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12 10

Find two unit vectors orthogonal to V; =3 +4j — 2K and V, =-3i + 4] +k 15

Solvethefollowing equation i.e.find x, x, and x, by using Gauss-elimination.

3%, +6X, —6x, =9
2% — 95X, +4X, =6 15
— X +16x, —14x, = -3

Calculate j F(X)-dx where F(X,y)= xyi + ye*j aong the path C, where C is the rectangle joining the

points 00 , 20 , 21 and 0,1 counter clock wise 15
: X+1, -1<x< : :
Given f(X)= fx+2)=f(X) i.e period 2 20
-X+1, 0<x<1
Find its Fouries series.
e’ 7 .
Show that [—-——dZ =" where [Z|=2 where Z =X +iY 15
Z -9 e
o dx
Compute 20
P j0 1+ x°
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(1). (20%) Find the following inverse Laplace transforms. (a) L'l{ : 6"25}

s—4
-1 S —2m ~1 i -1 1
L {52+9e } (c) L {ln[“'Sz]} d) L {Sz(sz_l_az)}-

' ! (2). (20%) Evaluate 4.(3y —e™*)dx+(7x++/y* +1)dy, where C is the circle x* + 3> = 9.

Iﬁ(b{ﬂﬂ@SdmuM%w=4%@y)

3x-dl +y=-xy*
dx

(5). (20%) Find the Fourier series of fx) = x + n when -'n. <x <7 and fx) = flx + 2m).
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(1) . Solve the following first order differential equatlons(where y=d % L )-(26%)
@. y+y=Gc+1)' ,y(0)=0
®). y-x’y=—dx’ ,YO)=6 |
(2) . Solve the following Second order dlfferenttaltquat:ons (where y' = d % ¢ y'= dz% e ). (26%)
@) y+2y +2y=cost ,y@)=1.2 ,y'(0)=1.4
B -y =G+0 the' ,y(D=2+e" ,y(H=-2-¢"
(3) . Find the following complex integration. (30%) . o

6z2—4z+1
(z -2)(1+4z%)

(a)- L , c:Izil‘.———_l

cos @
(®)- ‘P' 17-8 cos0
X
| d
(c) I-uo (4+x2)2 X
(4) . Consider the saw tooth function.

x+1,1< x<0 S
F(x)= { ,f(x+2)=f(x) - Find its Fourier series. (18%)
x+1,0< x<1 ' ’ :
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Part L. Ordinary Differential Equations
Solve the following differential equations, please write down all the steps in details. (40%)

x(l_yz) | 2 )
D.y'=—-=%5= 2).y'=3x"—=
M-y'==7= @).y "
. 2
(3).e"siny—2x+(e*cosy+1)y'=0 (4),xy'=lx_+y
(5). x*y"+3xy'+10y =0 (6). y"—6y'+9y = 5¢*

Part IL Laplace Transform
Solve the following initial value problems by Laplace transform, please write down all the steps in
details.(20%)

D.y"+y=t, y0)=1 y(0)=0

®).y"+4y=f@);, y0)=y(0)=0

0 for t<3
. in which )=
e f0= {t for t23

Part IT1. Fourier Transform

. : 1 for 0<t<K
(9).Let K be a positive number and let f(t)={

0 for t>K

) Find the Fourier sine and Fourier cosine transform of the above function. (20%)

Part IV Complex Integration
(10).Evaluate the complex integration, (20%)

Cj)c (z+ T+ i Zrx+ y)dz, where z=x+iy, The closed path defined by C: |z|=
z
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1. (10%) Find the general solution of the first order differential equation
E—%yzxz cos 3x .

2. (10%) The solution of the second order differential equation 3" -ay) +by=0 with
initial condition y(0)=1 and Y(0)=3 i8S y(t)=Ae* cos2t+Be ' sin2t where a, b,

A, B are constants. Find the values of a,bAB '

3. (12%) Solve the integral-differential equation by the method of Laplage transform

yi(x)=1~ jy(t)e““"“)dt; y(0)=1

4. (18%) Let H(w), F(w), G(w) be the Fourier Transform of h(t), f(t) and g(t)
respectively

(6%) (1) If g(t) is related to f(t) as follows:
80=2/0+1]f@-2)+ fe+2)
What is the relationship between F(®) and G(w). .
(12%) (2) If g(t) be the convolution of ft) and h(t). If f(£) =™ +¢7# express
g(t) interms of ,,0,,and H().
5. (12%) Using (a) direct calculation (b) Green’s theorem in the plane evaluate
§IGx + ) + 4y°dy]
(o}

C is the boundary of the triangle with vertices (0,0), (1 0), (0,2) in

counterclockwise '
6.(10%) f(x)=2x,g(x)=3+cx0<x<]

(1) What is the value of ¢ so that f(x) and g(x) are orthogonal?

(2) What are the normalized functions of f(x) and g(x) respectively?

7. (10%) Solve the eigenvalue problem

Y'+hy=0,30)=y()=0
8. (8%) Find the determinant of the nxn matrix B that has p's on the diagonal and
q's elsewhere:

P q . q
B-|? 7 " 4 |

q9 9 - p
9. (10%)Let 4 and u be two distinct eigenvalues of a real square matrix A, and

let x and y be corresponding eigenvectors of A, Show that if in addition,
A is symmetric, then x and y are orthogonal
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@ & +y*+x)de+()dy=0 (10%)
(b) Q+x*)dy—dx)=Q2xp)dx  (10%)
2.

2. 0

(10%)
BC. y()=0 and y'1)=0

Please solve the following first-order differential equations:

A second-order differential equation with boundary conditions is given as follows:
Xy"-xy'+y=xlnx

If the solution with a form likes y(x) = (¢, + ¢, Inx)x +¢3x In’ x, please find the

constants ¢y, ¢ and c3?

3. Laplace transform:

(a) Use convolution theorem to find the inverse of the following Laplace’s equation:
(s)

(b) Use Laplace transform to solve the following integral equation:

4,

y'+Ay=0 y(x)=y(x+27) and -r<x<7w

it
y'(®)+5 L cos2(t—7)y(r)dr =10 ¥(0)=2  (10%)

Sturm-Liouville boundary value problem and expansion of Fourier series:

(@) Solve the following Sturm-Liouville boundary value problem (SL-BVP): (15%)

BC. y(-n)=y(x)
y'(=n)=y'(r)

Please discuss the following conditions in detail, i.e, A>0, A=0 and A <0,
respectively.

if —7r<x<0

(b) Please expand the following function f(x)in a Fourier series: (15%)
-1
f(x)= {

+1  if 0<x<7z ,f (%)= f(x+27)

5. Complex integral and Laurent series

_ 1
(a) Expand f(z)= ———-(z D3

(b) Find the complex integration i—(_f L
27i

d C:lz|=
P 0G=3) Cile|=e0

in a Laurent series valid for 0< |z + 1| <2 (10%)

(10%)
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(1)

)

. (15 )

(@) Isthe following differential equation exact or not? (5 )
y(x+ y)dx + (x+ 2y —1)dy = 0

(b) Solve the above differential equation. (10 )

. (15 ) Solvethedifferential equation

Yy’ +5y' + 6y =3 +e*

1

Ss-af

. (15 ) Find the eigenvalues and the solution of the Sturm-Liouville problem

y"+1y=0; y(0)= Y(Ejﬂ)

. (15 ) If F=xyi+y’zj+2°%, usethe divergence theorem of Gaussto evaluate [[(F-n)dS, where Sis
S

. (15 ) Find the inverse Laplace transform of

the surface of the unit cubedefinedby 0<x<1, 0<y<1, 0<z<1.

. (10 ) Solvetheintegral equation for Y(x) (0< x< o)

. 1 0<t<1
IY(x)si n(xt)Jdx=42 1<t<?2 (Hint: Use Fourier sine transform pair.)
° 0 t>2

0
. (15 ) Given amatrix A:L 3} and polynomias p(x)= x* —4x® + 6x> —x—3, q(x)=x"°,

(@) find the eilgenvalues and corresponding eigenvectors of the matrix A.

(b)find P(A)=A*—-4A%+6A°-A -3l and Q(A)=A",
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1. (12 %) Solve the differential equation

x'y"+7xy' +9y =0

2. (15 %) Solve the following initial value problem. (You may apply any method you wish to

solve this problem.)

y' =2y +2y=17¢€", y(0) =1, y'(0)=6

3. (15 %) Solve the initial value problem by the Laplace transform

y'+4y=20, y0)=2
4. (16 5~) For the given function f =2x* + y* + 3z, find the following expressions:
a. Vf b. V'f ¢ VxVf
d. directional derivative of f in the direction of b = 27 + j
5.(12 %-) Bvaluate the line integral [F-dr > with F<{-y, x, ~1] and
c

C: ¥ =[cost, sint, 2t], from (1,0,0) to (1,0,4x).

6. (12 %) Find the eigenvalues and eigenvectors of the matrix

7. Given the periodic function

1 if-m<x<0

fx) ={ and f(x+27)= f(x)

-1 if O<x<n
a. Plot the function f(x). (2 %)

-b.Is f(x) odd, even or neither odd nor even? 1 4)
c. Find the Fourier series of this function. (15 %)
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1. (12 %) Solve the differential equation

2y +7xy +9y =0

2. (15 %) Solve the following initial value problem. (You may apply any method you wish to

solve this problem.)

y'=2y'+2y =17€", y(0) =1, y'(0)=6

3. (15 #) Solve the initial value problem by the Laplace transform
y+4y=20, y(0)=2 |

4, (16 %) For the given function f =2x*+y?+ 3z , find the 'following expressions:
a. Vf b Vf ¢ VxVf
d. directional derivative of f in the direction of b = 27 + j
5.(12 %) Evaluate the line integral [F-d7 - with F =[-y, x, ~1] and
[5

.G F =[cost, sint, 2t],from (1,0,0) to (1,0,4x).

6. (12 %-) Find the eigenvalues and eigenvectors of the matrix
353
A=10 4 6
001

7. Given the periodic function

1 f-me<x<0
-1 if O<x<x

£(x)= { and f(x+2%) = f(x)
a. Plot the function f(x).(2 %)

- b.Is f(x) odd, even or neither odd nor even? 1)
- ¢. Find the Fourier series of this function. (15 %)
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. (10 %) Let f(x)={: .
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. (10 %) Obtain a general solution of the linear differential equation )’ +2y=3xe”.

(20 ) Solve the initial value problem : (x?D*-3xD+ 3)y=3lnx-1; y{1)=0, y'(1)=1, where
D=2
dx
. (15 %) Use the Laplace transform to solve the initial value problem: y” +4y = f(¢); ¥(0)=1, y'(0)=0,
. 0 0<t<4
where f(f)=
, 1) {3 t>4

[Hint: First, express the function f (t) in terms of the unit step function (or called Heaviside function).]

. (15 %) (a) Write the mathematical formula for the divergence theorem of Gauss.

(b) Apply the divergence theorem to FxC to show that H HixFdA= Hj Vx FdV, where C
A 14

is an arbitrary constant vector, £(x,y,z) is a differentiable vector function, and 7 is the

outer unit normal vector of 4.

4 2
(15 %) For the matrix A=[

_3 _J, (a) find its eigenvalues A, and A, (>X,), (b) find the

0
corresponding eigenvectors, (c) find a matrix S and its inverse S~ so that STAS = [ 01 N } .
2

0 if x<0 .. ) .
. and the Fourier integral representation of f (x) be given as
ne if x>0

flx)= j[A(w)cos ox + B(o)sin ox]dw . Find the coefficient Alo).
0

zt

e

; dz , where C is the closed curve |z|=3
(z2+22z+2)

(15 %) Use the residue theorem to evaluate ! §
iz

taken counterclockwise direction, and i =~/—1. Express the result in terms of z, ™, and cos(¢).
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1. Ko v z@M : (15%)

y' + 3y — 4y = 8cos 2x + 6sin 2x

2. f#47 4514 B A (initial value problem) : (15%)

y' =2y + (4t + Dy =0, y0) = -2, Y(0) =6x -2

3. 14 Laplace Transform % sk o466 FA (A H R AARE R4 ) 1 (15%)

Y+ ey=et p0)=-1, y(O0) =1

4. £ F— 4B HH fix,y,2) = xIny)’ + cosyz » BR—ME R

V(x, y) = e(cos yi +siny j) » #HHEFHNEXZER - (15%)
a. Vf b. V’f c. VxV d. V-V e. 'V x (Vf)

5. RS GFE) - drzfio f¥ F =D - ] » # C 2 (0,0) B (1,4) 34 8

y = 4x’ ° (10%)

1 if - 0 |
6. KA R fx) = { , y’,f 0”<<xx<<n and  fix + 27) = fix).

Z_Fourier seriesey(15%)

3 5 3
7. K A2|0 4 6] 2 4% % {4 (Eigenvalues) & 45 44 ) & (Eigenvectors)  (15%)
0 0 1

343




KIEKE 95 BUEE WHILHTR-LITRR

RS HFERER

4 - lv | %. 'é'f\ ﬂ E ’?' %'i“ A = } *EE
S M (¥ X 5 #&) B ¥ o ol
Wl |5 |  cews | [eavar-s|%R

W AETERAT ARERCRAEE  HERERER (o Ri2h  LETEBT)

1. Find the general solution of the differential equation (159

: dy
V' +y=t’ hich y'=—*
y'+y (which y dt)

2. Using the Laplace transform, solve the following problem
Y'+3y' +2y=56(@1-1), y(0)=0, y'(0)=0 (whick

which 6(¢#—1) is Dirac’s delta function, by definition &(
o(t-1)=0 for t#1

3. Please find eigenvalues and corresponding eigenvectors of
-5 2
A=
2 =2

4. Find the Fourier series of the function (15%)

f)=x if -—-zw<x<z and [f(x+27)= f(x)

5. Scale function f(x,y,z)=x’y—-yz*, vector function v(

(2) div(grad f) (5%)
(b) div(v f) (5%)
(¢) div (curl v) (5%)

6. Solve the following partial differential equations (PDE) by

Ou _ 0’u
ot Ox?

0<x<L, t>0

Boundary conditions: #(0,7) =0, u(L,t)=0
Initial conditions: u(x,0) = f(x) .

o
N’

(20%)
, dy
1] = i
Y dt )

t-)=w for t=1,

separation of variables

the following matrix A (15%)

x,y,z)= yi+zj+xk, find

(20%)
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