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1. (25%)
l-p -1 0
Givenamatrix A=} 0 2-p 0 | ,wherepisa constant.
0 -3 3-p

(a) (9%) Determine the relationship between the rank of A and the value of p.
(b) (8%) Let p=0, determine the eigenvalues and eigenvectors.
(c) (8%) Let p=4, determine the inverse, A

2. (25%)
Solve the following linear system of differential equations by the Laplace transform.
"—y,'=2cos2t 2 2
YI" yll— ] ,where yl'=gz",)’z'=g¥—2',y,"=d );. ’yzu_g__y_z_
y,'+y,'=-2sin2t dt dt dt de?

(0 =-1,y,(0)=1,y,'(0)=1,¥,"(0) =2

3. (25%)

2
Given the equation ag—% + bj—y +cy =r(x) , where a, b, and ¢ are constants.
X

(a) (8%) If r(x)=0 and b?=4ac, find the solution y(x).
(b) (8%) If r(x)=0 and b?=3ac (where ac>0), find the solution y(x).

(c) (9%) If r(x)=def" (where d and f are constants), and bi=dac, f = ——;- , find the solution y(x).
a

4. (25%)

Given the line integral Ll s (kx’ sinmydx + nx’cosmydy) , where k is a constant.

(a) (10%) Determine the value of k that the line integral is independent of path.
(b) (15%) Evaluate the path independent integral.

(¢ o]
N
)]



KL RKBEA T FEEALIE A AR

6

3 2RI BER #E x> £ % #
ARABHMY TO, FME "x
mEyEm X
AHMEA / X
A
| Y.
1. Solve the following equation: (20%)

1) 1+Gx-e¥)y'=0

2) y'+ly=3x’y’
x

'y 2 A y ‘ _
3) cosx(eg—‘j.)%?g=e gin 2% ,g(o) o)

/
4) ‘3”-— 4 3’-& a4 =0 Jeor = 3. 4to= |
2. Solve 'a’ ,..g - -f +) b‘d ioy'ou TYMS&VM (20%)

<<« T
w\\efe %(°)=5, ,‘,(.4;):: ° °

3 sin(4) .

3. Find the eigenvalues of the matrix B and, for each eigenvalue, a
corresponding eigenvector. Also check that eigenvectors associated
with distinct eigenvalues are orthogonal.  (20%)

01 0
B=]1 -2 0
0 0 3

4. Use the Green’s theorem to calculatecj'cF-dR. The curve is oriented

counterclockwise,

Where F = 2y i - x |, and C the circle of ra.dius 4 about (1, 3).

(20%)

5. Evaluate [[;zdo, with L the part of the plane x + y + z = 4 lying
above therectangle 0 <x <2, 0<y<1. (20%)
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1. Use “Integrating Factor” to solve the first-order  differential equation

(xe* +x2)y =-xye* —xe”  (25%)

2. Solve the initial value problem: x°y”— 3x2y" +6xy' -6y =2 xt,

y)Y=0,y'(N=Ly"(1)=-1 (25%)

3. Use Laplace Transform to solve the initial value problem:
Y +10y' +25y=e +28(-1) , H0)=1,y(0)=0 (25%)

3

B ] (10%)

i
4. (a) Find the eigenvalues and eigenvectors of the matrix A= [3

(b) Please explain the meanings of “A is Positive-Definite” and “A is Negative-Definite”.
(5%)
(c) Find the diagonal matrix A which is “similar” to A.  (10%)
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1. Solve the following equations:

(1) Y"=5y"+3y'+9y=0 (10%)
dv c
2) ;'t- =g-—v ' v(0)=0 > g~ ¢~ mare constants (10%)
m
2. Solve the boundary value problem: (25%)
2
95=k9§-v052s2Hy u(0,0)=0 and w(2H,t)=0
ot 0Oz .
9 1 1
3. Find the eigenvalues and eigenvectorsof A={1 9 1 (25%)
119

4, Use the Laplace transform to solve the following initial-value problem.
(1) y'+6y=e" - y(0)=2 (15%)
(2) Yy"=y' =sint > p(0)=2> y'(0)=0~ y"(0)=1 (15%)
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V] mrmsm
kst [ O®

/ Sja/l/é 4‘}% _Fo//owh:_,f D.'f:f’eren’/"/\a;ﬂ E o\"'éfb% :? (9000)
o) /*(gx-énj)y/::

b) X23#~§XJ/+-Hﬁ7=ao S ju)=4‘,g20:=é
) 7”-- +d +4] - e ]

2 “)nﬂ{ 7‘-/Le 7[,/1/5‘1[' «Fove non(}ero Lerms 0f\ ﬁzwer Series Sa/m‘m,

f 7174«& ]l?('/“’ (J‘ﬂﬁfe fmé/@%/ O\.ADLJ{' */"/{.Q /Dalﬂf w/e,-e -/—,(2 /4,‘79¢/
Cpm/r'f‘ro n ch 7(1/6/1, { >o

J”.>XJ +<x>LQ7=0 o gW)=l ,jw)=21

./ n P ()o )
5 --/LL l&\ l(l.CQ— "l’YanS Y M \,D Sb‘\)e H\O- x k w- T.V.
| Ve } f ‘K g d ,+<3

) g{”+4g - Jd) ?(")f\e}(o)’/‘() o Jw= ths

b) )9/4—7“3‘}8- ;o deo) = |

4 Z”rnd f/{é L]é’nemﬂ Solution o][ the 3 /571&4. ( >‘% )
a4 X —=2Xa +3 X3 + (D Xy = /
X/ - 2 Xq = 4
2, - 3X, + Xy =16
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Solve 4l /?c\\vwmj DT.J‘\(%MA‘UJ E%wthow_?
2 xddx - (2x7x34’-20) df=o
I B ICEY
c) ><>ﬂ//+3xg/+loa-_-,o
4) Wﬂb’éj/f‘ﬁj=§€3x

2 Ut Lophae framshom 1o sclve +he Dk wlie prble

73//+“3 = | Roy=4 H’(o) =0

A:.[”’ ”3} Lond A‘é’f?

2 4

4 I_ij ,K;bq;x R/DY - € xS ' WDyite e Fouﬁef

SCYYeS 0’? /? o v («K,K]
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2% ABERREBIESA BT 2 B %
| APEE R TO, BT "x
iR Fit
X X
Auag [/ "
/ ‘. ,Z 7 2
9 (g 5= (2o
Cale.bots .
y r KN,
2y /“(‘;({)5 #5100 =° (202)
Calenbite Y

’ Evibute the [ine Mé7m/ of é?(%ﬁi)zﬂQ?j];?ﬁZ%?
ovey 1‘4/6 J?LI"A?//I‘ ,an,e /7”1/8@/' o m /// /, /) % (,_2, /, 44) '
4’ A /)05/'-/‘1}“ V’ecﬁ’)" /i/—:.) ;S5 /f‘//“’n 4 (2070)
> a ->
/52): [[952‘ + fSi’n*IfJATaf-[ ji‘n{‘ — ZL(p_g{‘]\/‘ + T ﬁ ) 4> 0
Aetermine the #ormal (‘,,m/:)pn—eqf‘ o f Fhe zccebowtion
7%.6 fan’ﬁxz;l—/n,ﬁ) And #he ey Va 470?‘”74/ //'eCfDP. ('ZD/ZJ

o o Tt <27
St [ f £ >27

Calenbye L He)

S—-. 7[:[{.):{3 /\_/‘ o<t

(222)
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(—) ¥k £ M Sturm-Liouville Problem 2 Eigenvalues & J Eigenfunctions,
3 B4 M X E 3 # (orthogonality) :  (25%)

(o) +ix"'y =0, y)=0, »'(e)=0, Hint: set x=¢'

(=) # R M A JE™ Eigenvectors 2RO AEARENACZER
(25%)
s 10 -10
A=|10 5§ =20
5 -5 ~10

(Z) # £ M Quasi-linear };artial Differential Equation. z = z(x,y) =?:(25%)
' (y+z)%+y%-(x—y) =0,
Initial condition :

£ y=1, <o B oz=14x

(=) #k £ # Even & Odd half-range expansions (25%)

-z—k—x : (f0<x<-l-'-
fo={,,* 2
2k L

) -Z-(L-x) 1]'-5-<x<L
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/ 601\){, _Q__(/L,‘_ggb( +5 W =0, .
2t °
(2o
O<t,<l>0 , fDO<X<DQ
with IC  W(X, 0)=cos x
2. E-Va/uafe /)
LZD’D
P ff(’Xo/&fclz + Xydedx+ %zd’xcl%’)
where § s the ¢losed sux{ace consust.mg of, cg/lmlzl’ 72-4' =A 2-
(Octzéb)amdﬁ«e c\rw!lafdnsks X=0 omdZ=b (’X,:.j <6\)
3. Solve 13 +lo 16( 4_ ‘j,_ ' (20%)
44, + 4. 4, =

2 -t , -
5 Solye See)=3T —€ *ff(?)et “dr fov ft)

5"‘-@0(2— To "j—l(o)zoj ’y/,(_o):l
Y,(0)=0, Y 0)="|

b Solye XY -3XY +3Y=2 xe® (@o%)

n!

L~ =
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(a) 7EB5 P(1,0,2) B"Jﬁﬁ[ﬂiﬁ@i (Unit Normal Vector 7 )(1053)

(b) 7E85 P(1,0,2) f9Divergencef (Div f) (1059

2 REFIER Y - 2)/ +y = e +x (209)

Initial Conditions: y(0) = l,y'(O) =()

2 REHER2xy) — y* +x7 =0, (209)

Hint: Set y = (Z)
X

43K T 5B £(r) Z Laplace Transform F(s): (2053)

| 1) f=1,(0<t<3)
(2)

o
}_!I'_lr_ll_ll_'
)
|

| 11
I 1
, L

5. SKABIBH L Ordinary BquationsZSEME y, (1), y, (1), For ¢ =0~ 2 (209))

dy,
dt
d

y2 4
t y2. y] | v

=-0.5y,
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VAR ITTEY
At/ R
I
/!

- /
'J”%V’7 2(C)x[w5;’f/);’"%2"*262}7‘/" =
(zo32)
/Z. 247./2}*/11/} OZD[ ~ (¢t)= 0o
/ £) o L) Sy o<t@md?
And  FlOE)= I44E Sy 2o
(Zo 2

finding Lhe  Liyctron G(x)  Ahat pasaes
fﬁrﬁyf the  points (o, 0) and ), /) Ao

TN ;R Res j_[;] ;/* /[/2‘+;/2] ﬂ/,‘\/

(Z°2Z)
Z Jwlr ~ '
 Sleing  Partinl Dotk £
J 77
Uy = A lox

./:/37(/5 L (.{)/ )= 2 < </

; [/{/‘1’ (l/ TL)_—;—_O ﬁ,_;\/.—— /.
Z (1. V74 (X/ 49_): 7[[1/) /j’; a/‘z)

"{' EL/A—ZaA'f/;% 4 4e /ZLM;? /4 %n«t// Z 7[

— 3 - —

Flrp2) = 3. 0y 2,7

L€y Hhe S 7‘7»?/7‘ e imewt L
10D T e, 5y D p
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A BRI 1 =
1 -3 3
I SRf#ERRE A={3 -5 3 (20 43)
6 -6 4

(a) f2 Hifi(Inverse Matrix)

(b)Y R 1#fil (eigenvalues)
2. KT H 587 Laplace §#i3(Laplace Transform) (20 43)
(a) () =17
(b) f(6)=¢"(2cos3t ~sind)

3. sk Bernoulli equation ' +xy=xy™ (20 57)

4. kR ERY vy -2v=0  (2043)
BRI 20 =00 =e- V)

5. SRS HRRINE wxy)  (2057)

1w, -y, = 0
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1. Solve the initial value problem

(™ + ye)dx + (xe” ~Ddy =0 » p(0) =1

2. Solve the ordinary differential equation

(x* -x)y"-xy'+y =0

3. Find the eigenvalues and eigenvectors of

-2 2 -3
1 -6

A:
-1 -2 0
4. Evaluate .[ I(sz' +2zk) e Add over the sphere

x*+y*+z°=9

5. Find the Fourier series of the function

0 if —2'<qc<—1
fx)=1k if -1l<x<1
0 if 1l<x<2

Period p=2L=4 » L=2

(20 53)

(20 53)

(20 53)

(20 52)

(20 53)
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1. Write the complex Fourier series of the following periodic function f

and determine what this series converges to.

2 0<x«<l, 0
fx)= {f(x+l) for all x. (20%)

2. Use the Laplace transform to solve the following system

"+ y'~x=cos(2t), ‘ S
x' y ' x =cos(2t) #(0) = (0) =0, 20%)
x'+2y'=0,

3. Consider the regular Sturm-Liouville problem
(PG @) +(@(x)+ 2 p()y(x) =0,
Ay(a)+4,y'(a)=0, B,y(b)+ B,y'()=0.
If 4, and A, are distinct eigenvalues of this problem, with

corresponding eigenfunctions ¢, and ®., Tespectively, then prove

LbP(X)% (X, (x)dx=0.  (20%)

4. Evaluate the integral

Iw cos(4x)

G Q%)

3. Solve the system X'= AX , with
2 0 1
A={0 -2 2| (20%)
0 2 o0

390
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1. Solve the initial value problem : J:} :
Ll
y'-6y'+18y=0,  y(0)=0, »'(0)=6 15%
2. Solve the initial value problem
X'y -4y +dy=0,  yD=4, YyMO=13  15%

Apply the power series method to solve the following equation
»

y' =2y 15%
Solve the following differential equation by the method of Laplace

transforms y"+2y'+2y=0, y(0)=0, y'(0)=1
15%

Find the eigenvalues and eigenvectors of the following matrix
6 10 6
0 8 12 20%
0 0 2

. Find the temperature, T'(t,x), in a laterally insulated bar of length L

whose ends are kept at temperature 0.

8T , T »
—— = -, T t,o - O’ t’L =
=C 30 (1,0) \ T(t,L)=0

The parameter c is a constant, and assuming that the initial

temperature is 7(0,x) = sin %x, if 0sx<L 20%

891
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'l.Solve y'-4y'+3y=-3sin(x+2); y(-2)=2, j/’(—2)=2. (20%)
2. Solve the following system
X'+4y'-y=0, x'+2y=e’; x(0)=y(0)=0. (20%)
3. Compute
2x sin (0)
: 10%
) I 2+cos(9) (10%)
@ [ L. (10%)
< x8 +64

Vo
W

4.Let A and B be nxn matrices such that 4B = BA4. Prove that

e(A+B)t = eAteBl (15%)

5. Use the Laplace transform to solve the following boundary value problem

2 2

2%%"‘%—2}}, (0<x<o, t>0, ¢ isaconstant),
X t

y(0,8) = f(8),

O

—~(x,0)=0,

az(x )

y(x,0)=0. (25%)

892
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1. Solve y"+5 y +6 y=38(t-2)-46(t-5); ¥0)=y'(0)=0. (20%)

" Note: Here 8( ) is the Dirac delta function.

2. Find the family of orthogonal trajectories of the family y* = Kx*, where K isa

constant. o (20%)
Note: Sometimes -we; encounter two families of curves in which any curve of one

family is fo_r'th'o'gbnal to any curve of the other wherever two such curves

trajectories. .
3. Solve x*y"—2xy' +2y =10sin(In(x));  yM)=3, y'(1)=0. (20%)

4. Find the inverse of the following matrix or else show that this matrix is singular.

-2 6 0 0
1 4 4 1

A= . (10%)
4 -4 -5 3
-3 1 2 -6

5. Find the Fourier series of f(x)=x" on [-7,7]. (15%)

6. Use the Laplace transform to solve the following boundary value problem '

2 2
Z%—Z=%¥" (x>0, t>0; a isaconstant.)
x N . Lo L

yo.n=t, (>0)
oy ) .
—a—t(x,O)zB, (x>0; B isaconstant.)

Yx0)=0.  (x>0) (15%)
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. Solve y'+y'=te'; y(0)=0, »'(0)=0. (20%)

2. Use the Convolution theorem to find the inverse Laplace transform of
each function

A)
@ (s+1)(s+2)" (10%)
st -ds+4
®) (s +4ds5+13)* (10%)

3. Find the general solution of

-8 -l
*Flis o " (20%)

4, Let A be unitary, hermitian, or skew-hermitian. Prove thal

T AAT = AA. (20%)

[

5. Use tﬁé, Method of Separation of variables to construct a series : -
solution of the heat equation Col

2
u .

~ _%_k.a_z:o, O0<x<L, t>0, kisaconstant,

Ot ox

and the following initial and boundary conditions
u(0,8) =u(L,1) =0,

u(x,0) = sin(27x/ L). (20%) 1
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I. Solve the given non-homogeneous differential equation,

Y'=2y'-3y=4x-5+6xe”

(20%)
2. Use the Laplace transform method to solve the given initial-value
problem,

y'+16y=cosét, »(©0)=0, y'(0)=1

(20%)
3. Solve the given differential equation subject to the indicated initial
conditions,

Xy xy' 4+ y=0; yO=1 yH=2

(20%)

4. Use Gaussian elimination or Gauss-Gordan elimination to solve the
given system of equations,

2x, +x, + X, =3
3, +x,+x,+x, =4
X 4 2x, +2x, 4+ 3x, =3
4x, +5x, —2x,+x, =16

(20%)

5. Use the method of separation of variables to solve the heat equation

ou =k gu , 0<x<l, t>0, subjecttothe given conditions
o ox’

1(0,¢) =100, u(l,2) =100, u(x,0)=0

(20%)
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1. (20 points) Find the génefal solutions (real-valued) of the systems below.
(@) x =5x+3x; X =—x +x,
() x=2x-x,, x;=8x ~2x,

: 2. (20 points) Find all solutions of x’'=Ax, where the matrix A is as given
B below.

3 2
a) A= .
@ a3 7]
3 =2
b) A= .
® a<l; 7]
3. (20 points) Consider the initial value problem:
-1 1 07 1
X'=-10 1 (x, x,=|1|.
1 0 =2 1

(a) If one of its eigenvalues is —1, find the other two eigenvalues,
(b) Obtain the associated eigenvectors.
(c) Obtain the solution of the initial value problem,

4. (20 points) Use Convolution Theorem to find the inverse Lapalace
transform of each function. Evaluate the integral to your limits.

s
e

L
® S,
s°+1
5. (20 points) Use Laplace transform to solve the .following initial value problem.

T V'=Ty'+12y=6¢", y(0)=-1, y'(0)=2.
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— y\y’z i +Y ) ‘g/(l):? (204 )

o4 P
= -y iz (=X 1 . You=7 (20%)

= Procjuce 1) mmTrix ﬂmt cjf&\gomﬁ{jgs /M\fh‘x A

A= (20%)

224352

0, fa;m dz=7 T:lz+il=0 (>0
T

2 2
B (3¢ —q_ﬁt ( _oec< X <00 1v0)

YRR &

?(1»0):46:5’1, (-o0< X< 00) L>0%)

>Y
L9 X = 0
JT ( |O)
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580 X
2 x| X |
' / i
— ) + V) = FE) Yoy = Y @) =0 where ,

o

fv t < .
5—({;): { ‘: -frr o] Fivu* y({:)' (ZO/)

:__ Y,(X (/-w X>0 15 Q& So‘u‘tmh o} ‘H&Q Jm owua ol{fqm‘(:.q( RT‘AﬁM
x3 )’ U()" Q-X)'(X '{' l[-)’(X =0, P!zqfc #ua* o $€CM¢>{ Wou'byn/:q( €olu.‘th,(77{j

»

ER A=( ?;‘Zé) ) Pkl e ol (f) of the
¢ ) “

5
4
|
'eju.at‘M A " g) (,.’{)(L Com}m’c( e  sum o}L a” Yha Q?Q«Vat‘t% °J[ A‘

(5%

L5) Is it true that all  the sznt/aluts o-f- A have positive quf FQV{S?U’/)

0, Evabate §  —ordie

Xf}l

X2 y'-)' whee € is Hha sim,:/e) 'C/o;ea()
?o;:t‘w[/ okieu’ai turve satis fyma te er;‘rm\ x”+ Y

0. 6q)

72 ) chA 'MM F‘owl'(’-’\r 'EYQM{WM ()F f(.t - “H’l _& R | where 6>0 |
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«cz}’~éx93dx+csxg/éxl)dg;o ;D=3 )
?Il—t- 27/—1- l?: 5(1;'3) ) g(0)=7/(0);0 <>0%)
o Led e ran  ond MM’[Z of  the mqlfn‘x
(42 0 4 5 -3
2 >4 )
A |
L4 -1 2 4417
\@} SinZ I T:/Z_ZA;’:S D/b/)
27 (24 4) '
4
Lot ,f(;()-_- e—“)q ’)fvr aﬁp I’Cﬁf X, WITA b GPOQI/-(;V@
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1. Linear Algebra

True or False. If you think the statement is true, mark ”T”; if you think the statement is
false, mark "F". You don’t need to write down your reasons.

(a) (5%) Every real 3 x 3 matrix having A = 1 --1 as an eigenvalue is diagonalizable over
the complex numbers, (Note: i = /=1)

(1) (5%) If matrix A is similar to matrix B, then rank(A) = m.nk(,B)..
(c) (5%) If A is an mxn matrix having orthonormal columns, then det(AAT) = det(AT A).
(d) (5%) Il A is a symmetric matrix such that A% = 0, then 4 = 0.
(e) (5%) If A and B are 2 x 2 matrices with the same trace and thé same determinant,
then A and B have the same eignevalues,
2. Linear Algebra -

Suppose the singular value decomposition of a matrix A is A = ULVT where

-2 e 1000 i i »} f --i
U=z 2 -1 20, 2=]|0400), V=0l " |
2 2 1 0000, 1 -1 -1 1

(a) (5%) Find the eigenvalues of A7 A.
)

(h) (5%) Find a basis for the nullspace of A.

(c) (5%) Find a basis for the column space of A.

3. Complex Variables
(a) (10%) Find the residue at z = 0 of 273 csc(2?).

(b) (10%) Use residual theorem to compute the integral I sriadz, a>0.

4. Differentinl Equations

Consider a dynamical system described by the following set of two first-order differentiat

equations
@O o1 9] [ @) w0 ] [ 1]
) | 7| -1 <5 | [ a(t) |0 [ w(0) | T -1 ]

(a) (10%) Use eigenvalue/eigenvector concept to find z,(t) and a,(t) for ¢ > 0.

(L) (10%) Write down. the equivalent second-order differential equation and the initial con-
ditions in terms of ;(t) for the dynamical system. Use "Laplace transform” to solve the
equivalent second-order differential equation and determine () and ,(t) for ¢ > 0.

5. Fourier Series

{a) (10%) Find the Fourier series of | sin(z/2)| an [0, 27].
(b) (10%) Use the result in (a) to find 3°° ég,‘-ﬁl
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1. (20 points) Find the génefal solutions (real-valued) of the systems below.
(@) x =5x+3x; X =—x +x,
() x=2x-x,, x;=8x ~2x,

: 2. (20 points) Find all solutions of x’'=Ax, where the matrix A is as given
B below.

3 2
a) A= .
@ a3 7]
3 =2
b) A= .
® a<l; 7]
3. (20 points) Consider the initial value problem:
-1 1 07 1
X'=-10 1 (x, x,=|1|.
1 0 =2 1

(a) If one of its eigenvalues is —1, find the other two eigenvalues,
(b) Obtain the associated eigenvectors.
(c) Obtain the solution of the initial value problem,

4. (20 points) Use Convolution Theorem to find the inverse Lapalace
transform of each function. Evaluate the integral to your limits.

s
e

L
® S,
s°+1
5. (20 points) Use Laplace transform to solve the .following initial value problem.

T V'=Ty'+12y=6¢", y(0)=-1, y'(0)=2.
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