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y=x 1 229y » =0 FREIRAIRIE S FOFLR - 20%)

391




JY.“P#%)i%i/b+:-%-”$f§5ﬁ:biii%%f€)\‘%—1%’éiﬁ%% H2H # 2H

FRFTHI:

5.

6.
BAE AL U=, 8B woon RE B LY 404w o)s oo

EARTEER  FargME: TEEE _
% /z 7‘:, ‘:;—*x ZL _f@)': ! ' zZ = ITA; *,\/’:/d
2. T O SYE I ST )

W, Z=A fi) = /(F/ﬁ- ﬁ}] of 7//5;7 & itu«r’e:{t Series (i I =
f(i) Z ("5“5)’10 %.;WL sevies G5 MR B 7 ?L 2% < |2-x]

2% 24 W Y e 0V R B 1 (o0 TR (oo %)

2

% ove B8 4R 2 e g x-| R L B2 1%
U o b =0 g UL A) - U (L) =o 25 £ gy £

(155

392




B HRABE A B EEE LI AESES « {5 5 [

A AT RPRAL R P AENE: TN S

7 rn 57 = = 2 —Liﬁf;’ 7
/l/"ovnffo Y 4 fw)“ o (2> 0) , z@-é;f e
(183
£ 2 ) L(/‘ >
VY 7 Y /
2) b B Y W (52 13 jxﬁx;j’ivo CE

N
)

Pp— 98 28 4 (@4 T B B %
X

(2 ») 55
TR " ) a)z . ‘
3). WEBLA(t) % Laplace HHES F(=In(+ %) R S(0=7
5%)
RIERA S (L + LDy = 02 88 6 =2
9“) dr r dr (LO 5)
é)\ 2 2 2 ’ ;f"?"
TR ZIRAREE ST + 3y + 32 = 2wy + 2yz —2xz = | $#ifaRy /,ﬁ\._
ax"* + by + ¢z = d IS 0 abe HYFRFE ? . /?,«&“
V5% ) 7
[ ) B—dhtsx=3cost » y=3sint + z=4f - RIE— AR R B 7 ﬁ']
| (155)



| I_LEPE’%?%M%F—%EWEE:EE%JM e 2
—qug%j%%gm i/ﬂ%]\@ﬁt%

ATl : %831 48 BIE y %
L (@) 5%) ﬁf“iﬁmﬁl T%ﬁi %ﬁgﬂfﬁ:j@bﬁﬁﬁﬁz %Ll%ﬂg :%F%’P“

ls"

N

X, = —kxl —k(xz _xl)
m552 =—hx, +k(x, - x,)

(b) (10%) FEREL— RSB R s &

2. (15%) FERINLATF RS
. I= j;ﬁ eV xVds

T == (z+Dk S REHIE 2 =4~ 457 ~ y? ZAH 2= 0 8 2= 4 22 il

I 7RI SNERE - o k Sy B 2 {2 BT R -

SMB L0928 fun-u (44

Loy o
O ¥ R EL weon 7 g ST N1
{ﬁ 78 ﬁ W 2 79’52"{;;(%[% Ux,

) = fx)
{; pe
..,04<X<<>A)0 ZT J:b((sz)c

?) (20 2) %% %T %L l[ﬂ i ? ?jfo_’f

o A X ’
[
—

394




Finl: B2 ARBEYE R4 \éﬁﬂa BAE \iﬁ

6 0on) 4o T 3 LIS 2% .
%”‘f gy’—{—ﬁ_y= ,f(;f) ) ;/(o):o/ y;ﬂ’)://
ﬁ Kf «F(;‘-) = {j— y D<7(' < T

° t >
SR Y= YT)=

395




2 H®l =

BT R ARSI EE LI A SAES « 2

ATl : IARTEBRELIE FE B TS
144

1. (25%)

1) Show that { 1, x, x2+2x } form a basis of P,[-1,1].

where Pp[-1,1] = { f(x) 1 f(x) = ag+a;X+a,x2, V ay,a,,a,€R, xE[-1,1] 1.

2) With an inner product defined by

i

T

<

o

£

1
(€)= [ ) (+1) fx)g(x) dx
construct an orthonormal basis for P,[-1,1], starting with the above basis.

2. (309

=

oL . .
ke e Lo S —
Gl & {J 439 Fel s ;FM - /
LY
oot / e / o J— =4 ﬁ:g
T, U yna & AE t 5 5 42
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% Fours er % fﬁk A& Bt 5E A ows /fé% :
B |
= 1 e <x <)

t Go> £ 'y ($72) y'= (3-1)Y  xeo

A Yy =

(A28 % B4 05331 4)
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1. (10%)
(@) (5%) R B EBEIR B (unit step function)erR T EFTRZ BB (1) =2

A
J®

=

_~
b \___ﬂ

0 8 16

2. (15%)
SRIBELAT Z VAP S 003 R S y(x) =2
»P +10y® 49y = 2sinh x

3. (15%)

FIR A =3yl -xgf +yr'k 0 S BLL2z=x" 4y (2<)FoRZHE 0 C BN S 2% R
(boundary curve) » SR T B BB '

cj’ cAedr=?
(B e PR BE C 1352 (78D B position vecton), 7,7, K M58 v, y, 2 A0 132 B0 ) -

4. (20%)

BAHBER4x4 5 B B=(B,)=4" (n BIEBY) - T

Ay Ay Ay A0 (-6 00
A—(AH)_ Ay Ay Ay Ay - 4 10 2 )
! Ay Ay Ay A4y, 0 11
4y Ay Ay Ay 1 00 -3

K By, BYfE -
5. (10%)
BT R EBIE S LARRE =1 » z=x+iy » i=+21 - Ara T BRI A 4>

1

1 . o' n ' 1 '
t{_e’dz o BOR O UMER € =Z%'~ DAERH e #£ z =07 LI 8 (residue).

6. (10%)
(2)(3%) —HEREB TR =UBMPMRIM R0 — 2 578 2
(b)(4%) {8 EAH A CAR B SR — e OB + PRy A (R R 92

(¢)(3%) FEATRETETR T » AT LUMES 5 FCER H (Fourier Cosine Transform) ?

7. (10%) ,
BRI E S BES T  WE 1 FHHILZEAER  f(x)=ksin3x ;
VIaEE g(x)=-0.01sinx > sREGR ?

8. (10%) : 398

R f()=e™ (00) 314 [ gdo x>0
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1. (20%)
(a)(j%) l}fuﬁ { T\[JPﬁ/ \//)t(”m [ [L{/J,l—qw“ Jlflu_, g%ﬁk/k /J[ubi{[ﬂéj{%”]”ﬁ}

FR

100sin(i)

(0)(10%) fif?zfi‘fﬂi’(a)h‘é%%fcﬁ ETl Nf&xl}b(ﬁee vibration) N » HATHIIAATRS u(0) = A » 4
G 0(0) = FeZ i u(r)
() (5%) % ui(b)hww&’ﬂ J(’—O),éﬂj{\/lffl e 2

2. (15%)

(@) (5 %) Gt SRR R Rk £ () Laplace ¢4 (transform) L(f(0) = F,(s5)="
(®) (0%) Limit F(s)=2as k -0

i)

1/k

0 a  u+k t

3. (15%) GsKfgell F 2 ISR SR, =2, y,(1)=2

y;(l)}:f~5 2 J{yl(/)}
ol T2 22 1o

= v 399




Bl L Jt K074 48 B 28 L 3 A K 223X 28 %

P Al -

+

ITRLAALE Bk M8 Taug £ 2 3 % 2 ®

7

E)
)Q
1
=Y
=

Vo8 T Rl e - ) 13

Ak, Bz msa ok evi- . ® Ea
YA N ) — . )

EREGRES VS B - Aw 2 =5 Ti 44
/ EC . .’ A = i —
T BB 7 25 m 648 e

\ 2 B
SHBPIE® 4 ® F B e il (26 %)

9 f=om e
Cos i o <t o<
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L{ay Selve the initial valug probictn

ay +by=0, WO=0, y(0)=1,

where @ and & are constants, but g = (1 £12495)
(b} Find a bagis of solutien af the differential equation. (Show tite details of your work.} Rk

¥y + 3+ y=0

{t) Find the Laplace transforms of the following function. {(Show ihe details of your worky (5%}

,T.'F(":J
H
‘ /__
2.{a) Evaluate Cj—f:-— dr, where ¢ 15 the circle !131=3 descrined in (e posilive
{z—1}z+4}
2%
dirgction, (B9}
() Ewafuate C_Fz”' sin(lfz} #z, where o s the citcle li=1 described in the positive
7%
direction. {(7%)
cos 28 (10%)

— d8.

L
{c) Ewaluate E Ao

r

' N . i 2
3. (a} Find the similarity transformation 4 = PAR™, where A=L2 ]] and A is a diagonal

makrix, (109

() Consider a system of differential equations %=Ay subject to the initial condition
T

{ .
¥{0}= b, where the matrix A is given as above, y= [J?‘ ] and b= [DJ We can solve thiz
L

problem by taking the ierative procedure:

mﬂb,

¥y =ht Eﬂy‘"'dqf =b+xAb,

1
= b EAy[”d.g =b+xAb+ _fx;l}l b,

R

H

yim = I+E'+|:L'” +m+[xA}
1! 2! n!

and y'" - yasn —ea, Obtain ¥ and y, by the iteration method and the similarity
transformation you have got. Show the detatls of your work. (Hini: think about the Taylor
series expansion for &' about =0 : {15%)

4, By the method of separation of varizbles, find the salution w{x,y) of the Poisson equation

by 4, =cos{Z¥),

in the semi-infinile strip 0 x <<=, 02 y£1, such that

afOy)=y, u(x0)=u (x1)=0. 23%} 402
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1, Let

1 240 3-2 443 5-44

2-i 2 4-3i S+4i 6-5i

A=|3+2i 4+3i 3 6+5i 7-6i
4-3 5-4i 6-5 4 2
5+4i 6+5 T+6i 2 5

x5

Prove that all eigenvalues of A arereal. (6%)

2. For the linear system of equations AX =b, where

1 2 3 . 1]
X
2 4 k ‘ b,
A= 3 k0 , X=|x,|,and b= R
2 x3 -
4 5 10 4

(a) determine the values of k,, k,, and b,, for which the system has infinitely many
solutions; (4%)

(b) determine the values of %, k,, and b,, for which the system has precisely one solution
with x, 20;  (4%)

(c) determine the values of ‘%,, k,, and b,, for which the system has precisely one solution
with x, =1. (4%)

3.Let D=x"Ax be diagonal, with the eigenvalues of A as the entries on the main diagonal.

(a) Prove that

D" =x"'A"x (m=2,3,..) (3%)
H 10 5 4 . v
(b) Find A" where A= Lol (4%)
4,
(a) Solve the problem
dy ~sin y .
R e 4%
dx  (l+x)cosy ' : “%
(b) Solve the problem
2 dy dy
) — e ::O 57
* dx* 76d;c Y (5%)

(c) Find the general solution to the equation
2 +

y
—i-4 Y = COS X (6%)
dx*
(d) What is the relationship between the Fourier transformation and the Laplace transformation?
Can the function f(x)=x3" be transformed by the two methods? Explain. (10%)

= — 403
S= 2l o e 2k Bh 1
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5.
(a) Show that the vector field F =(x+2y)i +(2x~y)j is a gradient field. Find a potential
function for F . Evaluate Lf dF, C: (1,00 to (3,2). (6%)
(b) Evaluate the line integral
, 3 2
——)—}—{ii-)—?——zd—y, where C is the ellipse x> +4y* =4, (9%)
€ (x+yY)

(c) Use Stokes's theorem to evaluate
(§C e dx + xy'dy +tan” ydz,

where C is the circle x*+ y* =9, by finding a surface S with C as its boundary and such that
the orientation of C is counterclockwise. (10%)

6.

2
(a) Use separation of variables to find product solutions of g—l: = 9? . . (10%)
x y
(b) Use the Laplace transform to solve the boundary-value problem (15%)
axt o’
u(0,)=90, ul,t)=0,
d

u . .
u(x,0)=0, o =2sinzx+4sin3zx.
1 1=0

O<x<l, >0,
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Ordinary Differential Equation (33%)
1. (a) Please use Laplace Transform to solve the ordinary differential equation of

y"+25y =58(t - x), with initial conditions of ¥(0) =3 and ¥'(0) = 0. Note that § is
the Dirac delta function. (12%)
(b) Calculate the values of y(7/2) and y(27).(3%)

2. Solve y'+y=-2x/y with initial condition of ¥(0)=2.(10%)

3. Solve »"~9y=0 with y(0)=1 and »'(0)=0. Please present your answer in the form of
Hyperbolic function. (8%)

Linear Algebra & Vector Calculus (33%) j{%;
4. For the linear system Ax =b, where the matrix A=[a;l,, isgivenby 7
-1 5 -1 -3 % b e
A=14 -1 2 6| X=|%| and b=|p, s

3 4 1 3 X3 b, };ﬂ
|

(a) Find all the possible vectors b for which the linear system has non-trival solution. (5%)
(b) Determine the solution x. (5%)

5. Use Green’theorem to evaluate iF 'dR, where

F= xy; + xyzj and C: the triangle with vertices (0,0), (3,0), (0,5). Note that the curve
C is oriented counterclockwise. (8%)

6. Determine the surface area of a sphere of radius a using the technique of surface integral.
(8%)

7. Let {v,v,} span the vector space of inner productin R?. Please answer the following
questions.
(a)Isit true that v, and v, must be mutually orthorgonal? Explain why or why not. (3%)
(b) Give two examples showing that {v,,v,} is a orthornormal base in R?. (4%)
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Fourier Analysis, Partial Differential Equation and Complex Analysis (34%)

8. The function
_ -1, —<x<0
f (x) {1, O<x<rw
(a) Expand f(x) in a Fourier series. (5%)
(b) Expand f{x) in a complex Fourier series. (5%)

9. (a) Solve the partial differential equation 4%)

ou _0Ou
—+3—=
ox Oy
(b) Solve the boundary-value problem ( 10%)
2
Ou_%  g<x<z, >0
ox* ot

u(0,1) =0, u(z,t)=0, t>0
u(x,0)=sinx, O<x<n.

10. Using residue calculus, evaluate (10%)

= f cos 268
5 4sm¢9
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Ordinary Differential Equation (33 %) |

1. Consider the mass-spring system as shown in the figure. Assume

BT A BB

that there is no damping and that no external force is applied to the
system. Suppose that the upper weight is pulled down two units

and the lower weight is raised one unit, then both weights are

released from rest simultaneously at time ¢=0.

(1)Please derive the system of two second order differential
equations governing the position of the weights relative to their
equilibrium positions at any time ¢=0. Note that only the
system of differential equation is required. (5%)

(2)Please convert the system of two second order differential
equations, you have obtained in (1), into a system of four first
order differential equations. (5%) : o

(3)Let the system of four first order differential equations be

written as X' = AX . Determine 4 and X (0)? (5%)

4) Determine the eigenvalues of A . 5%)'
(4) g (

. Suppose that the differential equation P(x,y)dx +O(x,y)dy =0 is ot exact.

(1) What is the necessary coridition for the differential equation to have an integrating factor

F = F(x). (4%)

(2) Let P(x,y)=-y and O(x,y)=x. Determine an integrating factor F =F (y) of the

differential equation. (4%)

. Given

00 (__ l)m x2m

m=0 2°"" mIT(v + m+1)

where J, (x) is known to be the Bessel function of the first kind of order v,and ' the

Gamma function. Show that

- |
Jya(x)= \/% sinx (5%)

Note that you may directly use F(l/ 2) =z without proof.
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Linear Algebra & Vector Calculus (33 %)

4.

Using Green’s theorem, evaluate the line integral {F(r)dr counterclockwise around the

boundary C of a closed region R, where

F =[x cosh(2x), xzsinh(2y)], Rx < <x. (10%) -

Evaluate surface integral . ”F ‘Nd4 for the following data:
s

F =[6x*,4y,0] s: r =[u,v,3ut+6v],1 < 4y <2, 2 v <2, (15%)

2 2 -1

Let F=|1 -1 0 , find a symmetric matrix B and a skew-symmetric matrix C, such that
0 1 o :

B+C=A, (8%)

Fourier Analysis, Partial Differential Equation and Complex Analysis 34 %)

7.

8.

9.

(a) Expand f{x) = x + T, - <x < min a Fourier series, %)

S R
(b) Use the result of (a) to find 1"5‘*‘5*?7“" ----- (3%)

(2) Solve the wave equation

azazu_éfz 0<x<L,t>0
ot gtV SFS Lot

u(0,)=0,u(L, )=0, >0

Ou
ue, 0) =), =0 =0,0<x<L (5%)

. : 1
(b) Show that the solution of (a) can be written as %(x,? )= E[f (x+at )+ f (X —at )] (5%)

1
(a) Expand f (Z ) = z(z N 1) in a Laurent series that is valid in a deleted neighborhood of z = 1,

State the domain throughout which the series is valid. (3 %)

1 \
(b) Find i-z_(?:ﬁdz » Where C'is the circle |z-1| = 6, by means of the residue theorem. 3%)

o

. J‘ dx o
(C) md ; x5 e (84)
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Ordinary Differential Equation (33 %)

»

1. Assuming that the radium decomposes at a rate proportional to the amount present, in how
many years will half the original amount be lost if 10% disappears in 263 years. (8%)

2. (a) Show that y; = x and y, = x° are both linearly independent solutions of x2y" -2xy +2y =0
(4%)
(b) Find the particular solution for which y(1)=3 and y'(0)=5. (4%)

3. Compute by direct evaluation of the integral the Laplace transform L[f(x)}
(a) f(x)=sin3x (4%)

1 0=<t<«l

o
0 t>1 (4%)

(b) f(x)={

4. Show that for the hypergeometric series F(a,b,c,x),

f_(_“_;}’f’_x) =313F(a+1,b+1,c+1,x) (9%)
x c

(Hint: the hypergeometric series can be expressed as follows

_ a(a+1l)---(a+n-)bb+1D)---(b+n-1) ,
FQLQCJ)_I+Z; nle(c+1)---(c+n-1) *")

Linear Algebra & Vector Calculus (33 %)

5. Find the surface integrate [[F-nd4, when F= [x’, 0, 2’ ] S is the portion of the plane

3x+2y+z=6 in the first octant(x >0,y >0,z >0). (15%)

2% . 2y :
6. If 1«*=xz+"y21+x2 +yy2,, C,:(x=2)? +(y-1)* =1,r = xi + yj, find the integral

dF-dr counterclockwise around C;. (8%)
|
7. Consider the matrix A, Determine matrices Q and D such that Q" AQ=D is diagonal. (10%)

11
A=11 1
0 0

N O O
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Fourier Analysis, Partial Differential Equation and Complex Analysis (34 %)

8. Find the Fourier series of
0 -2<x<0
f@=4x  0<x<l  (10%)
1 1<x<2

9. (a) Use separation of variables to find the product solutions of
2
k ?..2’{ _ou ,
ox° ot

(b) Find the temperature u( x , ¢ ) in a rod of length 2 if the initial temperature is

k>0 (4%)

x O<x<l

throughout and if the ends x = 0 and x = 2 are insulated. (10%)
0 I<x<2

f(X)={

10. (a) Use a Laurent series to find the indicated residue.

f<z>=(2—e_—;)7 ; Res(f(2)2) (5%)

(b) Evaluate f %dx (5%)
© X
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Ordinary Differential Equation (25 %)

1. Find the family of the curve such that the projection on the x —axis of the part of the tangent

between (x,y) andthe x axis has length 1. (5%)

. A6 [b. weight is attached to the lower end of a spring suspended from the ceiling, the spring

constant being 27/b/ ft. The weight comes to rest, and beginning at =0 an external force

given by F(t)=12cos20¢t is applied to the system. Determine the resulting displacement as a

function of time, assuming damping is negligible. (10%)

3. How many methods can you use to solve the differential equation
2xydx + (y2 -x’ )dy =0

Explain your answers. (10%)

= Newp

Linear Algebra & Vector Calculus (25 %)

4. Show that the differential form under the integral sign of
4.3)
I= f_l , (32%dx + 6x2dz)

is exact, so that we have independence of path in any domain, and find the value of the

integral / from A: (-1, 5) to B: (4, 3). (10%)

5. Find out what type of conic section is represented by the given quadratic form.

Q=17 x,2-30 x;x, + 17 x,° = 128. Transform it to principal axes. (15%)
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Complex Analysis (25 %)

6. Determine where the function, f(2) = 2x—x* —xp* +i(x* + y* =2y), is analytic. (10%)

7. Evaluate the following integral counterclockwise. (15%)

C’fccotgdz, C:lz|=1,

Partial Differential Equation and Fourier Analysis (25 %)

8. Show that the Fourier series of f(x)=x, -7 <x < leads to

n+1

z_ i _1_l+l_l+l-... .
4 Liop- 3'5 79 (10%)

9. Solve the partial differential equation (15%)

Q_T__aZT_l 0 1, t>0
at axz s <x<I, >

2
T(x,0)=x7+cos(7rx), O<x<1
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