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L. Selve the differential equation y"~4y" +35y = 2 csox . (16%) 7

2. Find the currents in Fig. 1 when R =2.5 ohms, £ = | hemry, ' =10.04 farad, Eq) =
169 sin £ volts, and 7;/0) = L) = 0, (20%)

3. Find h(1) by the convolution theorem from the given His) = rih), where

—ag
2 §

H{s) = . (12%)

s{s—

4. Using Green’s theorem, evaluate the line integral §, F(7y-dF counterclockwise

around the boundary C pf the region R, where F =[xcosh 2}»,2)’2 sinh 2y},
R:x? =yLx. (16%)

B i -1<x<l

0 otherwise

5. Find the Fourier transform of fix), where  f(x) = { . (16%)

6. Find the steady-state temperature in the plate in Fig. 2, where a = 24, with the
upper and lower sides perfectly insulated, the left side kept at 0°C, and the right
side at f{y) °C. (20%)

Fig. 1 ' Fig. 2
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1. Evaluate §zdx+ xdy + ydz, where C is the trace of the cylinder x*+y? =1 in
c
the plane y +z =2. Orient C counterclockwise as viewed from above. (18%)
2. (a) The Laplace transform of a piecewise continuous function f{2) with period p is
I(f)z'l’“*l‘j;;(fe_”f(t)dt,s>0. (1)
—e
Prove this theorem. (10%)
(b) Using Eq. (1), find the Laplace transform of the saw-tooth wave in Fig. 1.
(8%)
fi@
kI///
oL S * Fig. 1
3. Find out what type of conic section the following quadratic form represents and
transform it to principal axes. (16%)
4x} +12x,%, +13x5 =16
4. Solve xy"—4y' =x".(16%)
5. Find the frequency spectrum of the periodic pulse shown in Fig. 2. The wave is
the periodic extension of the function f:
0, -12<x<-1/4
f()=<1 =1d<x<l/4.
0, 1/d4<x<1/2
LRNIRRIRREREN
H—H I plbpldpl o
(16%)
6. Integrate Z—%—TZ— over the contour C which consists of the boundaries of the
z¢ - 8iz
squares with vertices £3, 37 (counterclockwise) and +1, #i (clockwise). (16%)
1020
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1. (20%) Solve the initial-value problem # — 44 — 5z = 6e~!, 2(0) = 2(0) = 0.

o

!
- (10%) Using the convolution theorem (f * g)(t) = /f(T)g(t — 7)dr, find the inverse of F(s) =
0

S S
s*+3s—10"

3. (20%) Find the eigenvalues and their corresponding eigenvectors of the following matrix

10
A= 02 0
0 0

N

. (35%) Consider a cyclindrical compressed-gas container of length L, divided in half by a baffle (see
the following sketch). To the left of the baffle is a gas of species A, and to the right of it is a different
gas of species B. Suppose they are at the same pressure, so that when the baflle is removed at time
t =0 the two gases proceed to mix by diffusion alone. Considering species A, say, its concentration
ca(®,t) moles/cm?® is governed by the problem

620,4 aCA

8222_W’ (0<JV<L,O<1<OO>
Jca dcy
o = —1\{ L e t
5 (0,1) 5 (Lyt) =10, (0 <t < o0)

' c 0<z<L/2
CM%W:{O L2<z<lL

where D is the diffusion coefficient and D and co are constants. Solve for cq(a, 1), and determine
the steady state solution cg,(z) = tlim calax,t).
00

VOO IIIT VI I PP I T
7 |
A ! -
- e
x=0 x=1L/2 xX=L
Inz

5. (15%) Locate and name all the singularities of fz) =

(2° +1)°(z +3)%

APPENDIX: Some functions f(¢) and their Laplace transforms F(s)
£(t) ﬂ@:ﬁ'aﬂﬂwm

1. 1 1/s (8 >0)

2. t 1/s* (s > 0)

3. s 2/5% (s > 0)

4. " (n = positive integer) n!/s"t! (s > 0)

5. et 1/(s —a) (s > a)

6. t"e* (n = positive integer) nl/(s—a)**! (s > a)
Ts sin at a/(s* +a*) (s > 0)
8. cos at s/(s* +d*) (s > 0)
9. sinh at a/(s* —da?) (s > |a])
10. cosh at s/(s* —a?) (s > |a|)
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* 100
(1) 10 L0 grg—ersinx, (0 ? (16 )
dx dx
o) I I SR TS S (16 )
dx X
3 Inverse Laplace : L‘l{ 252 2} [ : convolution
(s°+1)
f(t)*g(t)ZIf(X)g(t—X)dX L{f (1) * ()} = F(5)G(9) ] (16 )
o%u(x,t) _ au(x,t) _
(4) o u(x, 0)=1
(O<x<L) uO,t) =u(L,t)=0 ( separation of
variables) (16 )
(5) F = xX*%+y?y+2°2 (divergence theorem)
ﬁlfodé S (0<x<l 0<y<l 0<z<l)
[ D [[J(veF)dv =fFedS ] (12 )
(6) 2L f(X) (Fourier series) ?
00 = ~1 (if —L<x<0) [ : aoziff(x)d)(’
1(if 0<x<L) L5
anz%_[f(x)cos%dx , bn:%:[f(x)sin%dx ] 12 )
1 0 1 3 2
7) A B C AB=C A=l1 1 0| C=[1 3
0 1 1 2 1
B (12 )
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Solve (3xey + 2y)dx + (xzey + x)dy =0.
Solve y"—4y'+4y = 32% :

o {17 A2

(17,,2)

Evaluate '[[nyzzdx+ (xzz2 + zcosyz)dy+ (2x2yz+ ycosyz)dz].

(0,01

Solve y{t)=t+ [y(r)sn(t— e

0

Find the Fourier series of thefunction f(x)=x+7z if —z<x<z and

f(x+27)= f(x).

20%

20%

20%

20%

10%

10%
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(20%) Solve the initial-value problem & — 2z + z = 6e’, 2(0) = 2, £(0) = 5.

. (10%) Using the convolution theorem (f * g)(t) = / f(m)g(t — 7)dr, find the inverse of Laplace

transform function F(s) = /.
$°+s

(20%) From the eigenvectors of the following 3 x 3 matrix, construct an orthogonal basis for 2R3

02 0
A=120 0
0 0 —2

. (10%) Sketch the extension function of half-range sine, and derive the corresponding expansion of

the following function
flz) =5z, on 0 < x < 4.

1
ay = 2—l/fa:da:

a, = / cos—dxnf12

HINT: Fourier coefficients

b, = l/ blll—d:ﬁ n=12,-

(20%) Consider a 1-D diffusion problem with mixed boundary conditions and initial condition

Pu Ou
2

u(x,0) =10, (0 <z < 2)
where D is the diffusion coefficient. Solve for u(z, ¢), and determine the steady state solution u,(x) =

Jim u(z,t).

t—o0

HINT: you might start to solve this problem from the general solution by separation of variables

w(z,t) = A+ Bz + (C cos kz + Dsin kx)e™" P,

(20%) By using residue theorem, evaluate

z
}{ —dz
C sin z

where C' is the circle |z] = 4 in the positive sense.
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1. Solve the following differential equations by using the Laplace transforms method.

@ y"(t)+3y"(t)+4y'(t) +2y(t) = 2u(t), where u(t) is the unit step function, (10%)
y"(0) = y'(0) = y(0) =0 and y(t) for all t<0.

(b) y"(t)+5y'(t)+4y(t) =26(t), where &(t) is the unit impulse function, y’(0)=y(0)=0 and

y(t) for all t<0. (10%)

2. The electrical network shown in figure is characterized by the equation
12y"(t) + 7y'(t) + y(t) = 2x'(t) + x(t) for t>0.

Find
(a) the frequency response H(w), (10%)
(b) the magnitude and phase spectra of y(t) assuming that x(t) =e"u(t), (10%)
(c) the time-domain expression of y(t). (10%)
L R,
RZ
X(t) y(t)

J! T l
3. Afair coin is tossed until a head appears. Let X denote the number of tosses required.

(a) Find the probability density function of X. (10%)
(b) Find the mean and variance of X. (10%)

4. Find the directional derivative of ¢=x’yz+4xz® at point (1, -2, -1) in the direction
2i - -2k . (10%)

5. Find the steady-state temperature distribution VT =0 for the semi-infinite plate, if the
temperature of the bottom edge is T=f(x)=x degrees. The temperature of the other sides is 0

degree, and the width of the plate is 10 cm. (20%)
Y a
T=0° T=0"
> X
T=1f(x)=x
1025




o

95.04.15

1

R R

(20%) Solve the initial-value problem zy’ —y = 2°, y(1) = 1.

(10%) Using the convolution theorem (f * g)(t)

transform function F(s) = —al—rr
% —a”

t
]f('r)g(t — 7)d7, find the inverse of Laplace
0

(10%) Find any two vectors in R® that span the plane 2z, + x5 — 623 = 2.

(20%) From the eigenvectors of the following 4 x 4 matrix obtain an orthogonal basis for R*.

100 1
0000
A=1000 0
100 1

(20%) The temperature distribution T'(x,t) in a 2-m long brass rod is governed by the problem

LOPT 0T -
o = By 0<x<2, 0<t<o0)
T(0,t) = T(2,t) = 0, (t > 0)

| 50z, (0<w<1)
T(w,0) = { 100 -5z, (1<z<2)

where o is the diffusivity of the material. Solve for T'(z,t). What is the temperature distribution
after a long time?

HINT: you might start to solve this problem from the general solution by separation of variables

T(x,t) = A+ Bx + (Ccos kx + Dsinkx)e ™,

(20%) Find all possible series expansions, with center at ¢ = 1, for

1—2z

1) = —

in certain domains, and specify these domains.
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Solve the following differential equation:
X—=Xxy—y'=0
Find a general solution of the following equation:

2X

yu_4yr+4y:e
X

. Using Laplace transform to solve the given equation:

y'+y=f(x), y(0)=5, where f(x)=23cost-u(t—
Evaluate § 2l
I'ze +3iz
and C isthecircle: x*+y*=4,z=1
. Find the Fourier coefficients of f (x) :{
f(x+27) = f(x)

. a. Find the eigenvalues and eigenvectors of A= {

b. Calculate A™

)

dz, where T isthe circle |z +3i|:2

-1if —7r<x<0
Lif O<x<rx

and

-1 2
0 1

(10%)

(10%)

(20%)

(15%)

Using Stoke’s Theorem to calculate §le .df , where F =-5yi +4xj + zk

(15%)

(10%)

(10%)

(10%)
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1. Solve the differential equation: (20%)
X2
2y —9x+(3x—-6—)y'=0
y

2. Solve the differential equation: (20%)
X2y" —xy'+y = 2X

3. Use the indicated substitutions, find a general solution in terms of Bessel function.
x?y" —5xy’' +9(x* —=8)y=0 (y=x’u,x®=2) (10%)

4. Solve the differential equation: (20%)

y"+4y' +5y =[1-u(t—10)]e' —e"5(t —10)
y(0)=0,y'(0) =1

5. If F=xyi +y?z]+2°%, evaluate ”(F -n)dS , where S is the unit cube defined
S

by 0<x<1,0<y<10<z<1. (15%)
6. Expand the following function in Fourier integral. (15%)
f(x)=e"

1028
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