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1. Solve the following questions: (60%)

(a) Find the solution to the nonhomogeneous equation as
Y2y +1=8x+e*, y(0)=1, y'(0)=0

(b) Integrate a complex function f{z) around C, where

(1+2z)sinz .
2)=——F—— (C:lz—-il=2
f@ =071 |z~
(¢) Find the determinant of matrix 4, where
1 0 3 7
4 2 0 1
A=
7 7 3 0
5 0 6 8

(d) Evaluate the double integral over the square region in Fig. 1

Fig. 1 Region in Qestion (d)

2. Let f{r) be a given function that is defined for all £20. Define the transform as

F(s) = f e - In(f(t))dt

if the resulting integral exists. Solve the following questions by this transform (20%)
@ f(@)=1
(b) f(1) =ae”
(c) f(t)=cosax
961

(d) Check whether this transform is linear or not.
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3. Letf{z) be analytic in the simply connected domain D that contains the circle C: | z-zo [=R. Then,
f(2) has the Taylor series representation

[ ()
f(z)= Zuﬁ)—)—(z —z,)" valid for | z-zo |<R
> n
(20%)

Answer the following questions related to this Taylor series representation

(a) Show that exp(z) = Z(l/n!)z" is valid for all z;

n=0
(b) Use the first five terms in the series and obtain an approximation to exp((1 +)/8), where

i=+-1.
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1. (20%) Find a general solution of the following equatiohs
(a) y"+8y'+16y =0
(b) y"-2y+10y =0

2. (15%) Please prove that the Fourier series with the form

f(x)=a,+ Z(a,, cosnx + b, sinnx)

n=l

can be derived to the complex form

f(x)= icnei""

n==—

3.  (20%) Laplace transform is defined as

L{f@O}=F(s)= [ f(0)-e™dr.
Convolution f{t) and g(t) denoted by (f* g ) and defined by

fO*g@)= [ f@) gt-v)dr.

(a) Please prove that
L{f (6)* g(0)} = F(s)- G(s)
(b) Find sin? *sin¢

4. (15%) Show that the given set is orthogonal on the given interval I and determine the

corresponding orthonormal set.
1, cos x, cos 2x, cos 3x,- -+, I1:0sxL2x
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5. (20%) Integrate £ (z) = Re{z}=x from 0to 1+2i

(a) along C* in Fig. 1.

Yy
2 1 ” (b) along C consisting of C; and C.
c*/
« 2
;A
— > e > x
C 1

Fig. 1

6. (10%) Find the inverse A of
-1 1 2

A={3 -1 1
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1. Solve the initial value problems
(10%) (a) y'+dy'+4y =0, w0)=1, (0 =1,
(10%) (b) y'"—4y'=10cosx + 5sinx, ¥(0)=3, y(0)==2, ¥ (0y=-1.

2. (15%) Find the inverse Laplace transform of the function 1n£1+“—;].
§

3. (5%) Find all vectors v=[v, v, v, [ orthogonalto a=[1 2 0.

4. (10%) Using gradients, find a unit normal vector n of the cone of revolution z* =4(x" + y*)at the
point P:(1,0.2).

5. (15%) Find the Fourier transform of ¢, where a > 0.

6. (10%) Represent (2.6+0.381)" in polar form, with the principal argument.

7. (10%) If j'l{z}:Zu“:” is even (i.e., f(—z)= f(z)), showthat a, =0 foroddn.

r=f
2 I} 965

8. (153%) Find a basis of eigenvectors and diagonalize for the matrix [j (|
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1. {10%) Use Gram-Schmidt process to find three orthonomal vectors from

Pl

Lad

LAy

-1

[1 [ 21 fnﬂ
2] 0 0

= g = L5y =
{ = 0 - 1
L] -1 0

1 -1] :
(10%) Let A=| F’J use the Laplace transform to compute et

(10%) Find the general solutions of the given differential equation
X*y"-2xy' + 2y =2In(x) +1

(10%) Let T be the matrix transformation from R? 1o R? whose associated matrix is :

R G

ol | %y 1
I =| 2x, +x2
\L#2 J
; =T, +X,
E—— (1] [0]
[ 3110 .
Let 8= A7 andV=4|0L 11}
(L1
: O |0
be ordered bases for R* and R?, respectively. Determine the matrix representation of T relative to

Sand V.

Al
i

(30%) Solve the initial value problem
(a) y'-4y'+dy=0, y(0)=3, yi=1.
(b) y"+0.2y'+4.01y =0, () =0, 3'(0) = 2.

(10%) Find the Fourier series of the function
flxy=x+n if —-m<x<m, and f(x+2nx)=f(x), wheren is an integer.

; = Do ” e _ k if O<x<a
(10%) Find the Fourier transform of the function f(x)= .
10 otherwise

(10%) Find the all roots of 41+
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1. Solve the initial value problem

(@) (10%) y''+y=0, »(0)=3, y'(m)=-3.

(b)(10%) »"''+3y ' "+3y'+y=30e"", y(0)=3, ¥'(0)==3, y''(0)=-47.

[ %]

. (10%) For the complex z=x+iy ,show that CDS[3]:’305[-T:'CUSh{.P]'“ilﬁiﬂix}ﬁi“h{}'l
3. (109) Find the Laplace transform of the function f(t)=cosat.

4. (10%) Using Laplace transforms, solve the integral equation
y{£}=r+_f:] v(T)sin{t=T)dT

5'“!‘1=I 2-j5i=l _1*C= 1 4,ﬁndlhz:1:
3 4 2 3 =2 3

(a) (5%) A(BC)
(b) (5%) AB
(¢) (5%) B'C

6. (15%) Find the complex Fourier series of f{x) and plot some points of its frequency spectrum:
0, 0=sx<«l
fixy=s L l<x<4
flx+4), forall x

7. (10%) Show that the given functions are orthogonal on the indicated interval;
(a) (5%) f(x)=x, fi{x)=cosx, [, Ti'2]
(b) (5%) f(x)=cosx, filx)=sinx, [0, 1]

8. (10%) Use Cramer’s rule to solve the system of equations:
x+2y+z=8
2x—=2y+2z=7
x—4y+3z:=1"
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3

on

(15%) Using Laplace transforms, solve the initial value problem
¥ =3y +2y=4t y0)=1, ¥(0)=-1

. The function g(t) has the Fourier transform

Juw

Glw) = m e

Find the Fourier transform of the following:
(a) (10%) g6t — 12)

(v) (%) 28
(c) {5%) g(—t)
(d) (5%) / o(F)dr

(10%) Find the Maclaurin series of f(z) and find the radius of convergence.
1

&)= 75

According to the matrix A, please answer the following questions.
2 T
A=1|4 =1 -]
¢ 0 3

(a) (5%) What are the eigenvalues and the corresponding eigenvectors of matrix A7

(b) (8%) Can the matrix A be diagonalized? If yes, complete the diagonalization of matrix
A, or find the Jordan form of matrix A af least.

. Solve the following differential equations:

(a) (10%) y" + 6y’ + 9y = e,
(b) (H?{ﬁ} y = 25 +q:r,y1

s

(c) (10%) ¥ — gy tanz = 0%, y(0)=3.
(10%) A surface S is defined as: 3+ 2y+2z=16, £ >0, y >0, z = 0. Please find out the
surface integral value of f[{x +y+ z) ds.
/s
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1.Let f(x)= , where f(x) is periodic with T =27 (f(x)= f(x+27) ).
0 =m0

(a) (10%) Find the Fourier series of f(x) =?
1

(b) (10%) Based on the result of (a), compute 1-— % + % == =2

(c) (10%) Based on the result of (a), solve y"(x) +16y(x) = f(x).

2. (10%) By Laplace technique, solve " (1)+6y" (1) +11y (1) +6y(t) = 6@ (1) + 35" (1) + 25" (1) + 8" (1),
Y0 =y'0)=y"©0)=y"(©0)=0.

3 (10%) Given f(t)=1- L; e 2 sin3t-dr , find its Laplace transform F(s) = L(f (1)) =?

-1 RIS -10 10 IS
4. Given the matrixes A=| 1 0.5 -3|,B=| 10 5+ -i=30"
-05 -1 0 -5 -10 0

(a) (5%) Calculate (AB)"-BTA"
(b) (5%) Find the eigenvalues and the corresponding eigenvecters of matrix A.
(c) (5%) Find the eigenvalues and the corresponding eigenvecters of matrix B.

5. A first-order linear differential equation can be written as y '+p(x)y = r(x).
(a) (5%) Show that a Bernoulli equation (y '+ p(x)y = g(x)y ) can be reduced to linear differential equation.
(b) (5%) Solve y"+xy=xy ! (show the details of your work).

6. Solve the following differential equations:
(@) (5%) y"-y=0, y(0)=3, y'(0)=-3.
(b) (10%) y -y = sin 3x (show the details of your work).

7. (10%) Show that the line integral is independent of the path and evaluate the integral

B
2
for Ie"‘y” (dx —dy +2zdz), where A=(0,-1,1) and B=(2,4,0).

a 969
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1. (10%) Please solve Ax=b,where A=|2 4 5| and b=
356 -1

2. (15%) Use the Laplace transform to solve the following initial value problem.
Y@ -y'(x)-2p(x)=0,
y(©)=1, y'(0)=0.

3. (15%) Please solve the following initial value problem.

x'=|::§ }Jx, x(O)=B:‘.

0, -2<x<-1
4.Let f(x)=41, -l<x<1 and f(x+4)=f(x) forallreal x.
0, l<x<2

(a) (10%) Find the Fourier series representation of f(x).

l)mx

(b) (10%) Use (a) to find the sum of the series i(_—]
> 2N

1
L M < 2, and the Fourier transform of x(r) is defined as X (jw). Please

5. (10%) Suppose x(t) =
0, otherwise

find X(jn).

6. (15%) Please solve the following initial value problem.
X*y"-3x"y"+6x) -6y =0,

=2, ym=1, y'O)=-4.

1 -1
7. (15%) Let A=[_1 1:|,pleasecompute e, 970
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. Find the solution of differential equation x"—4x =35(¢) using Laplace transform and discuss
initial values at t=0 as limits from the right (i.e. x(0%),x'(0) ).(25%)

. There are various differential equations which can be reduced to Bessel’s equation. To illustrate
this, use the indicated substitution and find the general solution of the following equation in terms

of Bessel function.(25%)
Xy +xy +(Px*-0v))y=0 (Ax=2z) v =constant

. Let f(x)=1+x for 0<x<1(25%)
(a) Expand [ in a Fourier cosine series for a period of 2.
(b) Expand f in a Fourier sine series for a period of 2.

Hint : Half Range extension

. A frictionless system of two masses coupled by two springs as shown in Fig. 1 is capable of
oscillating as a whole in two different ways, called normal modes, with two different
frequencies.(25%)

(a) Obtain the governing differential equations of motion in matrix form.(Hint: : Identify degrees

of freedom first.)
(b) Find the normal modes(eigenvectors) and their associated natural frequencies.

4kg lkg

o

k=2N/m k=2N/m

-,

-,

2
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. Find the general solution of the following system of simultaneous ordinary differential equations:

I

Lid

(25%)

. |
dx |2 1 | 2™
—= X+
ﬂrlr ] : i' :',Lr_f
T e I
where x=[x x4]

Solve the differential equation x"—x=2sinz. given x(0)=1 and x'(0)=-1, by Laplace

transform. (23%)

Find the complex Fourier series of the following periodie function:  (25%)

m}I (s f{ny=f(t+2
— 1= +2
' B R ) < T

Carry out the solution by separation of variables in the boundary-value problem for the wave
ﬁ:qualiun as follows:  (25%)

&w &w .

o =0. for O<x<m. O<r<om:

& A

w(0.r}=0 and w[’n ty=0, for 0=t <o

Wi, 0) =sin 3x .md [r M=0. for0=x<x 973
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I RETH—mfs 2@ (25%)
yeosxdx +2sinxdy =0

2, BTy —mias A (25%)
y=2y'+y=¢

3. FHS(x) A THXFmrEBRES SR Ra# (Fourier series) &H - (25%)

7 -k —r<x<0
x)=
> ¥ D<x<nw

2 4
48K A :Ll 7J Z 54 & (eigenvectors) + 3 S8R S E S« (25%)
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l.solve 3"+ 3'=¢'sinx. <15%>
2.solve x7y"+ 20 =6y =0 <20%:>

=

2 1 -6
0 1 -3
1, =1 —F

3. H R A= THMERARAO T - BRFMHELMH? <20%>

4 FRMEFM Yy +4y' +3y=¢"; p0)=0 V() =2 + Hm Laplace & 5 %
RE (1) = 2<20%>

5. RIORRzE EMREE, RAFL-FHBEN —RALE2 K Fti2 b (5
EEES REWFAAE)MEREAGEE g=10m/s™ B4 T8 F i sy
RELMEEEMNTY ()FEHBEH B TEA(EE—EEHSHpe
R ERREI ) QR EREREN = A2 <25%>
GERQVMERDNFAF 2R FTRREEST 205 52 L3 B a5

G BT AT AR 8 S o 5 e ST 47 4y )

975




A AL R 06 L F A 3148 4 AR

A (fr) Bl BETRA 5 s

4 B —/EF@E-Ta
FF B TfHE $ 1A% 1R

G R RURAE % 85 2 100 &

L3R o BESE UK AL H AE R Y +3x7y =0 < (20%)

. R ARy -y -2y =>5sinx ° (20%)

(o]

3. (1) & f(0)=3¢" % 1>0 K3k 2 i ¥ i 07 444 (Laplace transform) © (15%)

(2) 3% B4 fr ¥ do b7 4% 34 (Laplace transform) % 4 2 77 42 & " -5y’ +6y=f(t) *
y(0)=y'(0)=0 » P f(1)=3e1>0 o (15%)

s o
4. (NEEM A=|0 4 6| Z45#4i (eigenvalues) B 45 é ¥ (cigenvectors) o (20%)
OFS0 %1
Bl [+
(2) 7796 SLA3 5 /J"a(FKT =10 4 6xziEM > EPx=|x,|°(10%)
dat
(o) 2] X
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L R #R RS TRy +2=0 - (25%)
2. BBAHRK Y -2y +y=e"+x o (25%)

0<x <L+ BA3% & $ AT ¥ 45 & B (half-range expansion) » K £ #8214

3. Ff)=x
3 (Fourier cosine series) K4 32 3 £ 32 & # (Fourier sine series) ° (30
%)
5 0 -15
4. RIEMH A=-3 -4 9 | ZHHE (eigenvalues ) & 4544 & & (eigenvectors) ° (20%)
5 0 -15
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