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1. Short questions (60 points) ({2 Pﬂr"‘*‘ v ench Ffue:—h‘m)

),

11

4

@ T(x)= fe"t"’ldt , then

P
(b} Evaluate the real and imaginary parts of CO{—?’- —i 1113) .

cos mx
(©) f 1 dx =7 form>0.

(d)- Explain Gauss's theorem.
(e) Explain Stoke’s theorem.

(f) Express V¥ =0 inspherical coordinates.

d*y(x) . d*y(x) } 7 _
2. - 2 + 2 = * ) 0 = — = 0, A N

dix dix ¥ (x) € }’( ) by 5 find y(x). (20 points)
3, Find the function f{x,y) satisfying the Laplace equation

8° 6’
X é%y

=0 forx’+)y' =a,a>0;

and the boundary condition f{x,y) = £ for ¥+y¥=a
{20 points)
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. Solve the following differential equation: (15%)

2
%I—gi+ 2%+ y=0, boundary conditions: y(0)=1,y(1)=0.

. Show that eigenvales (A) of a real symmetric matrix A are real and that the

eigenvectors ( X ) are orthogonal to each other. (15%)

- — =T= . .
AX =M%, X X, =0, i#]

i

. Using the fact that: (15 %)

= y
fe dx= 5 »perform the definite integral E e™™ cosbx dx

. Compute the complex refracted angle 0, under total reflection. This occurs when

light enters from water (with high index »,) to air (with low index », =1) with an

incident angle 6, greater than the critical angle 6, =sin™(<-). You must express
",

this angle both the real and imaginary parts in a closed form with hyperbolic
functions (15%) (Hint: Apply the Snell law n,sin8, =n,siné,)

. a. State the Divergence Theorem and Stokes  Theorem. (10%)

b. Apply both theorems above show that: (10%)
V- (VxF)=0

Here F is a vector function of 3 spatial variables.

. Find the first two eigen-functions for the 2-D Helmholtz equation satisfying

Neumann boundary conditions. (Hint: apply the technique of separation of
variables.) Please denote Bessel function as ./ (z)and use %, as the { ™ root of the

derivative of the Bessel function: i.e./, (x,,) =0 (20%)

(V2 + K )u(r,0)=0, 7 (0,1, ee(o,g),

Ju(r,0)

o 0 on the boundary, i is the normal vector.
n
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1. Please find the radius of convergence of the series: i

m=0

é’;—(x — ) - (8%)

2. Please find the f{t) if its Laplace transformation is: 1_1(5 = I) . (8%)
s s+l

3. What are the eigenvalues and corresponding eigenvectors of the matrix A? (8%)

2 2 -3
A=l2 1 -6
1 -2 0

4. Please find the unit normal vector of the cone of revolution z* = 4(x* + y*) at
point (1, 0, 2). (8%)

5. By applying the Kirchbof('s law, please find the current i(t) in the RC circuit
{given in the figure of question 5) if ¥(t) = V,sinot. {8%)

— T %
R l »
v
i(t P
O it fo=
I 13
Question 5 Question 6

6. What is the curl of the velocity field ¥ of the rotating body shown in the figure of
: ¥

question 6. (10%)
7. Please show that the integral of 27 around the unit circle is zero. (10%)

8. Please find I( z -z ) dz» Where Z is a constant and the integration path C is
:

shown in figure of question 8 {15%)

| C
—  X

L

Question 8

9. Please solve the initial value problem consisting of equations: -

¥, =3y +8y, +1
, where v,(0) = 4, and y2(0) = -3. (15%)

;2 =~y -9y, +1
10. What are the solutions of f(x) = x* + x —1 = 07 (10%)
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(b) Please find its eigenvalues & eigenvectors. (10%)-

2 3+4i . .
1. 4 =[ ljl () Is the matrix A Hermitian, skew-Hermitian or unitary?

2. Please find the inverse of the given linear transformation: (10%)
x¥=19x + 2y ~9z
y¥=—dx -y + 2z
z¥=—2x +z.

Is+4

3. Please find the inverse Laplace transform of the function —
§ 4+ 4545

(10%)

4. Please evaluate the real integral: f %dx (10%)
=X

5. Find the Fourier transform of the function f(x). (15%)

F(x)= e ,wherea >0

6. Please solve the initial value problem:
Y =321y 161y =6y =0,3(1) =2y 1) =1yW=—4 = 5‘3;{—) (15%)
228 427 +4

7. Please evaluate c_& s
z Z

dz, Cthecircle |z 2| =4, clockwise. (15%)

* 8. Please solve x%+z—j=xr, u(x,0=0 if x20, u(0,/)=0 if ¢=0.(15%)"
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1. Solve xy’ =y + xy” (10%)
2. Determine general solution to y™’- y* ~ 8y’ + 12y = 7e* (15%)

3. (A) Show that f e*"dx:-ﬁj—;’i (10%) (B) Show that r[-;-]= VT (5%)

5 2
4. Diagonalizes A,A= |3 6 (15%)
6 6

O W N

5. Find the point (x, y, z) on the given plane x — y + 2z = 4, that is close to the point
A(2, 0, -1), and the shortest distance. (15%)

6. Compute the line integral _LF‘ (r)-df, where F(r)=3»*7 —x°J

C is a straight-line segment from (0,0} to (1,2). (15%)

2
7. Solve the partial differential equation: —aé“? = ‘zx—’j L0<x<m,t>0,

LC. u(x, 0) =x and B.C. %(o, = %(7:, =0 (15%)
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1. Please solve the initial value problem. .
(D' +4D" +8D% +8D +4)y = 0,3(0)=1.»(0)= 0,3"(0) = -2, »"{(0) = 2

(D =%) (15%)

2. Please solve the differential equation. (15%)
x(x-Dy"+(C8x-Dy'+y=0

3. Please evaluate the following integrals.

J"’%‘}'fmm > 1 59%
® b GreaE @) oW

3z° +2 _
! (b} Z , taken counterclockwise around the circle |z-2|=2 (10%)

———ee————(]|
| “(z=1)(z* +9)
4. Find the cenier and the radins of convergence of the following power series.

B (a) Z(-‘}—T:‘l)"z” (5%)  (by 327+ 32 12 4300 12T L (5%)

= 1450

i 5. Find the Taylor series of the following function with center zo=1. (15%)
. 227 +9z+5
Z}) = ————————
/@ z' 4zt -8Bz -12

i 6. In an experiment to monitor two calls, the Probability Mass Function (PMF) of N the
number of voice calls, is

! 0.1 n=0
04  n=1
LNORT " ,  Plesscfind
. n=

0 otherwise
(a) The mean square value E[N*} (5%) (b) The standard deviation oy (5%)

v 7. Fit a straight line to the given points (x,¥) by the method of least squares. (Ohm’s
law : U=R7} Estimate R from the least squares line that fits the following data.
(,UN=(3.0, 162}, (5.0, 255),{7.0, 360}, (10.0, 495). (10%)

8. Solve the following linear system by Gauss elimination. {10%)
2x, +5x, +7xy =23
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1. Solve the initial value problem:
y?+y=0.001x%y(0)=0, y(0)=15 (15%)

2. Findthevatueof [ F()dr = [FG) ()
when F(r) =[z,x,y]=z { +x j +y k and C is a helix:

r(f)=[cos t,sint,3f]=cost i +sint j +3¢ k (0 <t < 2m)

(20 %)

3. Find the Fourier series of the function:
fix)=x+n if-n<x<nm and f(x+2n)=1{(x) (20 %)

4. Find the currents I,(f) and I5(¢) in the figure below. Assume all currents
and charges to be zero at /=0, the instant when the switch is closed.
(15 %)

L=1nhenry C =025 farad
& iL

1 21
Switch <[ "}T a (Z r:}

t=0
Rl = 4 chms
E =12 wlts =—
LA
Rz = 6 ohms

5. Find the temperature u(x , f) in a laterally. insulated copper bar 80 cm
long if the initial temperature is 100 sin (7x/80) °C and the ends are
kept at 0 °C. How long will it take for the maximum temperature in
the bar to drop to 50°C? Assume physical data for copper: density 10
g/em®, specific heat 0.1 cal/g.°C, and thermal conductivity 1 cal/cm.s.

°C. (15 %)

6. Find an upper bond for the absolute value of the integral:

2
LZ dz , C the straight-line segment from 0 to 1+ (15 %)
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Y'+dy'+y =2cosx+3sinx ¥(0) =1 y'{(0)=0 -
(b)) MEHBLELIMTHIBAZER
y'-2y'+y=xtlet o
[t B8] (B EE 105 £209)
(B UBBRAFT—ERIHE  EH-HA-ERGEETEX B2 HH -

1 0
) RFFEmR2SMERSRET [0 _3}»

[k E - HE|(EEE105 E2205)
() Ch—RTARBzEAREv=-)it2],
HHSAEAFTEESR SR ERRAE— TR EHEEFTELX -

b) REHEF=22"-y -X"BB—EHH
£0<x<1, 02ys2, 0<z<424ES .

s I B — $%4v & # (harmonic function) & j L%dﬁl =0 -

. MR e R (H S 104 £205)

() HmusrERX du, +2Bu, +Cu, =F(x, y,u, u,u, ) ZRUFZ -

RABABU 2B - RASHA B - C2adRH LARARESR
(40 Laplace ~ # MR 2R GFEA) -

2xy
(x* +y?

by RigWHu= — A Laplace 7R A2 — % -

)

[ (BN RE105 0 H204)

2

@ neEEpERf——d
2
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1. About Basic Concepts. (15%)
(a) What is Calculus? (5%)
{(b) Describe its relationship with Mathematical Modeling. (5%)
(c) Give one specific example of usmg Calculus in the model formulauon (5%)

2. About Limit. (10%)

(s) Evaluate lim /(x) where f(x) =1 x~1 - <l (5%)

Jl—xifx=1

{b) Find the intervals on which the function f(x)= (xz —4| is continuous. (5%)

3. About Derivative and Integral. (35%)
(a) Evaluate dy/dx given the condition that y is a differentiable function of x that

satisfies sin(x” +y) = y*(3x +1). (10%)

d‘-lx x ‘
oyring SV g 2)

{c) Evaluate f x’dx by using the definition of Definite Integral (the limit of a
Riernann sum) {10%)

(d) Find j'“"xdx (7%)

4, About Sequences and Series. (10%)

(2) Show if the sequence n% is convergent or divergent? (5%)

x+1

(b) Test the series Zﬂ—— for convergence. (5%)

x=1 X -

5. Find the magnitude of the shadow area and its centroid (¥, ¥ ). (15%}

yi
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6. A pipe flow it’s maximum velocity (¥,,,, ) locates at the center of the pipe, and it’s

velocity profile as show in the diagram. Find the average velocity- ¥ of the pipe in
terms of ¥, . (15%)

g rom={ (3]

7 R:The radius of the pipe

i

= )
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!+ [Ordinary differential equation} 10%
Evaluate a general solution for the following second-order differential equation:

3
Y2ty =xle”

2 ~ [ Ordinary differential equation) 25%
Solve the following initial value problems in second-order differential equation;
1. (D' +2D+10)y =10x* +4x+2, p(0) =1, »'(0)=-1
2). (D*+4D+ 1Dy =2cosx+3sinx, p{0)=0, '(0)=0

3 » [ Partial differential equation)] 20%

Linear partial differential equations, Au,, +2Bu  +Cu,, = F(x,y,u,u_,u,}can be

7::y

classified into one of the three types: elliptic, parabolic or hyperbolic, depending on the
condition of B* -44C.
1). Indicate how the condition of B® —44C is linked to each of these three types and
also provide a typical mathematical equation for each of them.
2). Prove u=2xp/(x* + y*)?is a sclution to the Laplace equation.

4 - [ Laplace transform J 15%
Solve the following initial value problem by the Laplace transform
Y'=5y"6y =r(t), where r(fy=4e', for0<t<2, and =0, fort>2;
with initial conditions y(0)=1, and »'(0)=—

5 « [Fourier analysis) 10%
Find the Fourier series of f{x} = ¢ on [0, 1].

6 ~ [ Vector analysis) 10%
Evaluate the surface integral H(curlF) s nd4, given
§

F=[-e"e"¢"], Sthesquare 0<x <], 0<y<], z=x+y

7 ~ [ Residue integration] 10%

2

dz

Evaluate the following integral f a
sin4z
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1. What is the purpose of Calculus? Describe the contents that you have studied in
the college'? {10%)

2. Bvaluaté the following limit values (20%)
sin{ax)

@ l}_l}}sin(bx):? %)
(b) 111?;:*:? (5%)

© limrsinl/x))="2 (5%)

x=0

@ hmx 25 > (%)

X2

3. Evaluate the followmg derivatives (20%)

@ L(esinm)=7 (W N

(b) %(sin-'(xg))ﬂ (5%)

(c) i(iu)“:? (5%
dx

({ -3x .
@ — J[ tan(f)dr =7 (5%)

x

4. Evaluate the following integrals  (20%)

@ | (—x;'f:ﬁgabr =7 (5%)
(o) [3dx = (5%)
{c) Txe'z’dx =7 (5%)
9

(@ j(x— 2) =7 (5%)
1]
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5. An environmental study of a certain suburban community suggests that the average
daily level of carbon monoxide concentration in the air is described by the formula

C(p)=+J0.5p* +17

Parts per million when the population is p thousand. It is estimated that ¢ years
from now, the population of the community will be

p)=3.1+0178
What will the change rate of carbon monoxide concentration be after 3 years from
now?  (15%)

6. A quarter circular plate with radius 3m is shown in the figure. Use integral method
to find its area, and find the Centroid (X,¥) of the plate. (15%)

v
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1 » [ Ordinary Differential Equations) 36%
(2) Rind the general solution of (1+2e"”) dx+2e"(1-x/y) dp =0
(b) Find a second solution of the following 2™ order linear differential equation using the given y,:

(l—xz)y"—2xy'+2y=0, W=z

2 » [Linear Algebral 20%
{(a) A linear system Ax = b of m equations and » variables. State under what conditions the linear
syslem will have solulion(s), a unique solution, and infinitely many solutions,

31 1
(b) Givenamatrix A=|1 0 2|, find its orthonormal basis of eigenvectors for R>.
1 20

3 - [ Modeling Spring Motion ] 10%
Suppose that a body of mass m slides without friction on a horizontal surface as shown in the
following figure. The body is aitached to a spring with spring constant & (the damping force of the
spring is exciuded), and is also subject to viscous air resistance with coefficient -y (the higher speed,
the more air resistance}. Formulate a differential equation to simulate this spring motion system, and

briefly describe how to solve it

20

4 ~ { Laplace transform and solution by undetermined coefficients } 20%
(a) Solve the following linear differential equation by Laplace transform

y'42y+y=e ', for initial conditions p(0)=-1 and »'(0)=1.
(b) Solve the following linear differential equation by solution of undetermined coefficients

y42y+y =e”f, for initial conditions y(0)=-1 and p'(0)=1.

5 » [ Fourier analysis] 10%

 Find the Fourier series for a periodic square wave given by the function

0:{‘){'_2<x<—1
fxy=skif-l<x<lip=2L=4,1=2

0,ifl<x<2
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6 ~ [ Vector analysis — divergence - conservation of mass in fluid fiow]} 10%
Consider the flow through a rectangular box R with dimensions Ax, Ay, Az parallel to the Cartesian
coordinate axes. The velocity vector of the fluid particle is v = [v,,¥,,v;] = wi+vaj +vik. From
conserving the flux of fluid mass entering and leaving the boundary faces of the box per unit time,
derive the continuity equation of a compressible fluid flow, i.e., '

-Bp

——+di =0,
oy wv{(pv)

PAY, + PAY, " PAY, )
Ax

where the divergence div(pv) = " -
Y4
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(1) (20%) K2 T agdmF X
@ ¥ +iy=3"y(0)=1 (10%)
() ¥ +2y -3y=8e" +5(r—1),1(0)=3,)(0)==5 , 5() & BRI (unit
impulse function } . (10%)

(2)(10%) ExesErg A=

O = =
— by WL I
—_— o o N
N = N A

(a) KM A # rank. (5%)

(b) A —EAEEAhAX=0, A RRIATSNER. £E% A 8 null space
BUE T & nullity. (5%)

(3) (10%) The velocity vector v of an incompressible fluid rotating in a cylindrical vessel
is of the formv = wxr, where w is the rotation vector and r is the position vector.
Show that there is no divergence in this flow field.

@ (10%) k@M [[Fendd, F=[£,0,2] 5 BkE 5+ 45 =4,

(5) (10%) FKsinx, 0<x < % Fourier 4% 3;,

(6) (15%) ;}‘iia" cosnl 2 iR & fn,

n=o

{7y (15%) ¥ i Fourier integral.

2 2
(8) (10%) \%&%&&ﬁw%ﬁgf Z}—f%—‘f—()ziaﬁ-’%

362



B RS (S AL EREES]

ERANIEE FRRE XY LR R

£ B F

L

1. (20%) About Continuity.
a) The temperature on a specific day at a given location is considered as a function of time. Is this
special function a continuous function? Explain your answer, (7%) 7
b) The charge for a taxi ride is considered as a function of mileage. Ts this special function a
continuous function? Explain your answer. (7%)

§in ax if x<0
x
c) Given areal function f(x}=< 5 if x=0, find constants ¢ and & so that f{x) is continuous.
x+b if x>0
(6%)
2. (15%) About Limit.
a) Determine lingcos(lJ (7%)
X— X
e* —1
b) Determine lim—y-—-—— (8%)
0™ g™ ]
3. (20%) About Differentiation.
2x _ 16
a) Find the derivative 2 in terms of x alone using y = Te@#)—— (10%)
dx (x +5)(4-7x)

b} In ahealthy person of height x inches, the average pulse rate in beats per minute is modeled by
the formmuia P(x) = 596/ Jx, 30<x<100.Estimate the change in pulse rate that corresponding

to a haight change from 59 to 60 inches. (10%)

4. (30%) About Integration,

a) Evaluate _ I Jsin x In(2 + cos x)dx (15%)

b) Evaluate Ixawfxl—ldx (15%)

5. (15%) About Infinite Series.

L2 k] : .

a) Test the series 2—3——2— for convergence or divergence. (7%)
el A e |

. , : LS (xr D)

b) Find the interval of convergence for the power serlesZ—k—

k=l

. (8%)
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1. (20%) RABTFFEHAFRA.

(a) (10%) x*y +x’y=2y™°

(1) (10%) ¥ +3 -2y =—6sin2x-18cos2x, (0)=2,y (0)=2

-1 _
2.(10%) #IR BAT F) &) 5 i 4% i 5 & 3 47 (Laplace) ¢4 3 43455 Liz (j—i)}
3.(10%) BB T A MERS A,
5 6 -15
(a) (2%) % hsEM A 1-3 -4 9 |&f(rank).
5 0 -1s5

(b) (6%) FH bsEME A #4548 (cigenvalues) S24540 & & (eigenvectors).

() (2%) HREEHER A # £1695 (diagonalize the matrix A)? FLEHAR A EE & 2
4.(10%) Lso—mBRHF=zi-xzj+yk AL R the @(surface)S £ §: 2 +9y? +42% =36

»x20,20,220 > 3t B 338 24 5 (flux integral) [[F-ndd

K;
1 . s 7 el . x .
5. (5%) %0 ——— & Fourier Transform % - /- + R —, Re(a) <0 #) Fourier
a +x 2 a (az +x2)

Transform.
6.(15%) # [ PDE

(a) (10%) # ¥ PDE

THEIBAARABTRET BEH o) FHRERGLHA () HiEE LB IR
B AR y AT o

(b) (5%) LA L2742 Rk B/ 60/ 4 b 4 W — SR ¥ 427
7. (20%) Fourier Series #1 Parseval Relation

(@) (10%) B f=x-7<x<m fix+21)= fix) » £ f & Fourier Series °

(5) (10%) Réasedn >
8. (10%) E&ﬁ%éﬁs’vﬁfg%ﬁ%i%dz F LT Y T T Y PN
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1. (20%j Find the derivative for the following given fumctions with respect to x or dor i:

-Anx
@ fO=25 ®) fO)=1z @ J0=Y D @ f=n A

1-siné x!

. N a’y 8z 8z
2.(10%) Given(a) x> +y*=25,find —; = ye®* + x1Iny?, find — and .
(10%) (@) x"+y e (b) z=yp ny e axy

3.(5%) Find the limits for:

3.._ —_—
@ Hm—": ® lim>——.

= X ]- x=0 X

4.(5%) If the bacteria growth in a culture can be expressed as a function in time #, such as

Py = 10(}0[1 + 5041 3 J, where the initial number of bacteria was 1000 and ¢ is for the time in hours.
+1

Find the rate of population growth for the bacteria when 1 = 2 howss.

5.(10%) Find the relative extrema for function f(x)=-3x’ +5x°, using first and second order
derivatives to assist the classification of either a maximum or minimum.

6. (40%) Find the integral for each of the following functions:

dx
(a) (15%) -[W .
() (10%)  [[sinx-In(2+ cosx)}dx .

©5%) [Vi6x:2x*-23 dx.

7. (10%) About Series

{a) (5%) Test the series Z S;k for convergence or divergence.
k=1
@ 2k xk
(b) (5%) Find the interval of convergence for the power series ) P’
k=1

* [R#[ %
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(1) [Ordinary Differentiai Equations (24%)
(a) Find the general solution of y'(sinh3y —2xy) = )*. (8%)
(b) Solve 3" +2) +2y=4e ™ sec’x. (8%) :
(¢} Solve xy"+{l-x)y +ny =0 by Laplace Transformation, where »nis a non-negative
integer. (8%)

(2) [Linear Algebra] (10%)

Reduce 2x; +12xx,—7x; =10 to principal axes, and express [x x,]%in terms of new
variables. (10%)

(3) [Vector Caleulus] (16%)

(a) Given f =xy—yz, v=[2p,2z,4x+z], w= [322, 2x* -y, yl], find D, f
(directional directive of fin the direction of v) at (2, 3, 1) and [(curl V) x w] sw.(8%)

(b} Find the work done by a force F = [xz, ¥, yzx] along the curve C: the helix
r =[cost, sint, 3t 0 <1< 7/2. (8%)

(4) [Partial Differentiation Equations} (24%)
Linear partial differential equations, Au,, + 2Bu,, +Cu,, = F(x,y,u,u,,u,)canbe
classified into one of the three types: elliptic, parabolic or hyperbolic, depending on the
condition of B* —4A4C.
(a) Indicate how the condition of B? —4AC is linked to each of these three types and
also provide a typical mathematical equation for each of them. (15%)

(b) Prove u=2xy/(x* + y*)*is a solution to the Laplace equation. (9%)

(5) [Fourier Analysis] (10%)

Find the Fourier series for f{x) = x within the range of 0 <x <27, (10%)

(6) [Selution by Laplace Transform and Undetermined Coefficients] (16%)
Solve the following linear differential equation y"+2y"ty =™, by
(a) Laplace transform for initial conditions p(0)=-1 and 3'(0)=1.and (8%0)
(b) Solution of undetermined coefficients for initial conditions 3(0) =—-1 and Y=l
(8%)
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1.(20%) Find the first derivative for the following given functions with respect to x:
4+2x

@ f(x)=
e

. ) f@=rte; (O f()=5mx’+1 ; (@ xIny-yinx=8.

2

2.(10%) Given (@) ¥ +y* =3, find 2: and ‘;xf;
62
% 4 xIny?, find ——-and

(b) z=ye ¥, Fret
3.(5%) Find the limits for:

x -3 J_ -1

(@ llm =
X3y TG

4,(5%) A circular cylindrical container is 20 ¢cm high with 6 cm in inner diameter. Initially, the container
is filled of water to its full height and is placed vertically. If a small hole is punctured at the bottom of the
container and allows water to discharge by gravity. Estimate the rate of decrease in water surface level
for the initial rate of discharge at 12 cm® per second.

5.(10%) Find the relative extrema for function f(x)=2x —3x?", using first and second order
derivatives to assist the classification of either a maximum or minimum,

| @ I e
: f+ 1
! ®) j iz 4
?E
i (©) _{[sinx-lu(2+cosr)]dx
i
B 2
@ [ LLY
l x
Ik: 7. (10%) Questions in power series:
j () Test whether the seties Z i ; 12 is in convergence or divergence.
=0 I
!' (b) Find the Fourier series for fx) = x within the range of 0 <x <27.
“ ? - 367
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1. [Ordinary Differential Equations] (20%)
2
(@) Use two different methods to solve the ODE: — 2xsin(x?)dx -+ Eg%—(f_—)dy =0.
y
{b) Use Laplace Transformation to the IVP (Initial Value Problem)
Y'+5Y +6y=0(t—1m)+u(t—m)cost, p0)=0,y(0)=0, where () is an unit

impulse function and () is an unit step function.
2. [Linear Algebral] (10%)

(a) Given a homogencous linear system, whose number of variables is 54 and the number
of equations is 30, will this linear system have non-trivial (i.e. non-zero) solutions and
what’s the dimension of the solution space (you may make some assumption here)?
Explain your answer?

7 0 3 0 ‘
(b) Given A= T'AT, where A=|2 | 1[T= 01, Find the ecigenvalues for
2 0 2 1

o e O
e e

both A and A .
3. [ Vector Calculus] (20%)

(a) Givenacurve C:x* + y* =4, z=6arc tan(y/ x), repreéent the curve by the
parametric form. Find the length along the curve from (2, 0, 0) to (2, 0, 24%).

(b) Evaluate the surface integral ”cur! FendA, whereF = [y‘“, -x, Ol S:xt+yt <,
5
z =0. Then verify your answer by Stokes’s theorem.
4. [Partial differential equation] 20%

Linear partial differential equations, Aw, +2Bu , +Cu,, = F(x,y,u,u,u ,)canbe

classified into one of the three types: elliptic, parabolic or hyperbolic, depending on the

condition of B> -4A4C.

(a) Indicate how the condition of B> ~4A4C is linked to each of these three types and
also provide a typical mathematical equation for each of them. (15%)

(b) Prove u=2xy/(x*+ y*)*is a solution to the Laplace equation. (5%)

5. [Fourier analysis] 10%
Find the Fourier series for a periodic square wave given by the function:

0,if —2<x<~1
FO) =kif -1<x<lp=2L=4,1=2 368
0,ifl<x<?2
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6. [Residue integration) 10%

_n2
o
dz

Evaluate the following integral i ind
z

7. [Modeling spring motion) 10%
Suppose that a body of mass m slides without friction on a horizontal surface as shown
in the following figure. The body is attached to a spring with spring constant & (the
damping force of the spring is excluded), and is also subject to viscous air resistance
with coefficient y (the higher speed, the more air resistance). Formulate a differential

equation to simulate this spring motion system, and briefly describe how to solve it.

0
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Part 1: Differentiation and limits (50%)

1. (20%) Find the derivative for each of the following given functions with respect to

xor Gor A:
(a) f(x)—xj;; ) £ =Y -1 ;
© FO=—2-s @ f=mtE

2

2. (10%) (a)Given x’+y*=25, find ‘;xg’;

0%z
oy
3. (10%) Water discharges into a large conical tank with its top open. The radius of the top

(b) Given z=ye™ +xIny’, find f—;and

1s 5 m and vertical height of the tank is 10 m. If water is running at the constant

rate of 2 m® per minute, how fast is the water level rising when the water is 6 m

deep from its bottom tip? [ Hint: Volume of a whole conical shape = nr*h/3 ]
4. (10%) Find the limits for:

@ 1 21 I Jr+l-1
}—1:9\/3x2+x+1, }_I,P x

Part 2: Integration (50%)

x+2
5. (10%) ‘[:\/2—:*

cos2x
6. (10%) jsm 2xdx

—X

7. (10%) I—+e dx

2 x
8. (10%) J-x e dx

9. (10%) Find the area of the region bounded by the graph of

y=—2  with y=0, x=0,and x=4
x> +9
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1. (10%) We would like to evaluate an integral involving the derivative of the Dirac

& -function.
(a) Consider I= [  cost&'(¢ —%) dr. Let u(t)=o(t -i;_) . Then I= [ costdu.
Make use of integration by part to obtain the answer.

(b) Find the a general formula for Ex(t)& "(t—t,)dt .

2. (15%)Let x(f) bearectangular pulse defined by x(¥)= 1, {t]<1/2 and x(#)=0,
otherwise. The corresponding Fourier transform is denoted as X {(jo), ie.,

X (jo)= [:x(t) exp(—jot)dt. Calculate

(@ X(ja),(®) [:S‘““’dm © Ewd

3. (10%)Let F=a2xy+dx"+d,(z—1). Evaluate the line integral r::?)ff' -d? along
aparabola y=x onthe xy plane.

4. (14%)
(@) (6%) Let AeR™. Showthat N(ATA)=N(4).
() (3%) Let U and V be subspaces of a vector space W and suppose W=U+V.
Showthat UV ={0} ifandonlyif forany we W, there exist aunique uelU anda
unique veV suchthat w=u+v.

5. (16%) Let Ae R™ have no cigenvalues being 1 and -1i.
(a) (3%) Show that AT =—4A if and only if e isan orthogonal matrix for all «.
(b) (8%) Showthat A" =—A ifandonlyif (- AY(I+A)”" isan orthogonal matrix.

6. (15%) Find the
equations general solution of the following differential
6xy dx + (4y + 9x2 )} dy =

7.(20%) Use the La

lace t : .
value problem: P ranstorm to solve the following initial

y" + 2y + 2y =sint , y(0) =1 , y'(0) = 1.
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1. (15%) Let x(f) be arectangular pulse defined by x(t)=1, [f{<1/2 and x(1)=0,

otherwise. The corresponding Fourier transform is denoted as X (j@), i.e.,

X(joy= [ x(t)exp(~jor)dr. Calculate

smco o, J:Slﬂﬂ)l’.‘-OS(Z&)) do
@

@ X(jo), ) [[—
| ) o
2. (10%)Let F=a2xy+d,x’+d,(z—1). Evaluate the line integral fﬂ;:F-de along

aparabola y=x* onthe xy plane.

3. (16%) :
(a) (8%) Let Ae R™", Showthat N (ATA)= N(A).
(b)(8%) Let U and V be subspaceé of a vector space W and suppose W =U+V,
' Showthat U[1V ={0} ifandonlyif forany we W, there existaunique uel/ anda

unique veV suchthat w=u-tv.

4, (24%)
() (7%) Let Ae R™". Show that A is skew symmetric if and only if et

all z.
(b) (6%) Consider the dynamic system

= (1 0].‘((1‘) with x(0)= [ /3] [g]

Use similar transformation technique to diagonalize the system matrix, then solve x(r).

! is an orthogonal matrix for

() (6%) (i) Find the size of x(¢) in the normed space (R2,01-1,) forall £=0.
(ii) Findall 120 such that x(t) is orthogonalto x(0).
(d) (5%) Explain the resuits of (c) from exploiting the property proved in (a}.

5.(15%} Find the general solution of the following differential

equation:
6xy dx + {4y + 9x2_) day =

6.(20%) Use the Laplace transform to solve the following initial
value problem:

y" + 2y’ + 2y =sint , y(0) =1 , y'(0) = 1.
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1. (20%) A periodic function with a period 2 is defined by x{(1) =|lt-1|, 0<r<2. Expand

x(t) in Fourier series

x(t)= i X{kle™™ =a, -l-Z[a,{ cos(ke t) + b, sin(kw,!)], where @, is the fundamental
[ k=1
angular frequency. Determine
(a) X[k] (5pts),
(b) a, and b, k=123, (10pis),

{c) iai cos(L kew,) . (Spts)
k=1

2. (15%) In the following ¢
(a) Show that if ¢é-A=&-B,wehave A=B.(5pis)

is an arbitrary conslant vector.

{b) Prove I Vx Fdv = (Ld‘s' % I, where the surface § encloses the volume ¥, Hint:

Apply divergence theorem 10 V. (Fx&).

3. (15%) Let L be the operator on P, the set of all polynomials with degree less than 3, defined by
L{p(x)) = xp'(x) + p"(x).

(1) {6%) Find the matrix A representing L with respect to the ordered basis [1, x, x*].
() (9%) Let p{x)=a,+ax+a,(l+ x*), where a,, @,and a, are arbitrary real nwvbers.  Please find

the polynomial L°(p(x)) intermsof a,, @, a,, and n.

4. (15%) Let AeR™", Be R™ .and C=AB.
{2) (6%) Show that if A and B both have linearly independent column vectors, then the column vectors

of matrix € will also be linearly independent.
(b) (9%) s the converse statement “if all columns of matrix € are linearly independent, then A and
\ D
B both have linearly independent column vectors™ also true?  Prove it if your answer is YES.
Otherwise, give a counter example (o show that it is WRONG,

5.(153)Find the general solution of the following differential eguation’

e’ dx + | e’ cot y # 2y vscy ) dy = 0.

6.(10%) (a) Find the lLaplace transform of the Following function

i1
1 -————\
o ! 2 3 ;¢
(10%){b) Find the inverse Laplace transform of the following function
sz— 4
(52 + 4)2
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i, (10%) A periodic function with a period 2 is defined by x{(f)=]r~1], 0s¢<2. Expand

x(t) in Fourier series

x{1)= Z X[kle™™ =a,+ Z[aJE cos(ka,t}+ b, sin(ka,)], where @, isthe fundamental
: k=1

k=—n
angular frequency. Determine
(a) X{k] (5pts),

(b) iak cos(3 kay,) . (Spts)
k=1

2. (15%) In the following & is an arbilrary conslant vector.

(a) Show that il . A=é B,wehave A=8.(5pts)

{b) Prove .[ Vx Fdv= (LdE x I where the surface S encloses the volume 7. Hint:

Apply divergence theorem o V A xE).

3. (20%) Let L be the operator on P,, the set of all polynomials with degree less than 2, defined by
L{p(x)) = I+ x+{x+5)p'(x).
(1) (6%) Find the matrix A representing L with respect lo the ordered basis £ = {1, x].
(b) (14%) 1If p(x)=c,+¢x, where ¢, and ¢ are any real nambers, then L'(p(x))y liesalsoin F.

Let's denote L™(p{x)) = o+ fx. Please ind o and g intermsof ¢, ¢, and n.

4, (20%) Let Ae R™, BeR™,and C=AE.
(2) (12%) Ts the statement “if all the columns of matrix ( are linearly independent, then A and B
bolh have linearly independent column vectors” we? Prove it if your answer is YES.
Otherwise, give explanations, based on the knowledge of linear algebra instead of explaining by a
counter example, of why you think it is WRONG.

(o) (8%) Is the statement “if A and B beoth have linearly independent column vectors, then all the
columns of matrix C are linearly independent” true? Prove it if your answer is YES.
Otherwise, give explanations, based on the knowledge of linear algebra instead of explaining by a
counter example, of why you think it is WRONG,

54158 Find the general solution of the following differential eyuabion:

exdx-}(excoty+2ycscy}dy:0.

6.(10%) (a) Find the Laplace transform of the following function
' iy

VN

I 2 3 4

t

{10%)}(b) Find the inverse Laplace transform of the following function

s2— 4

(s? + 4)?
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[. (35%) In this problem, {ili in the pnderlined blanks. Wri_le'yon answers in the answer sheet.

The detailed derivation is NOT required.
Part I (15pts). Suppose x(t)=f*, —m<t<n,and x{t+2z)=x(). Expand x(#) in
tertns of Fourier series (D =a,+ Z[“k cos(ka,t)+b, sin{kay)], where @, isthe
%41

fundamental angular frequency.
{a) Whatis «a,, k=12,---7 Answer 1y .
(b) Whatis b, k=12,--7 Answer (2) .

- =1 1 1 1
{c) Evaluate the series at t=x fo get Zk—2=1—2+?+3—2-+~~= 3y .
[
Part 11 {(10pts). The Fourier transform of x(¢} is defined as

1, 0<r<d

X(jay 2 Eﬂx(t)e""‘” dt . Suppose x({)= {O ol * and x(7) isodd.
f 2

(2 Whatis X(jw)? 4.
(b) Compute ‘[‘JlX(jco)jz da=__ (5} .

Part JH (10pts). Let field A= @’ existin aball of radius 1, where F=dx+ dy+az is

the position vector, »=|7|,and &_ isthe unit vectorin 7 direction.

(a) What is the volume integral LV-}I‘dv over the ball of unit radius? (6) .

(b) Whalt is the surface integral J./Z -ds over the surface of the top-half hemisphere of the ball

of unit radius? (A

2. (15%) Let L:V — W be aone-lo-one and onto Jinear ransformation between vector spaces ¥V and
Wowith dim(V)=r=dim(W). .
Show that;  iftheset {x,,-++, %} isabasis for V, then the set [L(x,),--, L{x,)} is abasis for W.

1 0 2 -2
3. (15%) Given A=}0 1 —1 3| andletits column space be denoted by R(A).
-1+ -3 5

fa} (6%} Whatis R(A)', the orthogonal complement of R(A}7
(b) (9%) What is the projection matrix that will orthogonally project any vector b e R* onto R(AY'?

4. 1158)Find Lhe general solulion of the following differential equation

(=xy Sin x + 2y Cos x)dx +(2x Cos x)dy = 0

5.410%) (a) Find the Laplace transform of bthe following function
Sy
'

4
- ' ' L 3
1
'
1
)

{(10%)(L) Find the inverse Laplace transform of the faollowing function

g + 12
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1. (25%) In this problem, fill in the underlined blanks. Write you answers in the answer sheet.
The detailed derivation is NOT required.
PartI(15pts). Suppose x(s)=t*, —mw<t<m,and x(t+27)=x(f). Expand x(f) in
terms of Fourier series x(f)=a, + Z[ak cos(kayt) + b sin(kw,t)], where @, is the
k=1
fundamental angular frequency.
(3) Whatis a,, k=1,2,---7 Answer .
(b) Whatis b,, k=1,2,---7 Answer 2y .
(c) Evaluate the series at t=7 to get Z% = llz"“%*’%z*”' = [€)
k=t
Part Il (10pts). The Fourier transform of x(¢) is defined as

? and x(t) is odd.

Ca it 1, O<t<d
X(jw)= Ecx(t)e " dt. Suppose x(t)= N

0, t>
(a) Whatis X(jw)? 4 .

() Compute [ | X(jo) do=__(5) .

2. (25%) Let V and W be vector spaces with dim(V)=r=dim(W) and let L be a linear mapping
from V to W, ie. L:V - W is linear. Let {x,,---,x,} be a set of vectors in V with the
corresponding image set {L(x,),---, L(x,)} lying in W. In each of the following questions, please first
answer the question then prove the statement based on your answer.

(a) Under what condition (or conditions) of L will the statement “if the set {x,,--+,x,} is linearly
independent, then the set {L(x,),---, L(x,)} is linearly independent” hold?

(b) Under what condition (or conditions) of L will the statement “if the set {L(x)), -, L(x,)} is
linearly independent, then the set {x,,---,%,} islinearly independent” hold?

(c) Suppose the condition (or conditions) proposed in (a) hold. Under what extra condition (or conditions)
of L will the statement “‘if the set {x,,---,x.} isabasis for V, then the set (L(x)),--, L(x,)} is
abasis for W” hold?

(d) Suppose the condition (or conditions) proposed in (b) hold. Under what extra condition (or conditions)
of L will the statement “if the set {L{x}), -, L(x,)} is abasis for W, then the set {x,,--,Xx,} is
abasis for V7 hold?

Now, let’'s denote E={x,,-,x,} and F={y,.--,y,}] as two bases for V and denote
G:={L(x)), -+, L(x,)} and H:=(L(y,),---,L(y,)} as two bases for W. Let P be the transition
matrix from basis E to basis F and let Q be the transition matrix from basis G to basis H . Denote

A as the matrix representation of L with respect to bases E and G, and denote the matrix
representation of L with respect to bases F and H by B. Please answer the next guestion without
giving any proof.

() Whatare A and B, respectively, and what is the relationship between P and Q7

3. (15%) Let Ae C™. Show that:
@ (7%) if IAx), = lIxH, forall xeC" then (Ax,Ay) = (x,y) forall x,yeC".

(b) (8%) A is aunitary matrix if and only if TAch, =flxll,.
4.158)Find the general solution of the following differential equation

(-xy Sin x + 2y cCos X)dx +(2x cos x)dy = 0

5.110%) (a) Find the Laplace transform of the following function

1 1t
l/\z 3
t
\ i s + 12

-1
(10%)(b) Find the inverse Laplace transform of the function

amd

s2 + 10s + 35
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Part I (135pts). Apcnodlc signal x(t) hasaperiod =2 and

1, tje ] ] = .
x() = I#t< . Represent x(f) in complex Fourier series x(¢) = Z X[kl ,
0, 1<ricl ol

where @, is the fundamental angular frequency. Find

(@ X[0]=__ (1) . () X[0]-X[]+X[2]--=__(2) .(c) iX"[k]: 3y .

Jm—c0

Part IT (10pts). The Fourier transform of x(¢) is defined as

L Jrkg

X(jw) 2 He ™ dr. S =4 . .
(jw) ﬂx( Je uppose  x{f) {0, otherswise

(a) Find X( j'fr) =__(4) .(b) Calculate the following convolution integral
sin(zr) sm[Zn'(t 7)]
dr
[ - = .

2. (40%) ‘This problem contains two parts with 20 points in each part. ONLY ANSWERS WITHOUT
PROOF are required in both parts,

Part | %S5 6o T8 - b8 F4H ABE £ F 207 wRME ARG - MEE 0 EIRHME - 3

BAEIEIE HHIRA MR EHGRS - BT AT HEMER T

(S1) If a>b and b>c,then aZc. _

($2) Let Ae R™".Then matrix A issingular if and only if det(A)=0.

{83) Let AeR™. Then all columns of matrix A are linearly dependent if and only if null space
N(A)={0}.

REH R R T A FdSAHRE - AP EHALRNEA - BLBEHERLT !

answer for Part I _
wrong statement  correction {may be written in Chinese)

82y . The staternent is true only when A is a square matrix, i.e. when m=n,
(53) N(A)={0} should be corrected as N(A)= {0}.
XME

. PEASALANE B8 BAheE- AT RAEENEETEE TP TRA -

2. EREPLEEF(SIHETEER : " only if part”#cifl # 49 linearly dependent # g linearly
independent « B sb B @ MAEALR » #—AE | FHRBEGHK—MAE LIRS OLNTHPY » HLE
#“only if part”#A<if part” i &4k fp @ By EL0F » Tk R ENGT part” freg 4k (Eop AR
“only if part” ¥ il A B A ) - FHT - ARG ER—ERLBROER -

A EE T K G

o H-MEARHEL2 N pREMAREGEELES - AITES 3 4 (Bib H— 055 RR R E5K
HREEXATHFHS & Ao ENTRESGEERRE - ETHE 20 9) - o RBIF TR ERFFHRH
HEERES MEHAMRGEER 1 & MR 1o RRM T EAASHIE - 287 RHAR4T
RE-AHTRH2.

o F—EBROSHAERFTTRUAEE)S ik 4 9 Af > Jodreh st UM LBIH 2058 F€¢H
x| Part IE s 4F 3 »

Bt RGPS R LAt ATHE 104 - 22 pREGERET

answer for Part I: '
wrong statement  correction (may be written in Chinese}

(1)) a=>c¢ should be correctedas a>c.

_ (83} N(A)={0} should be corrected as N(A) = {0}.
AR a488) 1 % - B4R ATAT8E-
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Part I (20%): Let m and n be any two positive integers and let Ae R™ and be R" be arbitrary.
We use R(A) to denote the range or column space of A and N(A) to denote its null space. In the

following (S1) to (S8) eight statements, at least four of them are wrong. Please choose arbitrary four
statements that you think are WRONG and write the correction as simple and precise as possible in your
answer.

(81) FEither exist xe R" to satisfy the linear $ystem Ax=b or exist ye R"N(A") such that (yf: b)#O.
(S2) Either (b, Ax)=0 for VxeR" or (b, Ax)>0 forevery nonzero x&R".

(83) Matrix A has a right inverse, i.e. 3B R™™ such that AB=1,, if and only if A is full row

rank, i.e. all rows of A are linearly independent. In that case, the linear system Ax=b is always
consistent, i.e. it is always solvable.

(S4) The linear system ATAx = A"b is always consistent if and only if matrix A is full row rank.

(S5) Matrix A”A is nonsingular if and only if matrix A is full row rank. In that case, the linear system
Ax =b has at least one solution whenever it is consistent. When the linear system is inconsistent,

however, it has a least squares solution described by the vector X=(A"A)"A'b , ie.
NA%~bll, < NAx-bll, for Vxe R".
(S6) Suppose A is not a full rank matrix, i.e. assume rank(4) = k < min{m,n). Then 3Qe R™

and Re R™ such that A = OR, where all columns of { are orthonormal and R is a
non-square uppet triangular matrix.
(S7) From the QR factorization of a not full rank matrix A, ie. A = QR as mentioned in ($6),

obviously we know "R(A) < R(Q). But the reverse inclusion R(Q) < R(A) does not hold because
of the existence of matrix R. ' :

(S8) Let L be the linear transformation from R" to R"™ defined by A, ie. L(x):= Ax for any
xeR". Let L' be the linear transformation from R™ to R" defined by A", ie. L'(y):= ATy
forany ye R™.Then 3ve R” suchthat L(v)=b ifandonlyif be Ker(L").

Part Il &4 w8  H=ATHLRAM e TR - BHAEH SN — SR ER - A
2EH N o AT R T -

Part X1 (20%). Let A be an nxn real matrix. Denote S and T as the symmetric and
skew-symmetric parts of A, and let the eigenvalues of AAT, S,and T be o, B, and ¥ for
i=1,--,n, respectively. Please answer following questions without giving any proof.

{a) (6%) Whatare § and T respectively?

(b) (2%) What is the value of trace(ST -T5)?

(¢) (6%) What is the relationship between Z":a', . z"; B, and iyf ?
i=1 i=i

i=1

(d) (6%) Without loss of generality, suppose n=3 andlet B # f, and ¥ #7 be two pairs of distinct
eigenvalues of S and T, respectively. Let u, be a nonzero vector in the mull space N{(S-41)

and, similarly, let v, be a nonzero vector in the null space N (T-yI) for i=1,2, respectively.
Then what are possible pairs of w,'s and v 's?

(A) w=[10 0F, u,={0 1 1" and v,=f1 i -1J", v,=[0 1 —i]"
(B) u,=[t 0 0, u,=[0 i I and v,=[ 1 -IF, v,=[0 1 1

© w=0 0 -, u,=[2 1 V21" and v,=fi 1 OF, v,=[0 0 1f
D) w=[t 0 I, uy=(-1 1 2F and v,=[1 1 1], v,=[0 -1 1

(E) All of above statements are cotrect.
(F) None of above statements is correct.

3, (15%) Fing__the géneral solution of { ®x2 Xy + y2) dx -~ x2 dy = 0.

: . . -t
4. (20%) Fingd the Laplace transform of the followina function: t e “sinh 2t
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Part I (15pts). Apenochc signal x(?) has a period I'=2 and

x(t)= L I7l<3 Represent x(r) in complex Fourier series x(t) = i X[ke
0, ! frat

where @, isthe fundamental angular frequency. Find

@ X0}=__ (D . () X[O-XN+X2—=__ @ () 3 XK=_(3) .

km—an

Part II (10pts). ' The Fourier transform of x(¢) is defined as
Lo Jr<d
X(jw) e e ™™ dr . Suppose x(8) = :
(o) j:x( )e PP *©) {O, otherwise

() Find X{jz)=__ (4) _ . (b) Calculate the followmg convolution integral
[: sin(zrr) sm[Zn'(t )] dr= 5)

zr(t—7)

Part 1 (10pts). Let field G(x,y,2)=4a,(x— yz)+&,(y" —2x) +d,(z* - x).

(a) Find the line integral L @(x, y,2)-dl =___(6)___, where C, is a segment of the curve
y=x%, z=2x from (0,0,0)to (1,1,1).
(b) Compute the sum of line integrals Lé(x, y.2)-dl + Lé(x, y,z)-dl where C, isthe

straight line from (1,1,1) to (0,0,1) and C, is along the z -axis from (0,0,1) to (0,0,0).

Answer: (7)

2. (30%) This problem contams two parts with 15 points in each part. ONLY ANSWERS WITHOUT
PROOF are required in both parts.

Part T R 1845 3 8CEM - AR T A R BEGK » £ P 207 Mk R 4858y - i#&':&;ﬁﬂi&ﬁé{t#iﬁ it

Rtk e bds M BUE - MR ER LK ROl T AT BH AL

(S1) If a>b and b>c,then a2c,

(52) Let Ae R™ .Thenmatrix A issingular if and enly if det(A)=0.

(83) Let Ae R™". Then all columns of matrix A are linearly dependent if and only if null space
N(A)={0}.

BARBPPMIERIE TR Hoo B (SRR AU « 5 (S2)Ae(SI) R 841R 40 4L » H A AR T 805 5 4o T

answer for Part I;

wrong statement  cormrection (may be written in Chinesc)
(S2) The statement is true only when A is a square matrix, i.e. when m=n.
(83 N(A)={0} should be corrected as N{A) = {0},

HEMER ¢

L RENBELANE M DA MR TSBRANEEHEEEE T TEA -
2. Y AEEEEDN(SDET L ER M only if part”sL i ¥4y linearly dependent 2 g% linearly
independent * Bl b A RAMAALR » h—ME | LEBEE B2 LSO HIRY  HEF
2 “only if part” 4 “if part” & s gralsh Pp 9 & E 8 0% » 3% 2 IE U part” b sy ik - F ¥ Fib— 4,
REOHER—FREMBHEER -
I PR P . e -0
¢ B—AEEHEELE LS wREMEREHPELTESE - ATEEI S (Bt H-BEANERR TS
P ERTHES 4 Mo b BN EERGEHEREE  BTHI 20 4) » 2o RBIFE » 2R FRA4
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answer for Part It
wrong statement  correction (may be written in Chinese)
(81 a = ¢ should be corrected as a>c,

(83) N(A)={0} should be corrected as N(A)# {0).

BB 1 4« AR T B 4T -

Part I (15%): Let m and n be any two positive integers and Jet Ae R™” and e R" be arbitrary.
We use R(A) to denote the range or column space of A and N(A) to denote its null space. In the

following (S1) to (S6) six statements, at least three of them are wrong. Please choose arbitrary three
statements that you think are WRONG and write the correction as simple and precise as possible in your
answer. '

(S1) FEither exist xe R" to satisfy the linear system Ax=Db or exist ye R" NN(AT) such that
{y.b)=0. :
(S2) Either (b, Ax)=0 for VxeR" or {b, AX)>0 foreachnonzero xeR".

(S3) Matrix A has a right inverse, i.e. 3Be R™™ such that AB=1T,_, if and only if A is full row

rank, i.e. all rows of A are linearly indepehdent. In that case, the linear system Ax=>b is always
consistent, i.e. it is always solvable,

(S4) The linear system A”Ax = A"b is always consistent if and only if matrix A is full row rank.

(S5) Matrix ATA is nonsingular if and only if matrix A is full row rank. In that case, the linear system
Ax =D has at least one solution whenever it is consistent. When the linear systern is inconsistent,
however, it has a least squares solution described by the vector R:=(ATA)"A'b , ie.

HAX-Bil, < [l Ax-Dbll, for Vxe R".
(56) Let L be the linear transformation from R" to R™ defined by A, ie. L(x):= Ax for any

xeR".Let L' be the linear transformation frorn R™ to R" defined by A™,ie. L'(y):i= ATy
forany ye R™.Then JveR" suchthat L(v)=b ifand onlyif be Ker(L").

Part IL 4 S48 F48 + CAARARK AL « SLA0Hr 248 Rl «

Part II (15%) Let A be amn nxXn real matrix. Denote § and T as the symmetric and
skew-symmetric parts of A, and let the eigenvalues of AAT, §, and T be ¢, S, and ¥ for
i=1,---,n, respectively. Please answer following questions without giving any proof,

(a) (6%) Whatare § and T respectively?

(b} (2%) What is the value of trace{ST —-T5)?

{c) (7%) Whatis the relationship between Zaf , Z B, and 27’2 7

iel

. z+8
3. (15%) Evaluate 4 -——+————dz by using the residue theorem,
z —

‘whereC: |z1=3 and z=x+iy

4.(20%)Find 1_:_h'e general 'Solution of ( %% + xy + Y:Z) dx - x‘2 dy = 0.
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Part1(25pts). The Fourier transform (FT) of x(r) is defined as

X(jo) 2 Ex(t)e'j"” di. Let w{f)=1 beaconstant function. Define

1, tz0 1 t=0
) = d . . . ] =
»(®) {—l, r<p ™ unit step function u(z) {O, <0

(@) Find the FTs: W(jo)=_ (1) _, Y(jw)=_ (2) _ and Ujw)y=__(3)
(b) Express the FT Z(jaw)=___(4) _ of z(t) = _Enx(r)dr in terms of X(ja).

(c) Evaluate the integral J:U (Jodw=_(5) .
Part I (10pts).  The spherical coordinates (r,6,¢) is related to the rectangular coordinates

by r=yzx’+y 42, @=tan(Jx* +y? /2), d=tan*(p/x). Let ?=5,1+592—a¢3.

() Find the surface integral Lﬁ' "ds=__(6)  where S isaportion of an upper sphere
(z>0)with #=%/3. The radivs of the sphere is 2.

M Find F=_ (7 the x-component of F ata point whose spherical coordinates is
2,xld,xid),

2. (30%) Let V=R"", W={we V|w =w'},andlet L be a(ransformation from ¥ to W. Definea
scalar-valued fimetion (,-):¥xV >R by {(u,v) = r(m’v).
‘(2) (4%) Showthat L defined by, forany veV, L(v):= %(v+ v7} is linear and onto.
(b) (4%) Showthat (¥,{,}) isan inner product space.
(© (6%) Derive the orthogonal complement W+,

Now let’s consider n=2 case. Let £ and F be the orthonormal bases, generated from the ordered

basis £ = [[(1) 8][8 })][‘1’ g][;’f g}] for ¥ and the ordered basis F = [B 0][(1’ (1)] [g ﬁ]] for W,

respectively.  For simplicity, assume that all entries of vectorsin £ and F are normegative.
(d) (8%) Derivethematrix 4 torepresent L with respect to the orthonormal bases E and F.

() (8%) Find the set of all vectors ve¥, denoted by v = [g 3] with a,b,¢,d e R, having the
property that the angle between v and itsimage w in W is 45°,ie. £(v,w) = /4.

: 32 : :
3. (15%) Evaluate 4(: PRy dz, by using the residue theorem,

‘where C © 51 =4.

. . : 2
4(209% Find the general solution of the differential equation: . x (y'-D=vy
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The Fourier transform (FT) of x(¢) is defined as

X(jw) 2 Ex(t)e"j"” df. Let w(f)=1 bea constant function. Define

-1, <0 0, t<Q
(2) Find the FTs; W{(jw) =_ (1) , Yo =_ (2} _and U(jw) =_(3) .

(b) Express the FT Z(jw)=__ (4) _ of z(f)= Esx(r)dr in terms of X (jw).

L 120 : : , 2
) = { and unit step function u(z) = {1 0

2. (40%) Let L:¥V > W be a linear transformation between vector spaces V' and W with dim¥V =p

and dimW =q, and let E = [vl,---,vp] and F = [w,,---,wq] be two ordered bases for ¥ and W,
respectively. Let 4 be the matrix representation of 7 with respeét tobases £ and F.
() (10%) Showthat L is onto ifand only if matrix 4 is full row rank,

Now let’s restrict ¥ =R"™™ and W = {weV | w=w'},and let L be a transformation from ¥ to W.
Define a scalar-valued function (,):Vx¥ >R by (u,v) := tr(u’ V).

(b) (4%) Showthat L defined by, forany veV, Liv) = %(v +v’) is linear and onto.

(c) (4%) Show that (¥,(-)) isan inmer product space.

(d) (6%) Derive the orthogonal complement W*.

Now let’s consider n=2 case. Let £ and F be the orthonormal bases, generated from the ordered

basis £ = [[}) 0},[8 é} [‘1) 8][5 g]] for ¥ and the ordered basis £ = [B 0][‘1’ (1)] [g ﬂ] for W,
respectively. For simplicity, assume that all entries of vectors in E and F are nonnegative.

() (8%) Derivethematrix 4 to represent L with respect to the orthonormal bases £ and F .

(f) (8%) Find the set of all vectors v €V, denoted by v = [‘; g] with a,b,¢,d e R, having the

property that the angle between v anditsimage w in W is 45%,ie. A(v,w) = xf4.
3. (15%) Find the general solution of the differential equation: x 2 (y=-D= y 2

4. (20%) Find the Laplace transform of the function: (1 —cost) /1.

. I | EE R I ' S
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E. (15%) Find the general solution of the following differential equation

(veosx—sin2x}dr+dy = 0

2. (20%) Bvaluate r Z—;‘b‘— by using the residue theorem.

Y

3. (15%) Let § be the surface of the paraboloid x*+ ¥ +z = 2 lying above the xy —plane. Then the

areaof § = . ('Rfﬁgﬁggﬁ’ﬁ:ﬁ@}&iﬁﬁ’g 57\4§L15§$?%$° )

4. (20%) (sb#MREZ H L &£ REFNHER DA E S ) Consider the signal u(?)

described by the following plot
u(f}

4

-7 r

(@)  (7%) The Laplace transform of u(f) is defined by U(s) = fu(t)e"'dt. So, U(s) =
(b)  (6%) The Fourier transform of u(¢) is defined by U(w) = .Eu(r)e"""“"dr. So, Ufw) = _
(ZERLFACRRER  FURFHS - )

{c) (7%) Suppose ¥ and T be chosen such that J:U(w)dw = f [Utw)Pdw . Then the
relationship between ¥ and 7 s

T |
. (30%) et 4 = l] ;1 _:25 , where ¢ is an undetermined real paraimeter.
1 2 -

(a) (6%} Please describe the null space N(A) with respect to the value of parameter {.

From now on, based on the result of (a), let the value of ¢ be chosen so that the homogencous equation
Ax = 0 has nontrivial solution.

(1) (8%) Consider the linear cquation Ax =b. Let M bea nonsingular matrix so that M4 = A,

and Mb = [a Jils 5] e R', where A, denotes the reduced row echelon form obtained from matrix
A afler the application of Gauss elimination. Please find the sel of [a gy 5] such that equation
Ax = b is solvable, and moreover, write out the solution sef, described by §, of the equation,

(e)  (6%) Please find x* 10 solve the optimization probiem mm Sx) with f(x) = |[x|],.

(d) (10%) Let P denote the projection matrix to 01thogona!1y project any vector from R' into

R(AY", the orthogonal complement of the range of A. Please find P and write out the set of all its
eigenvalues,
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1. (15%) Find the general solution of the following differential equation

{(x—P)dx+(x+y)dy = 0.

2. (20%) Evaluate J\:}D(TT)(A‘—%T*Z_) by using the residue theorem.

3. (20%) (HLAREBHREE FAMHEX o EUBE L B%E ) Consider the signal ufr)
described by the following plot
ut)

4

=T T

(8) (7%) The Laplace transform of u(¢) is defined by U(s) = fu(t)e"‘“dt. So, U(s) =
{b) (6%} The Fourier transform of u(t} is defined by U(w) = ﬁzt(t)e"j‘“’dt. So, U(w) =
(EFLBAERR[X > FRIRPHS - )

(¢) (7%) Suppose that V¥ and T are chosen such that fU(w)dw = EiU(w) Fdw. Then the

relationship between ¥ and 7 is

tor
T -1 2 . .

4. (30%) let 4 = 1 4 -5 ,where ( is an undetermined real parameter.
1 2 -

(a) (6%) Please deseribe the null space N(A) with respect to the value of parameter ¢.

Ffrom now on, based on the result of (a), let the value of ¢ be chosen so that the homogeneous equation
Ax = 0 has nontrivial solution.

(b} (B%) Consider the linear equation Ax =b. Let M be a nonsingular matrix so that MA = 4

rref
and Mb=[a f ¥ é‘]T ¢ R', where A denotes the reduced row echelon form obtained from matrix
A afier the application of Gauss elimination. Please find the set of [a gy (5']7. such that equation
| Ax = b is solvable, and moreover, write out the solution set, described by S, of the equation,

e ez e Sl

(¢ (6%) Please find %" to solve the optimization problem mi131f (x) with f(x) = |{x]|,.

(d) (10%) Let P denote the projection matrix 1o orthogonally project any veector from R* into
R(A)Y", the orthogonal complement of the range of A. Please find P and write out the set of all its
eigenvalues.

5. (15%) Let 4eR™ be such that the product operation between A and its transpose is commutative.
Please answer the next two questions followed by detailed proofs,

(a) (6%) Whatis the relationship between N(A) and N(A47) ?

(b) (9%) Suppose that @ and A are two distinct real eigenvalues of A4 with x and y being the
corresponding eigenvectors, respectively. What kind of relationship between x and y can be derived
from the result of (a) ?
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1. (10%) Solve the initial vatue problem (IVP) for the following ODE
y'+y=5x+8sinx, y(#)=0, y(7)=2.
2. (15%) Find the solution of the initial value problem
¥y +2y'=3y=0, yO=1 y(©O)=L

3. (5%) Find the Laplace transform of (a) £ {e™} (b) L {sin3t}

4.(15%) Solve the initial value problem by the Laplace transform

{ yi+2y, =1

0)=0, 3,(0)=0
By, = HO 70O

0, —-mw<x<0 . . .
5.(15%) Expand f(x)= in a Fourier series.
2, 0=x<mw

6. (13%) Evaluate the following integral
' Cj dz
csinh (2z)°

where z is a complex variable and C denotes the circle |z[=2 described in the positive sense.

7. (15%) The set
1
S= {E cos x, cos 2x, cos 3x, cos 4x}
is an orthonormal set of vectors in C[—z, z] with inner product defined as

(f &) [’ F(0)g(x) dx,

A

where C[—7, 7] is the set of all functions fthat are continuous on [-7, 7z]. Suppose that the function sin* x

can be written in a linear combination of elements of S as

sin4x_3‘8r(&J 2( s 20)+ ;(cos 4x).

Use the above equation and orthogonal basis property (but do not compute antiderivatives, otherwise you will

get zero credit), find the values of the following integrals:

(i) [; sin® x dx (it) E{ sin x cos(3x) dx (iii) J: sin® x cos(4x) dx

3.(12%) Let P, be the set of all polynomials of degree less than 4. In P, the inner product is defined by

{p. q)= Z p(x)q(x),

where x, =(i—2)/2 for i=1,---,4.1Its norm is defined by

12 1= 2) { p<x>} |

Compute (a) ||x*||,  (b) the distance between x and x*.

i=
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1. (15%) Find the solution of the initial value problem
¥ 42y =3y=0, y(0)=1 y(0)=1.

b

. (5%) Find the Laplace transform of (a) L {¢™'} (b} L {sin3}

(€3]

. {15%) Solve the initial value problem by the Laplace transform

yi+2y; =1
0)=0, y,()=0

0, —#<x<0 | . .
. (15%) Expand  f{x)= in & Fourier series.
2, 0=2x<»7x

e

3. (10%) Find an ofthogonal matrix P that diagonalizes

4 -1 0 O

-1 4 0 0
A=

0 0 4 -1

0 0 -1 4

6. (139%) Find the best quadratic polynomial to fit the data p(~-1)=0, p(0)=1, p()=2, p(2)=4.

7. (15%) The set

S :{—-—l—-, cos x, cos 2x, cos 3x, cos 4x}
J2
is an orthonormal set of vectors in Cl{—n, 7] with inner product defined as
{(fog)=—[ et

where C[~7z, 7] is the set of all functions f that are continuous on [—7, 7]. Suppose that the function sin* x

can be written in a linear combination of elements of § as

.sin“x =1J2(71_£]Hé-(cos 2x)+%(cos _4xj. |

Use the above equation and orthogonal basis property (but do not compute antiderivatives, otherwise you will

get zero credit), find the values of the following integrals:

Q) [' sin® x dx (ii) fﬁsin" x cos(3x) dx (iii) r sin® x cos(4x) dx

8.(12%) Let P, be the set of all polynomials of degree less than 4. In P, the inner product is defined by
4
(P 4) =2 p(x)q(x),
=i
where x, =(—2)/2 for i=1,---,4.Its norm is defined by

lpli=y{p. q) = {i[p(xj)]z}m.

=1

387
Compute (a) || x*||, (b} the distance between x and x>,
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