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1. Given a homogeneous solution of the following differential equation
2’y + zy' + (2 - 1/4)y = 22, (15)
as y, = sinz/\/z, find the particular solution.

2. Find the solution of the differential equation y" + cy' +y = r(t), with ¢ > 0 and

r(t) given as

r(t) = :—Z{W"’ —t*) if —w<t<w and r(t -+ 2x7) = r(t), (20)

3. Given Lhe eigenvalues ol a matrix

4 3 9 9
-8 3 5 —4
A= 8 o -2 -8 (15)
—-16 6 14 -5
as A, = —0.2776 - 18.68967, A, = —0.2776 — 18.68961, A, = —0.1042, and
Ay = 0.6593, where 1 = /1.
Find the eigenvalues of A~
4, Calculate the work done by a force
F = 122{ — zyj, (15)

fron point (1,0) to (-1,0) along a curve of z? - y* /4 = 1 in the upper plane ( i.e.
y=0 J

5. Given a velocily field as
1 — zk

I:fjsﬁ'-ﬁdA, (15)

where # is a unit outer normal vector for a sphere z? 4+ y? | 2* =4

=y
Il

find the surface integral

6. Solve the lollowing partial differential equation

2
dz?  dy?

with boundary conditions ¢(0,y) = ¢(a,y) = ¢(z,0) = ¢(z,b) = 0.

=1, (20)
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1. (26%) Solve the boundary value problem

s
(5;5-}—5;2»)@(:():—2, x €8 @(x)=0, xed

where {2 is a circle centered at the point x¢ with radius R, i.e.
QN:|jx—x9| <R, 00:|x—x0| =R

Express ® (x) in terms of x, x, and R.

2. {i) (10%) Evaluate

22
dz, C:|zl =1.
}{2,:—1‘2’(’ =1
C

(it) {10%) Given 2z; = 1 + 14, 23 = 1 +4v/3, 23 = v/3 — 4. Find

o (22)
g P
3. (i) (10%) Setting
T =€,

show that
d d d? d? d

Yz T d Tdm d? dr
(i) (10%) Solve the differential equation

dy

ay 2,2 — (.
:rdm+y+:cy 0

Hint: introduce a new variable v = 31
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4. (i} (10%) Solve the algebraic set of equations

I1+$2+I3= 3
1+ Ip—23= 1
3z, — 322 — 523 = 1.

(ii) (10%) Suppose the matrices A and B possess the same set of linearly inde-
pendent eigenvectors so that they can be diagonalized through

ST1AS = Ay, S7'BS =Ap,

where A4 and Ap are diagonal matrices. Show that in this case AB = EA.
5. (i) (10%) Evaluate the line integral

gf-dx

where f (x) =5z i+zy j+2%2 k and C is the straight line from (0,0,0) to (1,1,1).
(ii) (10%) Evaluate the surface integral

/ F.ndo
3

where F =2z i3y j+z k and § is the boundary of the hemisphere 22 +2422 =9,
z2>0.
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1. (i) (10%) Expand f(z2)

1

Hﬂ=@+nu+&

in a Laurent series valid for 1 < |2] < 3.
(i) (10%) Evaluate the integral
f Zdz

o
where C is the circle |z| = 2.

2. (i) (10%) For a curve z = t* + 1, y = 4t — 3, z = 2t* — 6t, determine the unit
tangent vector at the

point where £ = 2.
(ii) (10%) Evaluate

gx-nds

where x = i + yj + 2k, n is the outward unit normal to S, and S is the surface
of the sphere
(z-12+y+3?*+22=4

3. (10%) (i) Given the 3 x 3 matrix P of the form

T -2 —4
P=|3 0 -2].
6 -2 -3

Find a matrix C such that C~'PC becomes a diagonal matrix.
(i) (10%) Given a 3 x 3 symmetric matrix A defined by

31 a1z 413
A=\ ay ap axyn |,
1z g3 Q33

what are the constraint conditions for the elements a,;; to ensure that the matrix
A is positive definite?
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4. (20%) Determine the steady-state temperature T'(r, ) at points of the sector
0 <86 <a0<r < aof acircular plate if the temperature is maintained at zero
along the straight edges and at a prescribed distribution T {a,#) = Tp = constant
when 0 < < a, along the curved edge. (Hint: solve V*T by separation of variables).

5. (i) (10%) Solve

% +4y=3H(t—2)e™"; y(0) =0,
where H(z) is the unit step function.
(ii) (10%) Solve

2" - 3zy' +3y=Inz; y(1) =1, ¥y (1) =2
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1. (i) (10%)
(A)F = —Vop, (B) 7{ F.dr =0, (C)V xF =0.

In the following choices which one (a,b,c,d,e,f) is correct? Explain why.

(2) (4) & (B) & (C),
(b) (4) « (B) % (C),
(c) (A) & (O)« (B),
@ (4) & (B)« (),
(e) (A) & (B) % (0).

(ii) (10%) Evaluate the integral

]{ (y — sinz) dz + cos z dy,
c

where C is the triangle from (0,0) — (7/2,0) — (7/2,1) — (0,0).

2. (i) (10%)Given two n x n matrices A and B, suppose that there exists an
invertible n x n matrix C such that

B=CAC.

Show that A and B have the same eigenvelues.
(ii) (10%) Given the quadrative form

xTAx =d,

in which A is an n X n symmetric matrix, x is an n x 1 matrix and d is a scalar.
What are the conditions for the matrix A so that the value d is always positive for

any given x7
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3. (i) (10%) Find the solution of

2m

/ 6z O<pxl
1—2pcosz +p?’ P>
0

(ii) (10%) Find the image of the circle |z| = 2 after the mapping
w=z+-,
z
where z = z + 1y and w = u + 7v.

4. (i) (10%) Setting
o(z.y) = e =Y (z.y),

transform the partial differential equation

0%p B Op Oy
il T X Lopt —
dx? + Oy? +2a8x + b@y 0

into a different partial differential equation with unknown U(z.y).
(i) (10%) Find the general solution of 2(z,y)

&z , 0%  0z_
or2 “dzdy  O0yr

5. (i) (15%) Solve the differential equation by the method of Laplace transform

(ii) (5%) What are Legendre polynomials?
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1. (i) (10%) What is Bessel’s equation of order n? Write down the solutions for
n = integer and n # integer. (i) (10%) What is Legendre’s equation? Describe what
you know about Legendre polynomials.

2. (20%) We consider the relation
z =rcosf, y=rsinéb,

Then s
' r=(a:2+y2)2,9=tan‘1(g).

Obviously, we can see that

g—f—-ucosel.v .. " - (1)

(i) derive -
) S or

. Oz .
in terms of r and #, and compare with Eq. (1), (ii) show that

& . & = az +_]:é_+_:l.__3i
6:1:2+3y2_6r2 rér  r2Hp

3. (20%) Let 2 be a simply connected region in the zy-plane bounded by a
piecewise smooth-curve 8. Let T' denote the unit tangent vector to 8 and n be the _
unit normal vector to Of2. Given a vector F(z,y} = P(z,y)i + Q(z,y)j in the plane,

(1) describe the physical (or mathematical) meanings of the twio line integrals

;f;F-Tds, and gﬁF-nds,

where s denotes the parameter of arc length, (ii) transform these two line integrals
into double integrals in the plane.

(RERABEHBREE)
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4. (i) (10%) Find the solution of

2

f____._fl__a__-___1 for a > |b].
| a+ beosf

(i) (10%) Given z = z + iy, evaluate the integral

./c ydz

where C is the straight line joining z =1 to z =14

5. Given the second-order linear partial dxfferentla.l equation of two independent
variables with constant coefficients

By 62w 62

a + 2b +nw = f(z,y), | (2) :

oz? dz0y 3 2
where a, b, ¢ and n are constants. Using the substitution

4 = xcosa-+ysina,
v = —gzsina+4ycosq,

and trensform Eq. (2) into the form

sz Pw OPw -
6u2+233u3v 06v2 Fnw= f(ucosa vsmausma—l—vcosa)

() (15%) Find the expressmns of 4,B. and C in terms of a, b, cand ¢, (u) (5%) Under
what condition, the partial differential equation (2) is referred to as an elliptic type.
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1. Determine the nature of the singularity (if any) at z = 0 for the following f(z). Can

you expand these functions in powers of z convergent in a punctured disk
0<|z{ < R. (25%)

(a) sin(l/z2)

(b) (sinz)/z

(¢) (sinz)/z?

(d) 1/sin(1/2)
(e) zsin(l/2z)

2. Are the following statements true or false? If it is false, explain the reason. (16%)

(@ If u(x,y)is harmonicin D, then it is the real part of an analytic function
f(z) inD.

(b) The real and imaginary parts of a complex analytic function are harmonic.

(¢) If two analytic functions have the same real part u(x,y), then
f(2)=g(z) identically.

(d If f(z)=u(x,y)+iv(x,y) with u(x,y),v(x,y)harmonic, then f(z) is
analytic.

3. Solve the following equation (15%)
52 2

<5x7+§5)u<x,y)=o

in a unit disk with # =1+6 on the boundary.

4.Let F(x,y,z)=(xi+3j+zk)/r", wherer = \/xz + y2 +z% and nisa positive

integer.

(a) Showthat divF = (3-n)/r" (4%)

(b)  Evaluate the surface integral | [ F-ndS for n=2where Sisthe

(HEBAMEE FEFEL)
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sphere X%+ y2 +2% =a*. Can you use the divergence theorem?(5%)

(c) Evaluate the surface integral j_[S,F .ndS for n=3where Sisthe

sphere X2+ y2 + 2% = a* . Can you use the divergence theorem? (5%)

5. Determine all possible solutions for the following equation

2-2 -1 0 J(x) (0
-1 2-4 -1 ||y|=|0
0 -1 2-a|z) 0

where A is any real number.(15%)

6. Bessel’s equation is:

x2y"+xy'+(x* - p*)y=0
Determine the nature of the singularity at x = co by transforming the independent
variable toz =1/x. (15%)
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1. Consider the second-order homogeneous linear differential equation

d’y .y
@Y _ 3% 0,20,
& Td

- a) Find the two linearly independent solutions f; and f, of this equation which are such that
£©=1 and £,(0)=0
and
£,(0)=0 and f£,(0)=1 (5%)
b) Express the solution
3e* +2e*
as a linear combination of the two linearly independent solutions f; and f, defined in (a).
(5%)
2. Consider the differential equation
(4x +3y*)dx + 2xydy = 0
a) Show that this equation is not exact.(5%)
b) Find an integrating factor of the form x", where nis a positive integer.(5%)
c) Multiply the given equation through by the integrating factor found in (b) and solve the
resulting exact equation. (5%)
3. The function f has at (1,-1) a directional derivative equal to V2 in the direction toward 3,1),

and /10 in the direction toward (0,2).
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a) Find the value of df/oxand df /oy at(1,-1).(5%)

b) Determine the derivative of f at (1,-1) in the direction toward '(2,3). (5%)

4. Find a unit tangent vector to the curve of intersection of the plane y—2z+2=0 and the cylinder
x*+y* =4 atthe point (0,2,4) (10%)

5. Evaluate the line integral

I— yax +(x -1y
(x=1)%+y’

where cis any piecewise smooth simple closed curve containing the point (1,0) in its interior.

(15%)

6. Evaluate

by complex variable methods. (1 5%)

7. Show that any function f{t) can be expressed as the sum of two component functions, one of
which is even a?xd the other odd. (10%)

8. An important property of the Laplace transform is the convolution theorem. State this theorem

and prove it. (15%)
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L. Find the particular solution of the following equation

(z + l}g - (= + 2]% +y=e(z+ 1) (20)

2. Solve the following differential equation

2= (5 %) (0)
x=(;;), | (20)

3. The temperature distribution in a homogeneous spherical solid filling the closed

where

region z° + y* + 2* < 1 at time ¢t is given by u = (2% — z)e"*'. Let i be Lhe unit
outer normal on the boundary of the sphere. Find the point at which du/dn is
minimum. (15)
4. Given an analytic function f(z) = F,(z,y) + F,(z,y), where z = = + iy and

i = /=1. Il the real part F, (z,y) and the imaginary part F, (z,y) of f(z) serve

as the components of a vector F, i.e.
F=Fi+Fj, (10)

where 7 and 7 denote the unit vector in x- and y-direction respectively. Then,

is the vector F' a conservative one ? why ?

5. Given a velocity field as

v =yl — 2] +yzk

1=fj;a-ﬁd,4, (15)

where i is a unit normal vector in the outer direction of the surface

S:z =y + 2% v +22 <1

6. The displacement u(z,!) of a semi-infinite string is governed by the following

find the surface integral

partial differential equation

*u  J*u
et 922 = ‘gi?, 0<z, 0<t, (20)

where ¢ is a constant. With the initial conditions

Gulx,0)

u(z,0) = 0, T,

0,
and the excitation f(t) at one end of string, that is,
u(0,¢) = f(t)

then, what is the solution of u(z,t) 7 696
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1. Solve the following differential equation
2
{x+])2d—;r-3(.t+])£2+2y=ﬂ (20)
dx dx

with boundary conditions (0) =0 and i“t—f—)=3

2. Use Laplace transform to solve the deflection u(x) of a fixed-end beam of length / subjected to a
concentrated loading P as shown in the following differential equation
d*u !
Hdr‘ =P{5I:I-*§-), 0<x</,

with the boundary conditions #(0) = (/) = 0 and ﬂg‘L%@:u,
where &(.)1s the Dirac delta function and the rigidity ET and loding P are constant.

(20)
3. Prove that
(a) The eigenvalues of a Hermitian matrix are always real. (10)
(b) The eigenvalues of similar matrices are the same. (10)
4. Calculate the following surface integral
Iy = IF-EdS,
5
where the vector field F =2zi +(x—y-2)k,
7i denotes the unit outer normal vector of the surface S: z=x? +y*; x* +)* <6, (15)
5. For a wave equation
-‘:—;g = %}g , 0=t 0<x
(a) Show the D"Alembert’s solution of the above equation (10)
(b) Solve #(x,t) if #(x0)= iﬁ-;’-?l =0 and #0,¢)=[u(t)—u(t-2)(~* +21)
where u(.) denotes the unit step function. (15)

q %Té. 2—[-2
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1. Given a homogeneous solution of the following differential equation

d’y dy 1
x2-2x-2—+x——+(x2—z)y=0 (20)

dx
sinx

as y(x)=——=, find the other solution.
Jx
2. Given the differential equations as follows
2
(l—xz)%—Zx%x}i+ayl =0 and

2
(1-x2)%x¥2£-2x%—+by2=o 20)

where a and b are constantsand a#b.

Is I_ll Y (%), (x)dx =0 always true? Why?

3. Define the multiplication of matrices as follows

3 22 0]x
O=[x =x x]|-2 5 -3| x|, where x, x, and % areany arbitrary real numbers.
0 -3 3| x
Is O>0 always true ? why ? (20)

4. Verfy the Green' s theorem for the given vector F=3¢"y along a triangle contour C with

vertices at (1,1), (2,3) and (1,6) (20)

5. Solve the following wave equation for a string of length L

62}/ 32)/ —iwt e
P S(x—a)e™ , with the boundary conditions 1(0,¢) = ¥(L,£)=0,

where S8(.) is the Dirac’ s delta function, 0<a<Z and @ isa constant. 20
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| 1. The Bessel function of the first kind is as follows
LR A 2m+v
L®-3 (D" (x/2)

o MIL(m+v+1)

, where I'(.) is the gamma function.

Prove

@ AENE)

— "’J s
= x L (%)

® J,(x)=(1)"J (x),if n isaninteger

2. Solve the following integral equation
f@)=sin2x-2 [ c~w)? fau
3. @iven a matrix as follows

6 4 0
A=|—4 7 -3|, anddefine 4> =44, A’ =AAd4 - and 50 On,
0 -3 3

please calculate the result of 4™ .

4, A vector field is

Ve yiexj+rk
and the surface is described as
S: z=1-(x*+y%), 0<z ,
calculate the following flux integral

I= J _[17 o ndA
by
where 7 is an outer unit normal vector on the surface.

5. Solve the following partial differential equation

2 2
%{—f— + g-y—f =sin y, with the following conditions -

$(0,5)=6(1,7)=0, #(x,0=2#&7/D _,

oy

(10)

(10)

(20}

20

(20)

(20)
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1. Solve the differential equation gﬁl_ = Xty [Hint: let #=2x+y] (20)
dc 2x+y+1

2. (a) Explain Cauchy-Riemann equations.
(b) Give the real part u(x,y)=x"—y? of an analytic complex function f(z)=u(x,y)+iv(x,y),
find the imaginary part v(x, y).
(c) Determine the derivative of f(z). (20)
3. (a) Explain half-range Fourier series expansion.
(b) Expand the function f(x)=x’, O<x <z inaFourier series and in a Fourier sine series
(half-range expansion). (20)
4. (a) Explain the directional derivative of a function.
(b) Find the directional derivative of the function f(x,y)=x+)* atpoint (3,4) in the
direction 2i+j. o
(c) Find the maximum directional derivative of the function f(x,y)=x+)* at point (3,4).(20)

O<x+y<2

5. Calculate the double integration H xydxdy =7, whereR: sxTy [Hint: let u=x+y,
f O<x~-y<2 :

v=x-y] (20)

- ' /0OU




£ 123 BIghAEA+ R ERATHERLLREE #* 2H B|H
RAT: IATESRE - ZTH BIE  TREE®

/
FRERAST LA . A M’FW&% (BT 2R ) HBLEN : 0301 K : 3

1. Consider the second-order homogeneous linear differential equation

d’y .y
@Y _ 3% 0,20,
& Td

- a) Find the two linearly independent solutions f; and f, of this equation which are such that
£©=1 and £,(0)=0
and
£,(0)=0 and f£,(0)=1 (5%)
b) Express the solution
3e* +2e*
as a linear combination of the two linearly independent solutions f; and f, defined in (a).
(5%)
2. Consider the differential equation
(4x +3y*)dx + 2xydy = 0
a) Show that this equation is not exact.(5%)
b) Find an integrating factor of the form x", where nis a positive integer.(5%)
c) Multiply the given equation through by the integrating factor found in (b) and solve the
resulting exact equation. (5%)
3. The function f has at (1,-1) a directional derivative equal to V2 in the direction toward 3,1),

and /10 in the direction toward (0,2).
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a) Find the value of df/oxand df /oy at(1,-1).(5%)

b) Determine the derivative of f at (1,-1) in the direction toward '(2,3). (5%)

4. Find a unit tangent vector to the curve of intersection of the plane y—2z+2=0 and the cylinder
x*+y* =4 atthe point (0,2,4) (10%)

5. Evaluate the line integral

I— yax +(x -1y
(x=1)%+y’

where cis any piecewise smooth simple closed curve containing the point (1,0) in its interior.

(15%)

6. Evaluate

by complex variable methods. (1 5%)

7. Show that any function f{t) can be expressed as the sum of two component functions, one of
which is even a?xd the other odd. (10%)

8. An important property of the Laplace transform is the convolution theorem. State this theorem

and prove it. (15%)
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1. Solve the following differential eguation

ydx +(x—Iny)dy =0 (15)

2. The foliowing differential equation

d’y

dy
1-x? 2 =0
( )dx * Lt =

exists on the interval —1<x<1 and A is a real eigenvalue. |s it always true

for y.(x)# y,(x) that ]y,(x)yj(x)dx:o ? Why ? (20)

3. Find the position vector 7 of a plane tangent to a surface x*+y’ +4z’ =4 at

the point (i,—g—-—,L). (15)

3 V3 V3

4. Prove that the work done by a gravitational force F(¥) is independent of the

path C. That is, the integral
W= [F(Fyedr (15)
[y

depends only on end points P(x,,y,,z,) and P,(x,,y,,2,). Where FiF)= ~Ve(r)y, o(F)

is a scalar function, 7 is the position vector, and V is the nabla.

5. Let u,(:) be a solution of the following equation
d’u, (5 N du, ()
2
dt dr
where a and b are constants and §(t) is the Dirac delta function.

Assume u,(f) be a solution of the following equation

+u,{t)=08(¢) with initial conditions

O _ 0 and u,0)=0.
dt

dz 0 '
:;z(r) + du;r(t) +u,(8) = f(t) with the same conditions f{fj;(_) =0 and u,(0)=0,
Prove that
u, (1) = [ £, (¢~ 1)dr (15)
0
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6. Solve the following wave equaton
'y o'y
o= (0<x0<n) (20)

with the foliowing conditions

yx,0=0, 0<x)
5)’(-’5,0) - e-2: , (0 < x)
ot

WO, =sin(3r), (D<)
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1. Find the amplitude of resonance for the vibration of a particle governed by
2
. mﬂ;—i’+c%+k}a= Pcos{u

where m, ¢, k, P and € are all constants. (20)

2. Solve the following differential equation

&y by _ 0
Lt a3y= (), A=

f(x)=5x,if 0<x<2and f(x)=10,if 2<x, (20)

=0, where

3. Prove that
(a) The eigenvalues of 2 Hermitian matrix are always real. (10)
(b) The eigenvalues of similar matrices are the same. (10)

4. Calculate the following surface integral

Ig= Jﬁ-ﬁ:ﬂ,
3

where the vector field F =227 +(x—y-z)k,
7i denotes the unit outer normal vector of the surface S: z =x +y*; x> +3* <6, (15)

5. For a wave equation
e _o's

o o’
(a) Show the D’ Alembert’s solution of the above equation (10)

0<r, O0=x

(b) Solve #(xf) if m,m=ifl:ﬂ and $(0,1) = [u(r) — u(t - D)~ +21)

where u(.) denotes the unit step function. (15)

705

G Eob 2--3




B A St o AR LA A A A % ) H %"
e :ﬁ—wz R EATESR T BE  TENS

1. Solve the following differential equation

32; 3x? ny+6x%—6y x'Inx (20)

2. Given the differentiél equations as follows

d’y ay,
1- 1250, =0
( x)dx o T Dh = and
&y, . dy
(1‘—.)C2)722 2x dxz +by2 0 ) (20)

where a and b areconstants and a#b.

s [ 3@,(x)dc =0 always true? Why?

3. Define the multiplication of matrices as follows

3 -2 0{x
Q=[x x x]|-2 5 -3|/x,|,where x, x, and x, are any arbitrary real numbers.
0 -3 3| x
Is Q>0 always true ? why ? (20)

4. Verify the Green’ s theoremn for the given vector F =xyi +2% along a square contour C with

vertices at (0,0), (1,0), (1,1) and (0,1) (20)

5. Solve the following wave equation for a string of length L
2y &y
a w3 = a 2
where J(.) is the Dirac’ s delta function, 0<a<Z and @ is a constant. Q0

—5+8(x—a)e™ , with the boundary conditions (0,£)= y(L,£)=0,
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1. The Bessel function of the first kind is as follows
w o 1y" 2m+v
=3 VG2

mo m!IC(m+v+1)

, Where I'(.) is the éanuna function.
Prove

d(x™J,(x)) -

(a) e

-x7J (x),

® J,@)=C1)J,(x),if n isan integer

2. Solve the following differential equation
2 .
nyz +y =d6(x—a) with conditions as follows

¥0) =p(L)=0, where a isaconstantand O<a<l,
and &(.) isthe Dirac’ s delta function.
3. Given a matrix as follows

6 <4 0
A=|-4 7 -3
0 -3 3

, of which the eigen vectors are

1.0 . x, 2.1047

0.4205¢, ¢ 1.0 ¢ and{ x, },pleasefind x, x, and x,.
x, 1.1985 1.0

4. Calculate the following integral of a vector F =2xyi+zyj—e°k
I= JLF- odl
C

where [d?] is a line segment of line C described as follows

C:aparabola y=x*, z=0,from (0,0,0) to (2,4,0) in the xy-plane.

5. Solve the following partial differential equation

‘6 09 . : .
%x—?- + _a—yg =sin y , with the following conditions

#0.5)=40,3)=0, ¢(x,0)=9ﬂ%@=o

(10)

(10)
20

20)

(20)

20)
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1. Solve the differential equation % =(x+y+1)’ [Hint: let u=x+y+1] (20)

2. (a) Explain Cauchy-Riemann equations.
- (b) Give the real part #(x,y)=x*-y* of an analytic complex function f(z)=u(x,y)+iv(x,y),
find the imaginary part v(x,y).
(c) Determine the derivative of f(z). (20)
3. (a) Explain half-range Fourier series expansion.
(b) Expand the function f(x)=x+1, O<x<x inaFourier series and in a Fourier sine series
(half-range expansion). (20)
4. (a) Explain the directional derivative of a function.
(b) Find the directional derivative of the function f(x,y)=x>+)* atpoint (3,4) inthe
direction 2i+j. _
(c) Find the maximum directional derivative of the function f(x,y)=x’+)* atpoint (3,4).

(20)
O<x+y<2
5. Calculate the double integration H xydxdy =7, whereR: SYvys< [Hint: let u=x+y,
- O<x-y<2
y=x-y] (20)
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1. Consider the second-order homogeneous linear differential equation

d’y .y
@Y _ 3% 0,20,
& Td

- a) Find the two linearly independent solutions f; and f, of this equation which are such that
£©=1 and £,(0)=0
and
£,(0)=0 and f£,(0)=1 (5%)
b) Express the solution
3e* +2e*
as a linear combination of the two linearly independent solutions f; and f, defined in (a).
(5%)
2. Consider the differential equation
(4x +3y*)dx + 2xydy = 0
a) Show that this equation is not exact.(5%)
b) Find an integrating factor of the form x", where nis a positive integer.(5%)
c) Multiply the given equation through by the integrating factor found in (b) and solve the
resulting exact equation. (5%)
3. The function f has at (1,-1) a directional derivative equal to V2 in the direction toward 3,1),

and /10 in the direction toward (0,2).
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a) Find the value of df/oxand df /oy at(1,-1).(5%)

b) Determine the derivative of f at (1,-1) in the direction toward '(2,3). (5%)

4. Find a unit tangent vector to the curve of intersection of the plane y—2z+2=0 and the cylinder
x*+y* =4 atthe point (0,2,4) (10%)

5. Evaluate the line integral

I— yax +(x -1y
(x=1)%+y’

where cis any piecewise smooth simple closed curve containing the point (1,0) in its interior.

(15%)

6. Evaluate

by complex variable methods. (1 5%)

7. Show that any function f{t) can be expressed as the sum of two component functions, one of
which is even a?xd the other odd. (10%)

8. An important property of the Laplace transform is the convolution theorem. State this theorem

and prove it. (15%)
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[. (18 points)
Consider the differential equation
(1) + y(t) = (1)
where
)= {0 i1-2<i<0
T2 o<t <2
and
r(t+4) = r(1).
a). Find the Fourier series of 1(t).
b). Find the general solution of the dilferential equation.
2. (16 points)
Let 3
3z
/(z) = (z+2)(z-1)2
Evaluate f( [(z)dz over the following contours:
a). C=Cq:|z+4+1]=0.5.
b). C=C,:the boundary of the triangle with vertices 2,21, and = 2.
). ¢ = Cj : see the figure.
Im(z)
/\ Re(z)
_4\/\/1
z-plane
3. (16 points)
a). Find a unit vector perpendicular to the plane 4da: + 2y + 4z = —7.
b). Also, what is the shortest distance between the origin and this plane.
712
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4. (18 points)
Solve the following ordinary differential equations:

a). %ff +y=ac™, y(0)=1.

b). 3;:?? + rf:% + 1 = geT*, y(0) = Ly(l) = 0.
c). %? +2y=2, y(0)=0,y(V2)=1.

5. (16 points)

Find the eigenvalues and eigenvectors of (he matrix

=[5 4

6. (16 points)
Use (he Laplace transform to solve the following simultaneous equations

d*y, o
iz Uty bsin(2)

2 —4yy + u(t — 2)e~%
¥1(0) = 1,12(0) = 0,31 (0) = 57,(0) = 0,

where the unit step function u(t — 2) is defined as

0, ift<2,
wt-2) = {1, if> 2.
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1. (20%)

Solve the following differential equations for y(x).

ay y-y=xy" , y0)=0.5

b) y'-y=dxe* , y0) =1, Y (0)=0

2. (20%)
a} Evaluate the integral
/ ie® 4
C (Z -2 + 3)2 *
where C' is the counter clockwise circle |z = 2.
b) Consider the mapping, w = 1 /z. Describe and sketch
i) the image of circles which do not pass through the origin in the z plane.

ii) the image of circles which pass through the origin of the z plane.

3. (20%)

Find the radius of convergence and interval of conver
a) 3o, mr(T+ 17,
b) 3 no(=3)"(z — 1)m,
) 3onlo (@ + 1)m,

gence of the power series:
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4, (20%)Consider a vertical system of masses and springs. The notations in the
figure are:
Ko, K12, K23, and kis : spring constants
m;, i=1,2, and 3: masses
y;: displacement of mass i from the static position
Assuming there are no frictions, the differential equations for displacements of

the masses are given by

el

d
m a,t_;yl (1) = —(koy + k), + A, ¥,

2

d
e ;’.‘,‘_{yz(r)zklzyl "(klz +k23)y2 +k5,;

"1
£

d ~
3 dt_zyB (O)=kypy, = (ks +k3)y,

Derive the eigenvalue problem associated with a
harmonic oscillation. Assume that m;=m;=ms=m

=constant.

5. (20%)
Use the method of the Fourier sine function expansion to solve the problem:

PDE k&, = u, +sin( 3zx) O<x<l

u(0,)=0
BCs u(l,t)=0 O<t< o0

IC ux,M =sin(Zx ) 0SS x=<1,
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1. (20%)

(a). Solve the equation  (x+3y)dx—(x-1)dy =0 with y(0)=1,

in(x+y) Too

(b). Solve the equation y"(x)— y"(x)— ' (x)+ y(x) =€’ +e* for (x).

2. (20%)
- -

s
Let  F=zi+x/+yk. Assume Cisthe boundery of the plane z=1-y shown in the figure.

(2). VxF=?
(b). Ewvaluate ﬁf‘ o dR , where dR =dxl + dﬁ# dzk s the differential displacement along C.

(FEs48 8, FEgrg)
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3.(20%)
Consider the complex functions
a). f(2)=——,
41
b). f(z)=
» f@=m0

Integrate f(z) clockwise around the circle C :iz! =1/2.

4. (20%

Use the method of Fourier sine series to solve the problem:

u, =4u_, D<x<3,t>0

u(0,0)=u(3,1)=0, >0
u(x,0)=0, D<cx<3
w, (x,0) = x(3 - x), Dcx<3

5. (20%)

Let x=s5+t" and y=5" +{

a) Compute = and -‘?‘}-J-,
cis

vl

] ct
b) Compute 3?—& and —,
Ox cx
c) Let w=xy,compute *ii{-,
o5

d) Let v=s+17,compute —.
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1. (a) Show that the differential form
2sin 2z sinh y dz — cos2z cosh y dy
is exact. (5%)
(b) Solve the differential equation (5%)
2sin 2z sinh y dr — cos2zcoshy dy = 0.
(c) Solve the initial value problem. (10%)

y" —y = 2cosz, y(0) = 0, y'(0) = 3

2. (a) Calculate the integral (10%)
fﬁ'(?)-d?, F = [22, 1, —y], C : 7 = [cost, sint, 2t] from
c
(0, 0, 0) to 1, 0, 4T).

(b) Evaluate the integral (10%)

(m /4, 0) | . .
f(w /2, —m) (cos z cos 2ydz — 2sin z sin 2ydy).

- Q,opt) 3. Solve | Y"-y'=sint by Laplace transform, given y(0)=2, y'(0)=0, and
y"(0)=1. Note that L{sm“”}— 1

R Gl and L{cosat}=

S+t

(@AM B HEEES) 718
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4. Consider the matrix 4=

Gope)

-0 o

0

0
ol
1

S O O -
S O =

-1

(a). The determinant det(-4'") = ?
(b). The eigenvalues A(4'°)=?
(c). Therank rank(A4)=2

(d). How many linearly independent eigenvectors does matrix A4 have ?

8. Let F=z+3+yk. Assume that Cis the trace (##%) of the cylinder x® + y2 =1 in the plane
(20) Y+2z=2. Orient C counterclockwise as viewed as from above. See the following figure.
be (a). Calculate the surface integral I = f L (VxF)ends directly, where 7 is the outward unit
normal of the surface S enclosed by C, and dS is the differential area element of the surface S.
(Note that you are prohibited to evaluate I, by using the result in (b).)
(b). Calculate the line integral I, = Eﬁc FedR directly.

where dR =dxT +dyj +dzk s the differential displacement along C.
(Note that you are prohibited to evaluate I, by using the result in (a).)
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1. a). Given three vectors 7
d=[a,a,a,1,6 =[b,b,,b;),¢ =[c,,c,,c,],

' compute 5-(5><5) and explain the geometrical interpretation of the
scalar triple product. (7%) ,

b). Given the curve: 7(¢) =tf+coshtf, t €[0,1], compute the length of
F(1) from (=0 to r=1, ie, J:\/F’(t)-?"(t)dt , and explain the
geometrical meaning of 7 '(t). (7%)

c). Find the directional derivative of f(x,y,z)=xyz at P(-113) in the

‘direction of @=17-27+2k . (6%)

o

2. Consider the matrix A=

) O et
[y

(= =~

- D O

0
6.0 -1
a). What is Cayley-Hamilton theorem ? Give a simple example to
~ demonstrate it. (5%) |
b). 4° =2 (5%)
c). What is the determinant of 4% ? (5%)
d). How many linearly independent eigenvectors does matrix A have ? (5%)

3. Evaluate the following integrals:

Ilzfcc;saxdx and Iz____[:osmaxdx @>0)

x“+1 x? +1

by using the Residue Theorem in the complex variables theory. (20%)

4. Use the Fourier series method to solve the problem: (20%)
Cu, =3u, O<x<2,t>0
with
w(0,H)=u(2,0)=0, t>0
u(x,0) = 2[1 - cos(mx)], D<x<2

(REVHME ARRE)

]
&
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5. The Newton second law of motion: the equivalent force of mass times
acceleration is equal to resulting force of weight, buoyant force, and drag
force (say, ma=) force).

a). A spherical ball of weight 1 [kg] is immerged in water and moving
upward. If the buoyancy force is 1 [nt], and the drag force is D=a ¥,
where a=-0.1 [nt-s/mJand ¥ is the velocity. The initial velocity is
V, = 10 [m/s], and initial location is at y(0) = -200 [m]. The
gravitational acceleration is 9.8 [m/s*]. Find the velocity distribution

with respect to time. (10%)
Note: [nt] = [Newton], 1 [nt] = 1 [kg-m/s’].

(y=0)= SR — .._(gff_":f_?
{Dusm D B(Buoyancy force)
I T Container
W (Weight)

b). Consider the simplified mass-spring system, with mass m=1 [kg],
spring constant k= 20 [nt/m], the damping constant is c= 4 [kg/s],
input force is r(#)=0.1xcos(4r) [nt]. If the initial location of mass is at
y=0 [m], find the location of the mass vﬁth respect to time. (10%)
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20%[1]
d’y dy
(a). Find the general solution to the following equation: P -2y =3e".
dy

(b). Find the solution to the above equation for y(0)=3 and 4.

t=0

(2]

Solve the system of equations  x(¢r) = 4x(¢) + B(¢) ,

|3 -1 () |2
where 4 [_1 3}, B = [2] x(t) = [z(‘)J’ x(O)—[z]

5%(a). What are the eigenvalues of matrix 4 ?

15%(b). What is the solution x(¢)to the system ?

20%[3]
(a). Find the coordinates (x, y, z) of the point on the plane
ax+by+cz=d with a* +b*+c* =1,

which is closest to the origin. Also find the shortest distance from the origin to the
plane.

(b). Evaluate the line integral

1=Lfm,
where f =x?p and C is the semicircular arc of radius » from A to B as shown in the
figure.
Y
%
X
B A

( FHEREE, HEREE )

e —— 777
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20%[4]

Use the Fourier series method to solve the problem:

u =4u, 0<x<2,t>0

u(0,t) =u(2,t)=0, t>0

u(x,0)=2-2cos(rx)+4sin(2rx), 0<x<2

[5]

12% (a). State the sufficient and necessary conditions such that a complex function is

analytic. How about the relation between these conditions and the uniqueness of the

derivative f(z)? Please use f(z) = 1—1—- to explain your answer. Is this f(z)
-z
analytic at the point z=1? Isthis f(z) analytic at points satisfy |z|>0.001?

8% (b). Find the complex integration ch i—l—dz =? along the following closed curves in
‘1-z

the counterclockwise sense.

iy iy

A 4

Figure 1 Figure 2
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1. Vector Analysis:
(a)Let F(x,y,2) = (y,2xz, ze")', compute divF and curl F . (7%)

(b)Let f(x,y,2) = x*ycos(yz),, compute grad 1 . (6%)
(c) Evaluate the line integral (7%)
J'xdx - xydy

c

IfCisgivenby x=t*,y=—t; 1<t<2.

2. Find the general solution of the following differential equations:
(a) y?dx + (2xy — xY)dy = 0 (6%)
By =2y +y=ex+x (7%)
r -1 2 -8]
©x=["7 Zx+| 3 (7%)

3. Givena nxn matrix 4 wewishtofinda nx1 vector X sothat AX =Z
foragiven nx1 vector Z.Listall conditionson 4 and Z in order thata

solution may exist. (20 % )

4. (20 points)
a). Let

f(z) = (z+1)(z_2)27
please locate all the singularities and determine their nature.

b). Evaluate the integral

1 dz
7 s TG T

(F &AL FREHEE) 724
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S'. With the help of the schematic diagram, solve the following two-dimensional
Po boundary value problem within the square in term of the method of separation
variable. '

*U 8%U

w2 0
U=1 1<x<3,y=1
U=0,1<x<3,y=3
U=0,x=11<y<3

U=0,x=31<y<3

y=3

-
PR
-
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1. (10%)
2
= x29—¥—3x—dl+4y::0, K oy(x)=1?
dx dx

2. (10%)

- dx dx _dy
—+15x+10y-60=0, —-2-2+5¢~10y =0, x(0)=0, y(0)=0,
il y aw Za y (0) y(0)

XK x®=? y®)=? t>0
3. (10%)
—HER m UM R0 R L - th#d BIMA T © GRS ANt KA
(a) BAGHERILS) - {55 fEYMS SR & R ) (SRS ) » SRS S IaL s e (V) 2

2=
(b) FEZERBH I Z K/ NGHE R IF EL (LTRSS ) L — (% S s B o g 7 > %R
YIHSEE (V)i ST
4. (10%)
B fOy)=xsin(y) +ycostry) © K ai;y =2 afa’;z =7
5. (10%)
% 2(x,y)=x*+y? > x(t)=¢' » y(t) =sint 'gt% =9
6. (10%)
A LR FREEAR IR ES 1= 2(1+c0s0) » SKIH CMBARFTHUAR & TH?
7. (10%)

R (10, 0)F y=4x* 7 [RAadhE?
8. (10%)

R F=(y+2)i+(@z+x)j+(x+y)k Nl C: t?+t2]+t3ﬁ,o<:<1e@,ffyﬂﬁﬁ}jcidﬁ =9
9. (10%)

1 -2 1
x {—1 3 2} Z BRERE?
2 -2 7

10. (10%)
P z§+u=o DK u(xy) 2R
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20%
l—ox:(r} [—hxzm
1 « 5 « b
' S W B e
& A
g x0=a, 20_5 0=, £OQ_;
_ di dt
-1
3. | (a3 kEAEHAE 2ns EEC f(x)z{l ’ {i:; OZ{% T B (Fourier
20 | series)RBE. ? (D)L FRE R BIEREATE x = #f T R S A T a{H 2
(CHEZERAH Gibbs 3RS 2 '
"4 0 2 1] 7
4 1FE|2 4 -1 -2|lx| |10| FIH Gauss WEE S
32 0 5 x 2
13 -2 o0jlx] [3
BRI | F g 40 2 1 £ 0 ¢ 01 n, w, wu,
5% @0 1wy oy, |ix| (a|®)2 4 -1 -2 1t £ 0 0O 1wy m,
0 0 t owlln{ e 32 0 5| j6, 6, 6, ofo o 1 u,
00 0 1% e 13 -2 0] [£, fo £ (.f0 0 0 1
» Kuy, x, ¢, £, 7
-2 2 -3
5.1 xk4]= 1 ~6 | 2 BE R 2
-1 -2 0
10%
6. Efﬁj‘lxﬁ'?mwxz ?(’%J(a)=f1x"dx=—l—-, a > -1 AGFFF Leibniz 235 )
¢ 0 a+1
1%
7. (a)?tyz——%z(z L~ )R8 v, y, 2 EEERTAE SE S a0
10% (directional derivatives) ? (bYsK v=i + xzj — xvk 7£(2,1, - 1) 582 e (curl) ?
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Boroph AS® FRIELE Fa TEHSP £ I R
WEF R qmids 2 A B > “E oy g
FE LS BEETEES RERT R - L B IHEAE SRR -
I. 13%
Poti ey T E o [ A | S | ST [ 7 ARME Y | MK
Weary=y x | ¥
) ul+vy=-r:1 Uy =¥, =CO5Y x, v u, v
Vet XV, = vy xyt|owv
2. 15%
® Efﬂ%‘ﬂ 204y =0 - z*?»{r}?{h}z“"’" )4 y=sinx + Ky ?
{c) %M=x+}'+2 o x() ?
dv
3 20
l=r=2
(a) Laplace SRAGREIEES ] 7 (b)K £(1) = {n ownore 2 Laplace B4 ?
o
(c) Fourier SHRESHE(E T 2 (d) )3k £(1) = {Eﬂ ‘ ;I-:Eu 7 Fourier 8t ?
4, 1%
ﬁ%zﬂ r0sxy<sl > Hulx0)=x(1-x) » w0, y)=y » w(l,y)=yp » Kulx,y)=7
5. 15%
3200
& 0 i
E[A]=E . 3 2| - @KIAZBrrank) ? OFRIATZ Bitrace) ? ©RIAT FAEH 7
0025
b, 1%
@RLACL, 0, 1), (2,-1,4), (2.1, 5), (-2, 1, 4)FSPUIE%E: PO BaReTE 7
OVREEC-2, 0, DEIC1, 0, 1), (0.-1,1), (1,1, -2) = B e 45 2 A L 7
7 15%
sﬁm?ﬂl 1, nmz.:am{mwrgsmwﬁmmfmmﬁ
NPT &
(V3K sin(x + 2y + 32) 7E2, -7 OVEEFE( HE AT LTI M LR S 2

WD

G Eo¢

!(O




CEEEPE PRLT XY R L P Rt # /B ®/H

L 16’ 161 RAT HWERIEERFEE BE  TEgE

1. 10%
2. 10%
3. 1%
4. 10%
5. 10%
6. 10%
7. 10%
8. 10%
9. 10%
10. 10%

RETEME(T) | LR RS - 2. 50 AR SIS TS « 3.8 9 BIEE RS HOWIHRZ B -
dy_y 2
i o
2

d’y .
+y=cosf-sint ?
ﬁ@dtz y

0, 0<r<1

x(0)=2 x(0)=0
L, 1<t<w © ©)

fEx(t) t=20: x"(t)—x(t)={

F=yi+x+7 » S BUEAFRERS QRT3 | L F-fidA ? B i BN A &
» dA RRHEEET -

1 2 2
FHEE| -1 -2 -1 | ZERERNFRAR ? BOIR A AR TR RYEAE
1 1 0

A?

Fu(x,y,z) = sin(oz) 58 (a)u FE(x 1L, DR x B 5 A8B 2 ) u 20, z DT
EER A MERE AT ?

B f(x)=x, 0<x<1 » T Fourier 2PIB TR B (half range cosine)fZEH ?

, -1<x<1 _,  _ )
¥ f(x)= » ¥E{T Fourier i F(0) ? 13K |F(0)| ?
0, elsewhere
A B I g ? mE? BR? £
(equation) (independent| (dependent | (order) | (type) | (homogeneous) | (linear)
variable) variable)
U + Uy = Uy X, 4
Vip=e' X,¥,z
O*u  ’u

ﬁ¥+¥=0 inD > EXEFEEA 1 u(0,))=0,0<y<1u(1,))=0,0<y<1;

u(x,0)=0,0<x<1;u(x,1)=1,0<x<1-




BIRAARA+ WS ERERLER LA RBM % [ H 8"
w85 G164 R RETEERZM BIE : Tiame

WETEES(Z) 1250 I - 2. 2508 RERE SIS RREHD - 3.5 9 BIEE RS HWIERIBIEs -
1. 10% ﬁ$%=xy+y3 ?

d*y

2. 10% ﬁ?f:dtz ~y=e'+e’ ?
3. 1% fRx() tzo=x'(t)+x(t)={i’zfs’f<”’: XO=1  x(0)=0
-2 2 -3
4. 10% RIERE| 2 1 -6 | ZISBERESEAR ? TEIRISAERIEL TR wEK e
-1 -2 0
Fg ? |
5. 10%  Eu(x,y,z)=e » 3 E(u EQ,LDEAET x B2 5 IH8 2 (b) u Z20,LO)R S
BT BB R E A ?

6. 10%  F=xi+y+z S RUBERGRZOMEE+y"+2° =1 §8 [[F-fidd ? Hopr 7 BB
SR dd BEERET - ¢

7. 10% ¥ f(x)=1, 0<x<1 - 31T Fourier f4sx¢gmgz§&§y(ha1f range sine) 25 ?

L, -1<x<1 .
8. 10% ¥ f(0)= » Y¥1T Fourier f&45 ?
0, elsewhere
9. 10%
HER =] S e | EB? BX? HRIE?
(equation) (independent| (dependent | (order) | (type) | (homogeneous) | (linear)
variable) variable)
u + Uy = Uy ] X, 4
Vip =™ X,¥,2
. 0%u Ou
10. 10% fRu(x,t),0<x<7z,t20 ’Eil].gx7=5,0<x<7r,t>0 ’

u(0,) =u(r,f)=0,20 > u(x,0)=sinx, 0<x<7z °

s
3
:
.
3

» X

»

=0 sinx/ 3%
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1. (a)ﬁxg-)—’(f—y(x) =2x 7 (5%)

| (b)g_{i%x_) +16y(x) = cos4x 7 (5%)

Fu(x,y) _ ) o (s |
S | i
|

2 (Re* ZHBRIFMER? Kb a RRE - %)
(b3 sinbr) 2 SrBHTHTAREE 2 Kcf b AR - (5%) |
1 o | ;‘
OR gy TR ? (%) i

3. RERREATERMI A SR AT S TR & ? (15%)

01 1

4, %[A]:[O -1 1 Q%rﬁ{A]‘ ? (15%)
1 10

5. JEUESTIEN M (Fourier series)IAT, f(x)=ao+il(a,cosf-%£+b,sinf%§-)

Kfaq, =_2—1L—I:f(x)dx ' a, =%Ifbf(x)m—n—’££dr ' b, =}_Ifo(x);in£’£-x—dt ,
FeYETIRSEEL 2 (15%)

S 18 B B )T (0 SR (O R B MR (R M C)- ML) R~
N8 e 7 TR IIEF U RS MR 2 (15%)

i

SOREHTREEE 7 (10%)

~
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BB Sh KA AEERERALHR LA R | #% | B 85

AREETILSAHIN . OTHE - (AFTEA  (MeEEiigE)

@® %+y=x + SR— A ) = ? (6%)

2
®) x’%+3x%+y=o SR () = ? (6%)

© Ky =1+ [¢-)p@)dr ?(6%)

@ FHEDy0-u0-2) » =0+ L©)=02(6%)

0<t<2
2<t

$oh u(r—2)={°1

@© %—yzu(x, Y)=ysinx » R u(z, ) = ? (6%)

ay

"

Fu=(x+2y+3z)" » §=T+j+k » §
@ Vu ?(5%)

) V.Vu ? (5%)

© —Z%at 2,0,1) ? (5%)

(@) FEQ, 0, DI u TEH—E S B EE ? (5%)

(@ % f(x)=x, 0<x<1 T Fourier 4 IE 54K B(balf range sine)ERE ?
(10%)
~-1<x<1

®b) HSf(x)= {(1) » 31T Fourier 3 ? (10%)

elsewhere

200
011
011

K[4]= pd

@f7F1= ? (5%)

(b)Fk(rank) ? (5%)

(AR ? (5%)

(D BE IR BN R ? (10%)
©[41° ? (5%)
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mae 111 AR AEATEEEEALHERESBRBEM % /HOB H
FRFT: WIRTERRT - Z4 - BE - IENE

FREESTLEEHNN : OTEA - MFTs8E  (MeEEm0R) FELEN : 0301 - K : 9

1. ﬁg—:{-z@+ y(@) = cpst ? (%)

2. )+ ()= {0’ 0<r<l

=07 0,
List<w  TOT07TA)

3. =1+ (t-2)y(r)dr ? (T%)

4 F=x¥+yj+2°k S RUREMZ AMERE » 51H ﬂf'ix‘dA ?

Hoh i REASNEAR » dd RBRERETT - (10%)

z

5. %u:sin(x+y+z) ’ §=?+7+E ;.M(a)ﬁulﬁ(l, 1, I)EZE{E?(b)uE(ZI,O,ﬂ)ﬁ'ES"ijTﬁ]
M2 (0)Vx Vu = ? (15%)

6. B f(x)=x, 0<x<1 » T Fourier 1/4 ¥FIEARBER 1/4 {ERR7ZAR B(quarter range sine & cosine)5:

B 2 (12%) .
7 B =1 TISFSl A niea)Fourier MM ? (b)Fourier RS ? (12%)
' |0, elsewhere + A !
-3 1 -111 |
8. @FK[4=|0 1 1 0 4|ZFH{LBEREN (row reduced eschelon matrix) ? (6%)
0 0 -3 21 -
(b)K[ALZB ? (4%)
(%]
-3 1 -1 1 1]|x,] [0
©K[4]1=] 0 1 1 0 4[x,}=10}2fRZ=[(solution space) ? (6%)
10 0 -3 2 1fl{x,| {0
Lx54
(D) REBER MR ? (4%)

9. ﬁ%}=% B4R © u(0, 9= 0, 0<t; u(l, )= 0, 0 <t u(x, 0) = x(1-x), 0 <x < 1. (10%)
' 734
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--.

/ CL) ;f\‘)’k.1/§ T’HHJM}/’&{%’ j— (5 r aO(Jmni ol {ferential
bpem}or“) 2 'J{”T LEQ}?K%{"‘“’Q Lj?f-,;,b( ]?ggl,tlcil"‘ Sturm -
ol i SVS'em)f”"/\f AR R Tty (40
by i 9 F 3 - ) B T AR T AT 2 Y, AT e

Aol (Awieed) FRBRMLY ¢ K B WEM > L Hey
4| 1 (,omrlae orfhogonm[ Sysle:m_ )7 (& %)

C)F}: ﬁi/\ﬁfh { )

Ci)_z{ 4. /\U:D jfﬂ'gﬁ%?;ﬁ%'ﬁ* g[{)) O rj(ﬁ_)*‘o
)w}];%&*y Pt o, 0] 2 B EL L
.l;{v\ffi(hiff\gﬁ)% ﬁjﬁ Ej’( %9\{/7
,5, 39] %}( _[_‘(x)-; Z £ HE L . /EZ f F] r] Fourier S(’neS.

(|§8/o>

"!"é?‘*;.;\—\- —

,8‘1. Evaluate the following integrals:  (8%)
(@) f(xn)’c'*’dx

) f) Sax

L~ 2 Letf@m)=xfor O0sx=1.

(a) Expand f(x) in a Fourier cosine series for period 2. (6%)
(b) Expard f(x) in a Fourier sine series for period 2. (6%)
(¢) Explain the relation of the solutions obtained from (a) and (b). (5%)

CEEER VR TS 736
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. BzAhkE W 2 8 e k2. A

_;@%L#}E‘ﬁﬁjﬂu@;%t /M/Jr’%fﬁ }/Fi%ﬁ%ﬁ“ﬂ ﬂ’; A
- ]

5\,%72;?7@7;'/?55;3;;5 1l (257)

7(; "Xg 'f-_}%},c‘{— 2/(- 7"({,2? = -—j

264743 2 4 2%+ 875« |
75,“42;(}4-32;-# X, 2 = 0

o

4, 1. (10%) Classify the singularities of f(z)= E-)z-2)

. Obtain the Laurent expansion

centered on z=0 for the three regions: (i) |2 <1, (ii) 1<|4<2, (iii) |{>2.

4- 9. (15%) Sometimes it is possible to find a physically interesting solution to a partial
differential equation by assuming that the solution is a function of a single variable

rather than two or more variables. In the particular case of the heat conduction

equation

du , d’u
ot Ox*
try a solution of the form u(x,0)= () with & =xt" For what value of & does

this work, and what is the result for /(£) in that case?




it 101 ex7, 0725075 00
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(D15%)ALAEHTIEA(Gauss Elimination)s: - K F IR B Rif 2 it

LB -
16 volts I
.
< i
2 obms % lohms L é 2 ohms
VAVAY >
4 ohms é
Y L
. =
32 volts

@) (5%RARIE TG - B R B y By, -

% i

¥1=0) Om=t oy, %
" 3?% k=2 ’ ID

(3,0) 0
2 )}_ b\ Yy I %

FH e ik 8

(3)(15%) Find the steady-state oscillation of
y"+0.02y" + 25y = (1)
where 1(t) is given as

t+£ if—r<t<0
(t)= 2

—t+§ fO0<t<sr

t+2
r(t+2m)=r(t) 728
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(4)(20%) Let us first consider the temperature (T) in a long thin bar or wire of
constant cross section and homogeneous material, which is oriented along the
x-axis and is perfectly insulated laterally.

(a) Write down the differential equation for the temperature

(b) Derive the general solution of this differential equation

(c) Find the temperature in a lateraily insulated bar of length L whose ends are
kept at temperature 0, assuming that the initial temperature is

X if D<x<L?
T (0.x) =
L-x) if LR2<x<L

(5).(15%)Classify each of the following differential equations by stating the order,
whether the equation is homogeneous or non-homogeneous, and it is linear or
nonlinear (in whic_:h variable.)

(8 d’y/dx® +3x* = dy/ dx)?
(b) dy/ax+y/x=xy’

(©) dy/de=(x+y)/(x—y)

(d) (3x* + ycosx)dx + (sin x)dy=0
(e) d{yu)=y’du

(6).(10%)Solve dy/dx=(y+x*)/x

(N(10%)Let S be a closed regular surface and 7 denote the position vector of any
point (X, y, z) measured from an origin O. Evaluate

J'j’S;;;dS

r

-

in which # is the outward unit normal vector to dSand r = lrl
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(1) (109%:)State whether the method of Taylor senies can be used to solve the
differential equation

(x* 3x+2}~—+3 -y=0
with
d
y(1) = d—f(n =0
X

(2) (15%)Evaluate 4cotzdz where ¢ is the circle ) = 1 traversed clockwise.
3 (5% [ yve sin@ydy = o

(4) (10%)Is cos’X even or odd ? sin” X ? Find the Fourier series of these

two functions ?

5 (s%) k= _“,[':xsa}’d”‘rlydzdx”zmdy}aﬁ'? SABpB ) =a?, 0szsb 2 B A

A (15%) K04 % 87 34 4 (Gauss Elimination) ik, £ 82 F 5| s¢ 44 T 35 & MZEHRE -

200 108%
I i MW W J— L 3
90| o L
Vil . o
il NS Tt vats

P

7.(20%) — kit BA 4 160 25 B F 2 AERE 1000 2 F £ BB SaeFrld 40 1 £
AAGAEY B HALE - r&’k*'ﬁ‘if‘]‘ﬁ”ﬁi%[]*ﬁﬂst}f\ﬁ, [0k A -8 R oh
HEABEMSM 40 L H kMMM ERERAEE TSNS BE V() A7

740
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Problem 1 : (5%)

Two different chemical solutions are pumped into a container of volume 100 ¢, each at the rate of
5 £/sec, and thoroughly mixed solution is pumped out of the container at the rate of 10 £/sec. The
inflow concentration of Chemical 1 is g; (kg/¢) and the inflow concentration of Chemical 2 is g,
(kg/£). Denote the mass of Chemical 1 (in the container) by z; (kg) and the mass of Chemical 2
by z2 (kg). A catalyst in the container transforms Chemical 1 into Chemical 2 at the rate of 0.4z

(kg/sec).
(a) Formulate the 2 x 2 linear system of first order ODEs that z; and z satisfy.

(b) Without finding the general solution, determine the steady-state solution for z; and .

Problem 2 - . : (10%)

A solution to the unforced equation Z + bz + 4z = 0 is observed to take the value z = 0 for ¢t = 0
and next at ¢t = 7. (Assume that b > 0.)

(a) Is the equation underdamped, critically damped, or overdamped? Explain.
(b) What is the value of the damping constant b?

Problem 3 o (10%)

A certain matrix A has eigenvalues 1 and —1, with eigenvectors

1 1 .
[ 0 J and [ 1 J respectively.

(2) Find the solution for the initial value problem

u=Au with u(0)=[?].

(b) Calculate A%9%9,

Problem 4 (10%)

The temperature T at a point (z,y, 2) in space is inversely proportional to the square of the distance
from (z,y, z) to the origin. It is known that 7(0,0,1) = 500.

(a) Find the rate of change of T at (2,3,3) in the direction of (3,1,1).
(b) In which direction from (2,3,3) does the temperature T increase most rapidly?

(c) At (2,3,3) what is the maximum rate of change of T'?

(BminH#B Mg ng) 741
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5. Find Laplace Transform of y(2) that satisfies the equation as follows:

dyldi® +y=e j(: tsin 2t dt (12 %)

6. Find the solution of differential equation in power series, x = 0.
xd’ylde® +dyldx—y=0 (15 %)

7. Find the Fourier Series of f(x) thatis defined as follows: (8 %)

f(x)=|{ where -1<x<1

8. The function f{(z) =u(r, 8)+iv(r, 0) is given. Derive the Cauchy-Riemann

equations in polar coordinates as (15%)
du _ 0v 4 ov __ Ou
or roe ¢ or roo

9. Solve the following problem (15%)

d*u _ du
5% 2 - ot for 0<x<L, t>0

with
ou ou
—(0,t)=-1 —([L,t)=0
ax( ) : 6x( )

and

ux,0)=0
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i 90, 9. 92. 77, MognXBAIEBERALEREARREA 2 A ZH B/ K
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ARBATTLSEHIN . VTEE » RIS  (WemEias)
1. |
wire l___.x_..,

A bead of mass mn is constrained to slide along a straight horizontal wire. A spring of relaxed
length Ly and spring constant k is attached to the mass and to a support point a distance b
from the wire (as sketched above). Suppose also that the motion of the bead is opposed by
a viscous damping force bz. : '

(a) Derive the nonlinear differential equation for the motion of the bead, and find all possible
equilthrium points as functions of k, h, m, b, and Ly. (5%)

(b) The equation of motion derived in (a) can be linearized about z=0 (which is obviously
an equilibrium point) to yield
| mé + bt + k(1 — Lo/h)z = 0.

Suppose that m = 0. Integmfe the above linearized equation of motion with an a.ppropfidte
initial condition, and hence discuss the stability of the obvious equilibrium point z = 0. (5%)
(c) Now, suppose that b = 0 (but m # O). Use Laplace transform to solve the linearized
equation of motion in (b) with the initial conditions z(0) = ¢ and (0) = 0. (10%)

2. (a) Complete the matrix A (fill in the two blank entries) so that A has eigenvectors
X1 = (3, I)T and Xz = (2, I)T:

A= [ 26 ] (5%).

(b) Find & matrix B with those same eigenvectors x1 and X3, and with eigenvalues A; = 1
and Ag = 0. Also caleulate B¥. (10%)
3. Given a two-dimensional vector field

-y . 2ry
v == -_
@+ * (@2 + )2

(a) Calculate by direct integration the circulation of V around the circular closed contour of
radius 1 centered at the origin. To earn full credits, detail your calculations. (6%)

(b) Calculate the same circulation as in (a) by use of Stokes’s theorem. Again, to earn full
credits, detail your calculations. (9%)

_(RBUARAHAREE)
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4, Show that substitution of u = F(r,8) G() into the wave equation:

Uy = Cz(un. +lur + -I?uﬁe)
3 r
leads to
| G+22G=0  where A=ck

and

F,,+I

1 .
;Fl' +‘;"2'Fee +k F=0

Prove the following series converges uniformly in the given region.

© Zn_ -
$ 2 2cfaiss
nzOIz, + 1

where z is the éomplex variable.

25%)
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1. Please solve the following ordinary differential equation by the method of
variation of parameters: ’ (15%)

2
23y

2

dy
-2x—=~+2y=xlogx
; y g
2. Determine the coefficients in the representation (15%)

f(x)=iA,,sinnx O<x<7m)

n=]1

In the following cases:

1 (x<m/2)
(@ f(x=1, ® fx)=x, () f(x)=1% (x=7/2)
0 (x>n/2)
3. Find the value of the following infinite integration, (20%)

L)

J%?fgfdx where |a[<1
(BB AEE HRRES)
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4.Find a). Fourier Transform,
b). Laplace Transform, and
c). Fourier Series
(assume period = 4 a, i.e. duty cycle= 50 %)
of f(x), where

f(x) = {1, if -a<x<a

0, otherwise

21 %)

B.'Find a unit normal vector #i of the cone of revolution

22 =16 (x> +43?) at the point P: (1, 0, 4). (14 %)

6. A particle moves once counterclockwise about the rectangle

with vertices (1, 1), (1, 7), (3, 1) and (3, 7) under the

influence of the force f, where
f = .[—— cosh(4x4) + ny i+ (e_ Y+ x) j, where T and
j are the unit vectors in X-axis and Y-axis respectively.

Calculate the work alone. (15%)
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1. Evaluate I = ‘{:COt( z)dz | where C is the unit circle [2/=1"traversed
in a clockwise sense. (15%)

2. Let fix) = x*/2 for —-0<x <. Find the Fourier series of f{x) and

=1
evaluate the sum of the series Z;l‘z‘ (15%)

n=1

. | d? d
3. Find the general solution of the equation -&_x%’- +2 d—?c, +2y=38(x-3).

(20%)
4. Solve ).f=AX,Where' X7 =[x %] iv:%t )

1 3 | .
A= [ 3 7 ] , the superscript  *7” denotes transpose of a vector or matnx.
(15%)

5. LetF(x,y,z)=(-y+z,x+yz,xyz). By applying Stokes’ Theorem, compute the
integral of Curl F over the hemisphere x* +y* +2% =1,220,

with outwards normals.
(15%)
6. Find the general solution of y” -fg-y'+;4—'2-y =x*+1 , x> 0,
- where y = d%x , Y'= dz%; .
(20%)
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