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1. AaFERX x%+ y = yIn(xy) » £if ##(general solution) %

(A)xy—-:lj:f:c (B)xzy——;x’:c (C)xyz—-?l);f::c (D)xy*-%szc_ (B):A

ik, AP chHFH -

2. B A TR %=—2x+y . -‘;lt=—5x4f4y » x(0) =1+ y(0)=3 > £ A

(A)x(t) =€ +e'; y()= 5¢* +?12-e"; B) x(t) = %e” + —;—e" C ¥ = %e” + %e"

O = +es =5 +hets @x=2eM 4T =56 7o

(B) k% 9k

3. HEs () =re sins 41 # W ik (Laplace transform) F(s) = [ f(t)e™ds
(A)

—206 1) (E) 5L k%3

(s=1)*+D)

-(s-1
((s=1)*+1)

2(s-1)
((s— 2 +1)°

-2(s-1)
(s* +1)°

B) 7 © D)

b SRR Y 43y +2y=8(t-a); y(0)=0, y(0) =0 A y(1) ()%
Laplace transform % Y(s) : £+ a 5% # > 6(1-a) % Dirac delta function ; A F
AT & EFE

(A) Y(s)= [-1—— .. ]e (B) Y(s)= [—-1—— _2 ]e

s+1 s+2 s+1 s+2

© y =l e H-a) @) yo=[ - ]H(-a)
E(E) A b % dE [ 3£ : H(t-a)E Heaviside Unit Step function]
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5. x=rcosf » y=rsin6 » B0 24 (gradient) %

(A) l(—sin¢9f+c05¢9}') ®B) l(sin@f-—_cos&}). (C) (~sinbi +cosb j)
r r

(D) (sin@i —-cos@}) (B)ymt b3k

6. BmMFLI= Hxsdydz-!»xydzdx+xzdxdy S:x*+y*=q,0<2<b > a, ba%

BORAI2ES
(A) -j:zra"b B) —fizm’bz" ©) —j:m“b ) —i—m’bz (B) 5 k. % 3k
[ THERSMEELE .
[[[v-Fav = [[F7dA= [[Fdydz + F,dzdx + Fdxdy]
R ' s s

-5 2
7. R A= [ 5 z.#%%‘i@ F(eigenvector) & X, & X, * R F 7|47 % £5&

@) 5= [ 1] H ®) % = [ }x“m © f‘.=[—12] "“"m

©) % = [ } E] B L E

o

8. EH A= [1 O] ; f(x) = =, S (4) 2 45 4 (eigenvalue) & .
1 2 x+1
(A)12,1/4 (B)1L,-1 (C)1/2,2/3 (D)1,2/3 (EB)s L%k

FB2H #3H 786
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9 ﬁ./\]=fz sin” 6 do zﬁ‘"\ﬁ.%

el 5+4cos@ T

(A) —’25 ®) Z— ©) % D) {—;— (B) 5L £ % 3k

10. f(x)=1+x,-1<x<l ' f(x) BB T=2 AL RE > J$ () 2Hr i

(Fourier)ﬁ%t%
(A) 1+Zz )™ cos(nmx) (B) 1- 2( )" ¢os(nmx)
©) 1 i )" sin(n7x) * (D) 1+Zz )" sin(nzx) (E)sA k% 3k

n=i n=1

= A (BEtES)

1 A IS FEK T

u % =-kL

u£=—kL+k(C ~C)
dx

T d6 il & LO0)=L,>» C0)=C, ¥ ru~C; by~ by % 3 o
K Cx)=?

2. — g rrt 2,28 plC_,
ot Ox ox’
Cdo i 4548 Cl, 1) > 0 % x> Foc o
#EE A Cx,0) =M8(x)e £ ¥ >u~D-M % ¥ # > 8(x) % Dirac delta

function » K #E C(x, t) ?
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1 R@TFstnHEX (B— b 10%)

(@. Yy +4y=xcos(2x); Yy =dy/dx

(). X2y - 2xy’+2y = x’sinx

(©). X2y +xy +(X*-1/4)y=x¥?cosx (Hint Sety = ux ?)

2 #E By TRy tay +by=0 Ky =dy/dx - ERBERAL y=eTRAMY T
ReAEHmTREAM+an+b=0 KFHHFTEZAZ | mM=m, m, % Bp 7T 13 & #

Y, =ce™ +c,e™ » Hdc fic, HEEFH -

(@ AT ELy=e™REMB? (5%)

() #Ha A2 ib BREM =m, - w9 y, = XXM

By IRz —wik
om

mEm

(10%)

3. @ | =Ifx3dydz+x2ydz®(+xzzdxdy » S:x°+y*=a’,-b<z<brabAa¥# rKlx
S

& - (10%)

4 i FRAZ =AZ > £ Z=[x({1), yOI > 2’ =[dx/dt dy/df]" >
1 3
A=
s
(@ KM Az frpifh(eigenvalue) 3t B2 45 & (10%)
(b) Kb L5 7 #2 X 3@ A2 (general solution) (15%)

5. #| A 5 &k 4 20k (separation of variable) X #2 T |16 44 4 42 (20%)
2
¥=% ;o u=u(x,t), 0<x<L, t>0; cA%FH

# &4 u0,) =0, ulLLt)=0
e u(x,0) =x(L- X)




I SRR CEFEARATRA IR AL AR

e
rAmBE I RS2 AMAI I AT AEHERATER R
AF R R & 100 o

#B TREHE
ZRKeph 0 100 542

1. Solvethelogistic differential equation % = ky(l—%) , Where k and L are positive constants.

(20)
ou o%u . .
2. Solvethe boundary value problem E:C\/? (0<z<2H, t>0) withthefollowing
z
boundary conditions:
u(z,0)=u,
u(0,t)=0andu(2H,t)=0ift>0’

where ¢,, H and u, arepositive constants. (30)
3. (@) Show how to find a particular solution by variation of parameters (15).

Consider a 2™ Order linear non-homogeneous ODE in (1)
y' + Py +ax)y =r(x) (1)
One may find two basis functions to form the general solution for the ODE.
Yn=C1y1+C2Y> (C1, C;=Cconst) 2

And obtain the particular solution y, of (1) in the form

(x) [22 ax + J-'w 1
Y LX) = —¥F X Yo | —— X
1 AT AT

3)
where W =yyy's -y5y'1 .

(b) Use (a) to find the complete solution to the ODE, y" ? 2y' + 2y = 2€’cosx (15).

4. Consider asystem of two tanks as shown below. Find the salt content for each tank if the system
can be modeled as

yi"'=4y, —4€,y,"=3y, + ¥, %,(0) =1 y,'(0) =2,y,(0) = 2,y,'(0) =3

E\'\'

& &) A AR %1 A7 # 2739
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__ Salt content in '?"‘._
H . —— Salt content in T,
I I I I
50 100 150 200 ¢
4 0 4 AR £2 % 2.8
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(4-2)

B 3% i K2+ 2% R PR ATAR T A AR

sAms EHMTASAALHATE HE - resd
A BrF(zau2)
ATRAFEM  FRBEBEHFEL -
° dy y
o, L ==
of. & Py solve y.
© dy 2.{}/
2 =
{0/, e PN , solve y.
o
1o/, 3. y’+2y’+y=6,y(0)=5and y’(0) = 1, solve y.
10/, 4. y”-9y =54 tsin (3t), solve y.
10/ 5. Solve the Laplace transformation L{ f(t) }(s).
a). L{ cos(kt) }
t
b). L{e " * cosh (k t)}
792
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Bl k2Nt =2FEEmmatLiiEt £ XA

Ll EMTRELRERFIRE (h) e Taug

B sMEXIL

1. Determine whether the solution space of the system Ax = 0 is a line through the origin, a plane through
10% the origin, or the origin only. If it is a plane, find an equation for it, and if it is a line find parametric
®  equations for it. .

2 -8 6 2 6 8
(ayA=1-3 12 -9 _ (b)A=1{3 3 15
7 =28 21 . 2 4 12

2. Find the Q R-decomposition of A under the Euclidena inner praduct.

10% s 0 2
(a) A=[} _;] (b) A={f _f :;}

3. Cousider the bases B = {u;,u;} and B’'={v;,vo} for R? where

T N R

(2) Find the transition matrix Pg,g from B to B. 3%

(b) Find the transition matrix Pgg from B' to B. 3%
(c) Compute the coordinate matrix |w]gr where w = {‘;] 2%

(d) Use your answers to parts (b) and (c) to compute [w]g. 2%

5 3 -7
4. Use diagonalization to compute A for A= | -1 1 1}.
10% 3 3 -5

5 Let T: R® — R® be the linear operator defined by T(z1,22,z3) = (z2 + 23,71 + 23, T1 + 12).

10% (a) Find the matrix [T],, where B = {v1,v3,va}, and vi = (1,1,3), v = (1,2,0), vz =
(-1,0,1).

(b)  Use the matrix from (a) to compute T'(1,1,1).
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7 A2
" DE-1.(10%)

DE-2.(10%)

DE-3.(10%)

i{Z B 4y1 __x2
dx 2xy
y() =1

ydx+(2x - ye’)dy =0

A Ix -
yn_yvz_)x_“_xle X

YO) = =2, () =0

f(x+2) = f(x)

DE-4.(10%) y'""+6y"'+18y"'+30y'+25y = ¢™* cos(2x) + ¢~ sin(x)

DE-5.(10%) Sy =eflsx<l , find the Fourier series
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1. Apply the Gram-Schmidt orthonormalization process to the basis B = {1, x, x*} in P,, using

10%

10%

10%

10%

the inner product

1
(p,q) = f p(x)q(x) dx.

1
Find the projection of the vector v = |1| onto the subspace S of R* spanned by the
' 3
0 2
vectors w; = | 3| and w, = |0].
ol 0

. Let T: R® - R* be defined by T(x) = Ax, where x is in R® and

1 2 0 1 -t
12 1 3 1 o
A=l o -2 0 . 1f

0 0 0 2 8

Find a basis for ker(7) as a subspace of R>.

Let T: R>— R? be the linear transformation given by
. T(xy, x30 %3) = (x; = 2 = x5, + 3x, + x5, =3x; + x, = x3).

If possible, find a basis B for R* such that the matrix for T relative to B is diagonal.

. Find an orthogonal matrix P that diagonalizes

2 2 =2
A=| 2 -1 4]
-2 4 -1

Yy
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e 5

]. Suppose X is uniformly distributed over[-1, 3] and ¥ = X2. Find the COF Fy (y) and
the PDF fy ().

#a8 o s

10%

2, Observe someone dialing a telephone and record the duration of the call. In a simple

model of the experiment, 1/3 of the calls never begin either because no one answers

o OF the line is busy. The duration of these calls is 0 minutes. Otherwise, with probability
10% 2/3, a call duration is uniformly distributed between O and 3 minutes. Let ¥ denote -

the call duration. Find the CDF Fy(y), the PDF fy(y), and the expected value E[Y).

3. Let R be the uniform (0, 1) random variable. Given R = r, X is the uniform (0,r)
random variable. Find the conditional PDF of R given X.

10%

4. Find the_ PDF of W = X + ¥ when X and ¥ have the joint PDF

|

"

’ |2 0<y<10<x<1x+y<1 ‘ - - ‘

10% fX'Y(x’y)—{ 0 otherwise. \

5, Suppose the duration T (in minutes) of a telephone call is an exponential (1/3) random

variable:
04
10%
3 02 "y
< (1/3)e >0,
: fr@®)= otherwise.
0 )

0 5 10
t ) :
For calls that fast at least 2 minutes, what is the conditional PDF of the call duration?
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MR (FEt+5)
1. Solve

® +yH dx + 3xy2dy =0

2. Solve

Y4y +dy =3+ y(0) =2,y(0) =5

3. Find power series solution'aboﬁt x=0:

2y —y +2y=0

4. Use the Laplace transform to solve

Y= A2y =T y(0) = 1,5'(0) =S

5. Solve
dx
—=2x—7
dt * ¥
dy
—~ =5+ 10y + 4
dl“x y Z
L sy42
a T

H1E #£2H 797



A IRBB@ITRE 0%, e ess g rae D0 AN ER

SR B 50%) LB 48 54 54 100 4
#3351 100 ARSI o 1004

B KEA+RPEFEHATAELIER AL R RA

W5
w4

(3-2)

SERE (B84

1. State (with a brief explanation) whether the following statements are true or false.
(a) The vectors (1, 2), (=1, 3), (5, 2) are linearly dependent in R2.
() The vectors (1,0, 0), (0, 2, 0), (1, 2, 0) span R.

© {(1,0,2), 0,1, —3)} is a basis for the subspace of R? consisting of vectors of the
form (a, b, 2a — 3b).

(@ Any set of two vectors can be used to generate a two-dimensional subspace of R3.

2. Find'the eigenvalues and corresponding eigenspaces of the matrix

h
o
N N
[TV S N
NN

3. Consider the hnear U:ansformatxon T: R? = R?, defined by T(x % 2) = (x +7y,27). Find

the matrix of T with respect to the bases {1, u,, 03} and {u’,, u’,} of R3 and R?, where .

=(1,1,0,u,= (0,1 4),u3 (1,2,3)andu’; = (1,0), ', = (0,2)
Use this matrix to find the image of the vector u = 2,3,5). '

4. Determine the kernel and the range of the transformation defined by the following
maLnx

R
i
—_ O
|
— el N
o W

5. Find the least-squares linear approximation to f{x) = & over the interval -1, 1]
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w742 (50%)

1 (10%) Solve &Y =C0S(2Y) +X
dx  2xsin(2y)

2. (10%) Solve the given initial-value problem
y'+4y +5y=0, y(0)=1, y(0)=1

3. (10%) Solve the problem with given initial value.
x?y"- 3xy’+3y=0, y1)=3, y(@) =5

4. (10%) Solve the given system of differential equations

— =X- y+e'
ot y
dy _
2 =2X-
at y
X(0)= 2, y(0)= -2
5 (10%) d(t- t,)isaDirac deltafunction, Use Laplace

transform of the differential function to solve

y' +2y =4+2d(t- ), y(0)=0, y'(0)=2

B @ 4 A KA 1R #* 2R
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1. Let L:P, > P, be the linear transformation defined by
L(y) =X*y" y+y.
Compute the matrix M that represents the linear transformation L using the ordered basis
B={1 (x-1), (x-1? forthedomainand B'={1, (x- 2), (x- 2)°} forthe target space.

2. Find an orthogonal basis for the solution set to
2x+y+3z- w=0.

3. Find aformulafor A, where

310
A=|0 1 O}
4 2 1

4. Let Whbe the subspace of R*spannedby A =[1 2 1 1]'and A, =[1 0 1 0]‘. Compute
the projection of Bonto W Proj,, (B) forB=[1 2 3 4]' .

5. Find the distance of the point X =[4 1 7]'of R® from the subspace W corsisting of all
vectors of the form [a b Db]".

@ A AR #2A K2R
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#8  TRRHS
X 0 100 448

AL R PR
-3 3 3
1.(10%) A=| 3 -2 -2/ findA™
3 1 0
-1 10
2.(20%)A=| 1 2 1|, findthe eigenvalues and the corresponded eigenvectors.
0 31
100
3. (20%)X' ={2 2 -1[X,solveX
010

2
4. (10%) solve dy _ 2y"+3x
d 2y

5. (10%) y"-2y'+5y = e* cog(2x), solve y(x)

6. (10%) x*y"-xy'+y=1Inx, solve y(x)

7. (20%) f(x)=|x-x-1<x<1, expand finaFourier series.

3 @ A R #FLACKLR
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w42 (50%)
1. Determinethe differential equations (a)~(€) are linear or nonlinear (10%)
(@ (ﬂ)%cosx:o
dx
b 4 & _o
(b) o + (cosx) o e
(©) ﬂ+siny= 0
dx
@ y¥.ox-0
dx
dy >
e —=X
(& 5 =X
Solve y(x) for the given initial value problems from (2) to (4)
d’y
2. 7 —4y=8x, y(0)=4, y'(0)=2 (10%)
X
3. 4AX*Y'+4xy'-y=0, yD=6 y(D=1 (10%)
s, Y_y+l  yo- (10%)
dx x-1
5. Findthe Fourier seriesof f (t) on the given interval (10%)
f(t):{o, —r<x<0
1 O0<x<rx
B @ A AR #1 A %217
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BY 37 3 2 KA+ £ 5 B R AT AR L HEAE A KA

AT

AFHRAE R & L 100 &

EMIAELR2BALIMETFH

RTRAS M R

s B (50%)

0 4 -1
1. Findinversematrix A™, given A=|1 2 1 (10%)
1 -1 3
0 4 -1
2. A={1 2 1 |,useCayley-Hamiltontofind A® -5A* +4A%+6A>  (10%)
1 -1 3
3 A, Aand A, aretheeigenvaluesof the matrix A (10%)
0 4 -1
A=l1 2 1|, M+Ay+ A, =7
1 -1 3
_ 4 1 -3],
4. SolveX, given X' = X+ e (10%)
3 6 10
_ ) 1 2 »
5. (a) Diagondize A= 5 1 ,suchthat B=CAC, (10%)
where C isorthonormal basis.
1 210
(b) Calculate
2 1
HE A AR 28 #%£2 R
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1. There exists a linear transformation T:R’ - R® such that T(5,13)=(31,-53,-2) and

T(11,7)=(25,13,—26). Find T(2,-1)? (10%)

2. Given X=(2,2,4,1)" and Y=(-2,1,2,0)". Let 6 betheanglebetween X and Y,

a  find thesquarevalue of tané? (10%)
b. find the vector projectionof X onto Y? (5%)
c. findthevector projectionof Y onto X ? (5%)

-2 -1

a find e*? (10%)
b. find sin A? (10%)

) 2 1
3. Given Az[ ]

¥ 8% %1H %2R
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1. A simple binary communication channel, regarded as one stage, carries messages by using only
two signals, namely, 0 and 1. We assume that, for a given binary channel, 45% of thetimealis
transmitted. The probability that a transmitted O is correctly received is 0.88, and the probability
that a transmitted 1 is correctly received is 0.95. What is the probability that a 1 is received at
the output? (10%)

2. By cascading two identical stages atogether in the previous question, given a1 is received at
the output of the second stage, what is the probability that 1 was transmitted? (10%)

3.WeQMMde%mHWQ@zfﬁﬁ%LDwmﬂmmmmwnwmmmme

Q-function, one good approximation can be represented by
Q(X)%[( ) 1\/ > J-\Eef, x> 0. Suppose that the scores of an exam with twenty
=X+ X+ 21

thousand attendants have normal distribution with the variance of 9, and half of the attendants
have scores more than 75 points. With the information and the approximation of Q-function,
how many attendants will have scores between 72 and 81 points? (10%)

0, forx<0;
4. One cumulative distribution function is represented by F, (x) = {1—exp(3), for0< x<2;
1-0.3-exp(z) forx>2.

Find the probability P(L< x < 4). (10%)
5. It isobserved that customers arrive at a store at an average rate of 36 persons per hour. Let T

be the waiting time for the customer, what is the probability for the customer to wait for more
than two minutes ? (10%)

¥ 8% %2H K2R
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