +hy=0,(0<x<m asaSturm-Liouville problem
with ¥(0)=0 and yn)}=0

907




B oox % # OXK £ 4 M MK

R Ty T % (7)) 2. B T TN it A B a3
-T ?ﬁ,%? of , oo
#8 L ¥ kel el D HE 2 H*uauk [SEE] niER

f 7. (15%) Suppose that a solid right circular eylinder of radius a is of infinite
extent on one side of the plane face z = 0, and that the temperature is maintained
at zero along the lateral boundary, whereas the temperature distribution over the
face z = 0 is prescribed as T(r,0) = f{r). Find the ﬂtadrg[ﬁt&, axisymmetrical
temperature distribution inside the cylinder.

[cylindrical coordinates (r,0,2)

P 2
?]T—Ii(rar] 1T o1

“ral o) rfee? azd

8. (15%) Find the value of the integral

J“‘ S X
— dx.
b x(1-x%)
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1. Find the general solution of the inhomogeneous ordinary differential equation

Y'(x)+ y(x)=xcosx (15%)

2. Evaluate the determinant, and find the inverse matrix of matrix A

i 210 0
310 0
A= (10%)
001 2
00 4 -1

3. If the Laplace transform of function f(t) is F(s), i.e. F(s) = L{f(t)},
(a) Show that

L faydn == [ a-e) s d (6%)

(b) Evaluate

] < (9%)
! U

4.  Find a unit vector norm to the surface S given by z=x’y’ +y -2
at the point (0,0,2). (10%)

5. Let f(x,y,z) =x’¢”* . Compute the rate of change of f in the direction
v=(1,1,1) at point (1,0,0). (10%)

6. Evaluate the integral .[F odS where vector F=x i+yj+3k
and where S is the surface of the unit sphere x*+ y* +z>=1. (10%)

7. Evaluate the integral

[ ax (a>0) (15%)

o 1-x*

8. Find the time-dependent temperature distribution u(r,6,¢) in a semicircular plate

0<r<1, 08 <7, given that the straight edge of the plate formed by 0<r <1, d=0and =7
is insulated, the semicircular boundary is maintained at zero temperature, and the initial temperature
distribution is u(r,8,0)=(1—-r)cosé. (15%) 909

1 8°T ]
2 o0*

[ polar coordinates (r,6) VT = 19 (r ﬂ) +
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1. y(x)=e™is asolution of

(x-1) y"- xy'+ y(x) = 0.

Using the method of reduction of order, find another linear independent solution.

2. Using Laplace transform solve the boundary value problem

y'-2y'+ y(x) = %, y(@=0, y'(1)=-2.

(10%)

(11%)

3. Find the general solution of the following differential equation and show the details.

x"=2y+xy(x) =0, 0<x<o

(15%)

4. Verify the divergence theorem by working out the theorem with the giving vector function

V and the volume V, where

V=zzéz and V:thecone r<2z,0<8<27 0<z<3

¢, is the unit vector in the direction of z.

(16%)

5. Use the method of diagonalization to obtain the general solution of the following equations:

x'+2x+y=0
Y +x+2y+z=0
Z'+y+2z=0

where primes denote d/dt.

6. Solve the diffusion equation
ou 0
—_—= ._2.
ot Ox
subject to the initial condition
u(x, 0)=1
and the boundary conditions
ou

forO<x<1,t>0

forO0<x<1,

u(0, £) =0, =-hu(l,¢)

Xlx =1

7. Compute
X COS X
x?-3x+2

L

fort>0, h>0.

(16%)

(16%)

(16%)
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1. You are required to use residues to find the value of the integral

2T
I 9 = el i
o l+acos@

(15%)

2. Suppose that the steady-state temperature 7' in a solid right circular cylinder of radius a possesses
axial symmetry, and hence is of the form T =7(r,z), where r is distance from the z axis. The

temperature 7 then must satisfy the equation

18 or. 8T
r or (7' 8,') 22

inside the cylinder. Suppose that the faces z=0 and z= L of the solid right circular cylinder are
maintained at temperature zero, and that the temperature distribution along the lateral boundary
r=aqa is prescribed as T(a,z)= f(z). Find the resultant steady-state temperature distribution
inside the cylinder.

(15%)
3. Find the general solution of the following differential equation
xy'—16 —2y(x) - 2x7"' +15x7% = 0.
(10%)
4. Obtain, and compare the solution to
(@) y"+2y'+5y()=0,  y(0)=0,y'(0)=1
(b) Y+ 2y +5y(t) =6(t), y(0)=0, y'(0) =0.
where 5(t) is the Dirac delta function (unit impluse function)
o(t) = d S(Hdt =1.
© {0 otherwise a L ©
(10%)
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5. Solve the initial value problem of the first-order system

xX=x+y
Y=x+y+e . (8%)
x(0) = y(0) =0

6. Let Sbe the surface (with outer unit normal 1) of the region R bounded by the planes

z=0,y=0, y=4 and the paraboloid z=1-x". Compute F-hdS, given
. g

F=(x+siny)i +(2y+cosz) ]+ Bz +4e* k.
(7%)
7. Find the surface of the torus generated by revolving the circle (x-a)® +z° =b” in xz-plane around

z-axis with b<a.
(8%)

8. Express the periodic function f(x)=|cosx| in its Fourier seriesFS f = Zc,, exp(i2nx) . Work out

N=—in

c, =17
(7%)
9. Use power series method to solve
P +12y" + x  y(x) = 0.

Find at least five terms of the general solution.

(10%)
10. Find the inverse Laplace transform of
e
s(s” +12)

(10%)
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1. Solve y"4+2p'+y =0 for the general solution y(x). (5%)

o

— == Coehe - pE| A Er &
B, N7 = i K £ i i ik

7

e T

%

-
L]

.

2. Derive the general solution y(x) for the equation
Y )y =gx). (10%)

3. Write a partial differential equation that has the solution

yxt)=(4x+8)(-t4+1) Notethatdyox anddy/otmustbeincluded in
the equation. Also note that you have to give a reason for bringing up your answer,
.., you have to show how you derive your answer. (15%)

4. The velocity of a rotating particle is given by a vector V = wxr, where @ is a
constant vector. Find the value of S/ xV. (5%)

5. Find the surface integral of the vector function F=xi+y j+zk over that portion
of the surface z = xy +1, which covers the square 0<x <1, 0<g y<1 inthe
xy plane, (10%)

6. Find all Taylor or Laurent series representations with center z; = 1, and their

corresponding precise region of convergence of the function f(z) = sinh #/(z-1).
(10%)

7. Decide whether the following matrices are positive definite, negative definite, or

5 -2 0 1Y) (6 4 -2
indefinite? (a) | - ®|0 -1 0|l@l a4 5 3 (15%)
V2 4 10 -2 -2 3 &
J \ /
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3. Assume that the coefficient of complex Fourier series of a periodic function f i(t)
with period = 4 shown in Fig. 1 is ¢,, where -0 <n < o0,
(a) Find the complex Fourier series representation for a periodic function f2(t) with
the same period (= 4) shown in Fig. 2 in terms of Co. (8%)
(b) Find the Fourier series representation of the solution y(1) in terms of ¢, if
a’y() | dy()

S+ (1), -w<t<w, (7%)
» 11 (D) 4 (1)
2 I 2
1 1 —
} | IF t | > t
1 2 3 4 5 & i 2 3 4 5 6
Fig. 1 Fig. 2

9. The capacitor voltage v,(t) in a series RLC circuit satisfies the following
differential equation:

1d2v(r) 3dv() dv (#)
+ : =y . f » __"”__" " — 2, 3 0+ — ].i-

Use Laplace transform to find the capacitor voltage vy(t) fort > 0 if the vﬂltage
source vi(t) = e 'u(t).  (15%)
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1. (5%)L represents the Laplace Transform operator.

E(tcos(2t)>=( 1) -4 (2

Please find (1) and (2) from the following. Both have to be correct to receive full grade.
(A) 5% (B) s (C) (s = 1); (D) (s = 1% (B) (s~ 17 (F) (> = 1)s (C) (s* ~ 2 (B)
(s =2)% (@ (s =2)7% () (s> +4)7% (K) (s> + 49

2. (5%)L~? represents the inverse Laplace Transform operator.

£t (m) = ﬁ(_l)__(sin(wt) - (2) - cos(wt))
Please find (1) and (2) from the following. Both have to be correct to receive full grade.
(A)20; (B) ;5 (C)26%5 (D) ghsi (B)2%; (F) ki (Gt (H)(wt)?; (D(wh)’; (3)2w%8; (K) 22t
3. (5%)‘’ represents the convolution operator.
(e7t —e ) xet = () +(@-1) (2

Please find (1) and (2) from the following. Both have to be correct to receive full grade.

(A)ec; (B)e(“l); (C)e“; (D)e’(c“l); (E)e—Zt; (F)e"z("l); (G)e%; (H)EZ(t—l); (I)e-St; (J)e—-I}(t—l);
(K)e%; (L)e*D; (M) (N)(t — 1); (0)4; (P)(t — 1)% (Q)(t — 1)%.

4. (5%)Please identify all the even functions in the following. Full grade will be given only if all
answers are correct. (A)e?; (B)el); (C)sin(nz); (D)z sin(z); (E)@I(—ml, (F)in(z); (G)sin(z?);
(H)sin?(z).
5. (5%)Which of the following collections of vectors are linearly independent in R3? R3 repre-
sents a Euclidean vector space. (A)(1,0,0)7,(0,1,1)7,(1,0,1)T; (B)(1,0,0)T, (0,1, )T, (1,0,1)T,(1,2,3)T;
(C)(zs 13 _2)T’ (33 2, _2)T’ (27 2»0)T; (D)(za 1, —2)T’ ('—27 -1, 2)T7 (47 2, _4)T;(E)(1, 1v3)Ta (0) 2, 1)T'
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6. (7%) The standard 2™-order mass-damper-spring system can be expressed by the
differential equation mi +bx +kx = F(t), where x is the displacement of the proof

mass, b is the damping coefficient, & is the spring constant, and F(¢) is the externally
applied force. The equation can be re-written in another form as

¥+280,%+0>x=F(t)/m, where & is the damping ratio and ®, is the natural

frequency defined as o, =\/z. Now that the applied force F(f) is a unit-step
m

function u(¢) and 0 < & < 1. Determine the corresponding particular solution from the

following answers (note: ®, = @, /1 —&? ):

) x(t)= % 1 —e ™ (cos @ 4 + sin(odt)]
1] -Ea,t
@) x(t)= Fl=e™ (t+ m,,z)]
1 Ny 1
B) x(t)=—|1-e5" +o,t
k 1-¢2
1] Ew, ¢ -Ew,t
4) x(t)=;_1 e " —e ¢
IR L
(5) x(t)==|1-e" — =™
k ] 1-¢2
1 ~Zw, ¢ & :
(6) x(t)=—|1-e"| cosw t + —=2—=sinw t
“l \ 1-¢* |
1 - ( 1 ]
(7 x()=—|1- e = COS Wyl + sinw ¢
o Wie _
- .
®) x(t)= L PR 5 cos W4t + Sin® 4t
k N ~§2 |
) x(t)= % :1 — e (¢, cos o 4t + ¢, Sin® dt)], ¢; and c; are arbitrary constants.
(10)x(s) = % :l —e 5 (¢, + czco,,t)], ¢; and c; are arbitrary constants.
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7. (6%) The differential equation axy”"+y'+y=0 (0 <x < o, a is an unknown
constant) has two linear independent solutions expressed in power series:
2 3 4 /3 873 11/3

x* x x 2/3 x
Xt — e e — =x*° ~ -
nl)=l-x+ g —rat s . vale)=x 5 T80 2640

Please determine the value of g that leads to these two solutions. (1) a=-1 (2)a=1
Bla=-2@)a=20)a=-36)a=3T)a=-4@8)a=4D)a=-12(10)a=1/2.

8. (7%) Determine the general solution of the differential equationy’ = y? —xy +1,

which has a particular solution Y(x) = x by inspection (note: C is an arbitrary

constant).

2 e—x2/2 ex2/2

1) y)=xt——mr— P)= x4 e —

C-3[e¥2ax C- fer?ax
-x*/2 x1/2 -x7/2
e 2e e

He)= 2t e () Ya)= 2t (5) Hlx)=x-

C— [ 2ax C+ fe™/2dx

3)

Cc-2 Ie"z/zdx
2e*

8 =X
® &) x+C+3je""dx

6 A e
© ylx)==x e @ yx) et e
e” 2e*

10 = —_—
10) »{x) x+c+2[e-"dx

) ylx)= x+m

9. (7%) Find the Fourier transform of the function x(f) shown below.

x(?)

1 2 3 4 5 6 !
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10. (10%) Solve for u(x,t) that satisfies %tzl = g—l; and the following conditions
X
u(0,t) =u(1,t)=0 for all t
L1, Ou
u(x,0) = —sinnm , —
(x.0) ; n ot
You need to show how you derive your answer. Partial points will be deducted for
not writing your derivation.

|,=0=0 for0<x <1

11. (4%) Find a scalar function f (x,y,z) such that Vf=6xi+2j+2zk . No need to

write down the derivation. Just giving your answer is OK.
(12%) Then, choose an answer for each of the following integrals along the
specified paths: (No need to write down the derivation. Just pick up the correct
value for each integral.)

j(sx’i +2j+ 22%)o dr=@)0(2()27 (d4r ()4 6257 (h)10
C
(i) none of the above

[lexi+2j +22k)o dr =@ 0 B)2 (@27 (47 ()4(D 6257 ()8
’ (i) none of the above

The absolute value of 4()/27 +6xz° j — xyzz;’c.)o dr isequalto(a) 0 (b)27r (c)3nx
E

d Sz () 8x (D 11x (g 137 (h) m (i) none of
the above

Here, C is the path from the point (0,0,0) to (1,1,1) following a straight-line segment.
D is the path first from the point (0,0,0) to (O,—;—,O) following a straight-line segment,

and then from (O,—;—,O) to (1,1,1) again following a straight-line segment.

E is the path along the circle: x* +y* =1, z=1 .
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12.(12%) [~
X

0

dx= (a)04nr (b) # (c0)27n-4(d)2.57-5 (e)0.67 (H0.8~x

(g) #-2 (h)0.57 (i) none of the above. ( You may use the
residue theorem.)

13. (10%) Evaluate the integrals along the path C that is the counterclockwise
circle with |z]=3.

z' -1

a) q——e"dz

@ j‘ z2 +1

(b) (j'sinhBZ !

Z
2@+’
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For problems 1~5, both correct answers and detailed works are required.
1. (5 %) Find the sine half-range expansion of f(x)

2k L
—X O<x<—
L
Flry= if
%(L—x) —<x<L
yi2
4k (1 1 3 4k (1 T T
(A)—| —sin—x+—sin—x+—sin—x+... |(B)—| —sin—x—-—-sin—x +—sin—ux —
‘)nz 1? 32 L * j()ﬂz(lz L : 3 )
(C)& isinzx——l—sin3753c+isin£7£x— (D)&(—Lsinﬁ)wLsingzx+Lsin3—nx+ j
#2\1F L 3F L 58 LT T 2\ L 28 L 3
(E)ik— —l—sin£x~isin—2£x+isin3—ﬂx— j(F) L (L nzx—ismgzastm—x—
z2\12 L 3L 5 r 212 L 3L 5
27

(G)%(-l—sin%x ——Lsin-z—x+sisin3—ﬂx—-...) (H) none of the above
T

2. (5 %) Find the Fourier transform of f(x)

f(x) = e _ 2o

l 3w 2 3w 2 —i3w
® o )® im0 G 2

2 3w 1 3w 1 3w
® G IO H P e Y
1 (o
(G) m(e 3)(H) none of the above
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3. (5 %) Find the inverse Laplace transform of

1
O o

(A) —lz—(l—sinwt)(B) —1—2—(1+coswz‘)(C) ——1—5-(1—coswt)(D) —1—(1~sinwt)
w w w w

(E) 1 (1+coswt)(F) —1—(1 +tanwt)(G) L (1 - tan wt) (H) none of the above
w w w

4. (10 %) Use Laplace transform to solve
xy"+(1=x)y' +ky=0

e d¥ . et d* _, e d“_, e d* .,
A)y=——-[t BYy=——[t‘¢'] (O)y=—"-[te"] D)y=-—-"—[t'e"
Wy=2 25t ] By=TI5lte) Qy=225ite) @y =St

e’ d* y e d* o et d* -

(E)y=———k! o [te™] (F)y:_k pr [the™] (G)y=7—5k—[t"e ] (H) none of the above

5. (10 %) Use Method of Frobenius to solve the general solution of

y"+2—y’+£—y =]
wr=oZ g e Sy @y Sl s S o
©y=a) ((’2”); ) é; ot S O)y-c > é; 13"1) 9 ((“2 ;)) S
©)y= Cnio(znl)), x" %zg—(mx“% (H) none of the above

(c, and ¢, are arbitrary constants)
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6. (a) (3%)The R-L-C network as shown has a sinusoidal input v(¢) = sin(w,f), and the output voltage
across the capacitor is described by the differential equation:
d?v, (¢ dv,(t
10 50l
dt dt
where the coefficients are determined by the value of each passive component.

+22500v, (t)=v,(t)

O

W) G Zvdt

emedpites comscmmelionnass
] s
P ——

You are required to calculate the input frequency ®, that will cause the output v,(¢) to have an exact

90° phase delay with respect to the input v(f), as the output reaches its steady state (namely, the
particular solution of the differential equation).

n

(b)(4%) By using the differential operator D" = d the differential equation

n 2

4 2

6 5 3
7 onf gl B ok Tyt

y : 2 —x
=sin3x)+3x° + xe
de® dxt dx? dx* 03]

is re-written as

(Dz +2D+ IOXD4 -D? )y- = sin(3x)+3x% + xe*.
Please determine the correct representation of the particular solution y, for solving, and you do not
have to solve the coefficients in it.

7. (5%) Solve the differential equation cosx-dx + (sin x+cosy—sin y) -dy =0.

2
8. (8%) Solve the differential equation x° ‘;c—zy +x2 % —9xy=1 (x>0).
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1
9. (10%) Evaluate the integral iezzdz where C:|z|=4 counterclockwise.

10. (10%) Find the eigenvalues and corresponding normalized eigenvectors (norm equals to 1) for the

matnx020
4 2 5

11. The position 7 of a particle of mass m=1 at time ¢ is described as (all physical quantities are in SI
units):
2

C: F()= —t+(t+l)]+3k , =[0,1].

5

(a) (4%) Let V and W denote the average speed (a scalar) and work done to move the particle from #=0
to =1, respectively. Choose the correct answer of (V,W) from the following:

1 1)
(@) (1,2); (b) (2,1); (©) [

Jo( }@Pﬁ}@@ﬁ}@@m@@%m>
5°2 2
3:_5_ ’O)il (k)L l(l) none of the above.

(b) (3%) If there exists an electric field E(x,y,z)= y-cos(z)i +x-cos(z)] —xy- sin(z)k . What is the

work Wz done by the field E to move the particle of charge q=«/5 along the specified path C:
F(t), =[0,11?

(@ sin(2); (b) 1; (c) sm( ) (d) ZSIH( ) @ V2 cos( ) ® V2 sm( J @ V2; 0 = J—

(1) %cos(i) §)) %cos( ) (k) 2005(;) (/) none of the above.
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12. The motion of a string is governed by the partial differential equation (PDE): uy=cs,; where u(x,t)
is the displacement of the particle at position x and time ¢, ¢ is a real constant, the subscripts #, xx
denote 6*/0¢, 8°/ax’, respectively.

(a) (5%) The following figure shows a section of the string at some instant /=¢;, please roughly sketch
the force vectors imposing on the illustrated string section.

u(x,1,)

(b) (8%) Let the string has a finite length L (0<x<L), and the two ends slide vertically without friction,
1.e. boundary conditions (BCs) are: u,(0,f)=u,(L,1)=0, where the subscript x denotes &/0x. One can
derive discrete modes u,(x,0)=X,(x)-T,(f) (functions satisfying the PDE and BCs) by using the
method of separation of variables. Please sketch the spatial profile X,(x) for the lowest three
(nontrivial) modes.

(c) (5%) In the presence of initial conditions (ICs): u(x,0)=f(x), u{x,0)=g(x), one usually expands the

solution in terms of the modes: u(Jc,t)=Z{A,l yu, (x,t), where {4,} is(are) the coefficient(s) for

mode u,(x,t), then substitutes ICs to retrieve {4,}. Although the principle of superposition works
for the PDE of this problem (u,=c*u.), it could fail in some other PDEs. Please specify those of
the following PDEs for which superposition does NOT apply.

(@) urmp(X) Uy (b) ur=p(x)Untq(x,0); () Uy=thextuy (d) w =D () ettty (€) uy= u-sirtuy ()
u=explux] i (8) um=p(,t) tho; () uy= exp[p(x,0)]-urctu.
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The temperature distribution u(x,y,f) in a rectangular region R:{0<x<2, 0<y<l} is
governed by a partial differential equation (PDE): u;-"—*az(uxﬁuyy), where « is a real
constant, and the subscripts ¢, xx, yy denote partial derivatives 0/01, 8%ox’, 62/8y2,
respectively.

(1) (6%) If the three ordinary differential equations (ODEs) derived by

separation of variables: u(x,,0)=X(x)-Y(y)-T(t) are: X"+k’X =0 ,
1

Y'+h*Y=0, T+-T=0, what is the relation among the three
T
eigenvalues &, A, 77
2 2 2
A)B-=2—; ®)K+i=—; (© K¥+i=2—; ©D)k-n=2;
5 a T T

(E) k2+hz=i2 :
o

(2) (6%) The boundary conditions (BCs) are specified as follows (u,=0u/0y):
4

1 u,=0

o w0 2 7

Let the fundamental mode u,,;,(x,y,?) be the solution to the PDE and BCs,

which corresponds to the maximum of eigenvalue 7. What is the position
(x0, yo)eR where the fundamental mode has peak magnitude, i.e.

[tdi(X0, Y0,£)| 1S maximum at any time ¢ ?
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A
1 = 2 o
@ (B Q)
‘RO
o 1 2 %

). | 3. 1),
) [5,1], ® (.1); (© [2,1], (D) [1,2),

(E) none of the above.

The idea of d’Alembert’s solution is to transform the wave equation into canonical
form which can be solved more easily. Similar approaches can be applied to some
other cases. Consider the linear first order PDE ux + 2uy+u=0.
(3) (8%) which of the following transformations can reduce it to an ODE?
A)O=x+y,¥Y=x-2y; B)®P=x+y,¥Y=2x-y;
Od=x+y,¥P=x-y; D)O=x+2y,Y=x-y;

(E) none of the above.

(4) (8%) solve ux + 2uy+ u = 0 with the condition u = 1 when x + y = 1.
Calculateu(x=2,y=2)=7

(A) el (B)e'; (C) g (D) e??; (E) none of the above.
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(5) (8%) Let A be an n-by-n matrix, andx € R". Please find the correct statements

from the following:

(A) |, < nx

25 B) |1, > Vn|¥

;3 ©) 4, >n|4], |

(O [, <K

w

® =4, <Al <,

-

(6) (8%) Evaluate the integral |° “ along the path R that is the positive x axis
g p
R

( from the origin to the point (o, 0), where o represents some number approaching

infinity ).  (A)0 (B)2mj (C)1 (D) %7 (E)0.5x

(7) (10%) Evaluate the integral q (z* — Re(z)|dz along the path C that is
g

counterclockwise circle with| z |= 2.
(A) =2ma; (B) —4m; (C) 2i-4n; (D) 2-4m; (E) 4+2x.

T

e oz

(8) (10%) C_L cosdz - = (A)2mje 8; (B)0; (C)7j sinh(%); (D) 2mj 1257 ;
Z

©) e

(Here C is the counterclockwise path along the circle centered at the origin with a

radius of unity.)

930




#+ 8

B I V-3 i 3 A 2 @ #8 4
9% 24 E TERABBASBE % (A7) 455 L HE A B3R
THESLA  HBKHE_ 9902 # < HE L B 34 [SEAF]lA#4EL

-2 2 -3
(9) (10%) Pick the correct statements regarding the matrix A=| 2 1 -6/|.
-1 -2 0

(A) There are three sets of linearly independent eigenvectors associating with three

2
distinct eigenvalues. (B) The determinant of this matrix is 45. (C) |1 | isone ofthe
0

eigenvectors. (D) 5 is an eigenvalue. (E) The homogeneous linear system Ax=0 has
no non-trivial solution.

(10)FE(I3)FEIFE, FEERE T FHH R .

For problems 10 and 11, please write down your work and pick the correct answer
codes (ex. Al x C5) from the list.

(10) (6%) Find the inverse Laplace transform f(¢)of L™ {(—i} :

S»HI

ANS :  (10-1) X (10-2)

1 W <w
0

(11) (6%) Suppose : F(w):{ Find the inverse Fourier transform

J ()
ANS : _ (11-1) x _ (11-2)

(Al)\/g;(Az)ﬂ;(AS)\/zz;(Aél) 2w, 9%, e, an¥.
s T T 2r T

(A8) W s (A9)V22W ; (B1)xsin(xW): (B2) smc(—W—xJ (B3) sinc(7x);
T

=2t 2! ~I

(B4)sinc(Wx); (BS)sin(xW); (Cl) (cz)— (03) (C4)—- :

(C5)(-1)" j; (e); (o) :t:( ) ©n 4 d" (tne_,), ©8)( ),, d" (,,e,);

(D1) none of above
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3 2
(12) (7%) Solve the differential equation: 342 _5,24°Y 1o & y=0.
dx’ dx? dx

(13) (7%) Solve the differential equation: .r% +2y= xy3.
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1. Consider the ODE (3y* +x+1)dx + 2y(x +1)dy = 0.

(1) (4%) Find an integrating factor for the ODE.
(2) (4%) Given (0)=1, solve the initial value problem.

2. Consider a mass-spring system governed by the ODE "+ 6y +18y = -90sin(6¢).

(1) (3%) How would you describe this system (choose one below)?
{A) Undamped; (B) Underdamped; (C) Critical damped; (D) Overdamped.
(2) (5%) Find the steady-state solution.

3. Consider the ODE x°y" +8x’y" +9xy' =9y =0 for x>0,
(1) (5%) Find a basis of solutions {y, (x) v, (x) y, (x)} for the ODE.

{2) (4%) Given initial conditions y(1)=0, y'(I)=~2, and ¥"(1) =2, solve the initial value problem.

4. (5%} Bessel function of the first kind of order v, J.(x), is one solution of the Bessel equation,
X'y +xy"+(x* =v))y=0. The general solution of the ODE, x'y" +xy' +(4x* ~—+;-)y =0, can be expressed as

y(xy=CJ, (axz) +CJ_, (axz). Determine the values of @ and v.

5. (10 %) Use Laplace transform to solve " + (1-x)v + kb =0.

(.’I dk ‘ dh - d E_—t
(A )}’“zg‘;[l e”] (B)y———[f e (C)}":T?{ (D))—_kTF {E)}'_‘Zrd_k[f ¢]
(F)};=;.dk ] (G)y—xj[r* '] (H) none of the above
kodr* thdr

6. (10 %) Find the Fourier transform of f{x)= \/E if <2 and F(x)=0 otherwise.

sin w sinw COSW Cosw

(A) f(w) = —B) A W= (Cy Fiw (D) flwi=

(E) fw)= \(;Slnw (F) fow= \jz sin v (G) fG \—Coi =" (H) none of the above i‘ D W EAT A
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|7. Consider the problem
u,—4u =0 O0<x<lO
(0,1 =u{l0,1)=2 O<r
ulx,M = f{x) G<x<10
u(x,t=0)=0 D<x<l10

f(x) is shown in the following figure.

fix) 4

FOA 4

(1} (7%) Whatis «(2,1) (the value of u at position x = 2 whent=1)?
p

(A) 0.8 (Byr2 (C)le (D)2 (E)24 (F)2.8 (G)3.2
(H) none of the above.
(2) (6%) What is the lowest frequency (cycles per time) of the motion of u?
(A)0.05  (BY0.l ()02 ()04 (E)0.8 {(fhi.6 (Gy3.2
(H) none of the above.

8. (7%) The temperature distribution of a thin bar is described by a 1-D heat equation

u—4u, =0 G<x<l0
The boundary and initial conditions are given as follows:
{0,y =u(10,1)=0 O<t
t.e(x,O):s.inzr-ﬁ 0<x<ll
10

The peak temperature is located at the position x = 5 at all time. At what time will
1/e of its initial value?

(A) 7/10 (B} #°/100 (C) 10/7z (D) 100/ #° (E) =5

(F)y #7725 (G) s5/# {H} none of the above.

the peak temperature reduce to

9. (20%} Evaluate the principal value of the integral f o cosdr dx.

»xt e xt 4335

10. (10%) Find the eigenvalues and corresponding normalized eigenvectors (norm equals to 1) for the

1o ol
matrix 4={2 4 0. What are those for the transpose matrix 4'?
6 4 2

((p)
wp
N
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1. Solve the differential equations -
(a) (2x" + y)dx+(x+2x'y—x"y' )dy =0 (10%)
(b) y"(x)+ y(x)=sinx+ xe* (15%)

2. (a) Let V be the vector space of 2 x 2 matrices over R. Determine whether the matrices A,
B, C & V are dependent where:

ST

(b) Let A be an n x n' matrix. Show that for all n x 1 vector x, 117#\1! EHA"I”: » where
||-|| denotes a norm. {5%)

3. The matrix A is a 2 x 2 constant matrix with a pair of complex conjugate eigenvelues
a+ jp and o~ jp.Find the transformation matrix P such that

B=P"ﬁl’=[m ﬂ] (15%)
B «
4. (a) Prove that the Fourier transform of the convolution product of f(t) and g(t) is
given by
FE(1) * (1)) = 2r AT (O)F((1)] (13%)
(b} Determine the Fourier transform of the function
Seﬂil.
A e 2%
) ' -4t+13 (12%)

5. Write the solutions of the following boundary value problems

fu '
E':}E D<x<L,t>0)

u(0,t)=u(L,t)=0 (t>0)

2nx
u(x,0) =L{1-cos(——)] (0<x<L) (25%)
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1. dolve the following first-order differential equation:
2y
Y — 10%
y (x) D (10%)
2, Solve the following second-order differential equation:
(x+1)" y"(x)+2(x +1) ' (x) =4y (x) = 22+ (15%)
3. Find the eigenvalues and the corresponding eigenvectors for the matrix A.
11 2]
A=10 1 3 (15%)
00 2
4. (a) Prove I [ f ()] = sF(s)— f(0) if the Laplace transform of f(t) is Z[f ()] = F(s). (5%)
3 +1
(b) Find the inverse Laplace transform, T | 771557 4+ 1 | (5%)
5. If V isa vector tunction, show the following
(1) Ve(VxV )=0. (5%)
(2) (VoV )V =(VxV )xV +V(V2/2). (5%)
(3) (VxV )xV isnormalto V. (5%)
. t o coshx ¢ sinkx . .
6. Evaluate the integrals I ——dx and f T — dx for k>0 by using Fourier Transform.
W(X—a) +b WX—a) +b
(Hint: €™ = coskx +isinkx ) | (15%)
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7. A monocycle shown below moves at a constant velocity vg hitting a bump along x direction, Assume the
mass of the suspension and wheel assemble is negligible.

| e

L O NN

— _-....._h.. }{
4 M

(a) Please derive the second order govern equation of this system as below

y=y,sin’8) (O<x<xz/8
=0 {(x<0,x>7x/8)

d ;1:?) . d[I;?)] +5u(f) = y(f) where{

¢ The relation between spring constant k and massmis k/m=>5 , the damping constant C and
massmis C/2m =1, and the constant velocity is v, =8.

v win?
¢ The bump condition: y=y sty O<x<m) :
= () (x<0,x>nx)

(Hint: Start from relative parameter u(t)-y(t). Find relationship between x and t, then make derived
PDE to be u(t) only equation.) (3%)

b) Solve the PDE you derived above if C =0 (no damping case). 14%)
(b) y ping (

=0. (3%)

=)

(¢) Continue from (b), and find ”(% if initial conditions are #(0}=0 and du (%t
0
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. Let f=4x"+x" +9y"z" (scalar function) and v = xzf + (x - )" f + 23" yzk (vector function).

Find

(a) Vf

(b) curl{grad [}
(c) Wfecuriv

. Solve the following first-order differential equation for wit):

due
=5 explr+u), w(l)=1

. For a matnx Az[] l:|,
-2 4

(a) Find the 2x2 matrix P and D, such as P'4P=D where D is a diagonal matrix.

(b} Find the eigenvalues and the corresponding eigenvectors for fld), where f(x)=5x+2.

. Use Laplace transforms to solver the following equations for w(t)

d’y dy(0)

“= 4 y=cos(2t), where {20, y(0)=1,and = 0.
(a) " vy =cos(2r), w ¥ ar

(b  w(t)=06f+ ]_}?{f —s)sin(s)ds, ¢+ =0

. Evaluate the following integrals by using Fourier Transform.

o

() I

r sm[:u]
®) ,5[ smh{bx}

exp(bx) — exp{—bx) )

(Hint: €™ =coskx+isinkx and sinh(bx) = ;

. Solve the following second-order differential equation for w(r):

F|
‘ :.:T ¥ :% + du = sin[In(0)]

(5%)
(5%}
(5%}

(10%)

(5%)
(5%)

(10%)

(10%)

(5%)

(10%)

(10%)
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7. Below is so called the one-dimensional wave equation,
a8

51.]

(a) Find the deflection #(x,1} of the vibrating string based on the following conditions,

Ar’

Boundary conditions: «(0,) =0 and w(l.t}=0 forallt

Initial conditions: w(x,0) = f({x) and

)

E =0 =E{I}‘

(b) Find the deflection u(x,f) by using the derived result from (a} and the following functions and

parameters,

c=1 and L=mx.
flx)=0 and g(x)=0.1sin{2x).

(%) P _,ﬂ‘i PPN 2 S

(14%)

(6%)
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. (a) Solve the first-order differential equations

xz(y+l)dx+y2(x——1)dy=0 (10%)
(b) Solve the differential equations where A is real.

Y (x)+Ay =0, (0)=y'(n)=0, 0<x<m (10%)

(c) Solve the simultaneous differential equations
W3y =y,

. (15%)
™Yo =
. Give the periodic function
f(t):{ sint O0<t<unzm
0 T <t<2rm
Find the Laplace transform of [f{(?)] . (10%)

. (@Letp (s) is a polyminal in s. Show that if A is an eigenvalue of a square matrix 4 with eigenvector x,

then p(?x) is an eigenvalue of p(4) with the same eigenvector x. (10%)
1 -11

(b)Let A=|0 1 1|.Compute A" for any integer k. (15%)
0 0 1

. Evaluate ”F-ndS ,where F=zi+xj—3y°zk, §is the surface of the cylinder x*+y* =16 included in the
N

first octant between z = 0 and z = 5, and # is the unit vector of the surface S. (15%)

1 <
. (a) Find the Fourier transform of f(x) = {O ||X || >a , where a is constant. (7%)
X| >a
(b) Use the result of (a) to evaluate f M@d : (8%)
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1. Consider the following equation for the temperature u(x) in a chemical reacting slab of material:

2
%+l[€"—1]=0, O0<x<1 and u(0)=u(l)=0.

Find u,(x) and A, for a small amplitude positive solution of the form

u(x) = & uy(x) +&° u,(x)+ (higher order terms of ¢) and e=A-2, (20%)

2. Use Laplace transform to solve the y(t):
2

d‘y _ _E’Z _
" +9y=f(), y(O)*a,[(O) 0,

f)y=t if 0<t<a and f(r)=0 else. Here a isa positive number (15%)

3. Solve the equation

d’y : dy 0
Y= y(0)=5(0)=0 (10%)
f1o-2 -1 2 1 ] 1]
I -2 0 3 0 0
4. AX=Y+ noise, whereA=|-1 2 2 -1 =~2/|,Y={0
2 -4 -3 3 3| 0
-t 2 -1 -4 1] 0]
(a) Find the Rank of A (10%)
(b) Find the complete base for the row space of A (10%)
(c) Find a general solutioh for vecior X based on the row space that you got (10%)

= e ‘_qu r-a g
5. z,=Az,, where z, =! , A= e k=1, 2, Byses
L% ]

(o S

- —>
(a) Derive an expression for z, iniermsof z, (10%)

X

(b) The ratio —- approach a constant when k becomes very large. For the case in whick

ByA

Vst

b

a=-1 and b=1 ,determine the ration Hint: Tt is possible to auswer this question without a lot

of cemputation. (15%)
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